
 

Lecture 2 Graph homology

Last time Defined 2 flavors ofgraph
complex Both generated byfinite admissiblegraphs

odd orient by orderingvertices orientingedges
eren orient by ordering edges

Differential given by summingoverallways to
collapsing a Chouloop edge

Then began to describe Koutsevich's Lie algebras
constructed using a symplectic rectorspace U
and a cyclic operad esp Comm Ass Lie
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Lie not commutative as associative
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so Lie n is generatedbyrootedplaear trivalentgraphs
with u labeled leaves modulo IHX and AS

The action of En extends to an actionof Intl

LNG
q

a Mod A S IH X
4 Got quitesuch a neatwayof pickingit



For ea.ch ofthese and for any cyclicopera
d 0

suchthatPCH
clontains

only the operadunit

And for a symplectic vectorspace

k m symplectic basis B Epi p go go

Want to define a Lie algebra hk

Reference i On a theorem of Kontsevich
by J Conant and K V 2003

For D Comm this will be the algebra

of polynomial functions on Vk that had noconstant or linear terms wi tu Poisson
bracket

This can also bedescribed as the
Derivations of freepolynomialalgebra
that preserve Edpindqi and theideal
Cpn pugs agal



still for 0 Comm generators of
the free Lie algebra lie monomials
can be pictured as rooted trees
labeled by elements of B

Poisson bracket can be described in
terms of thesepictures

For general 0 can imitatethis pictorial
description to construct noncomutatou

analogs of Poisson bracket

TheNatural inclusions Vk Ha will induce
thyc htt 1

Then direct limit Lights

ht i only allow spiders cry 33 legs



What does this have to do with graph homology

C There is a coolhomology theory for Lie algebras
defined by Chevally Eilenberg

theftof.IE EshIffYgPglieaegewagy
But makes sense for my Lte algebra

E If you have a cyclic operad O you can decorate
the vertices of an admissible graph with
generators of 0hr1 DIEM to get an Ogreph
Iof valence of v I

Eti m t
2 My 2

For Comm thedecoration is trivial
so this is just a graph
It is non trivial for Assad Lie
Comm
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Q as noI l l l l 1Comm graphs Assgraphs lie graphs
graphs ribbongraphs morecomplicated



4
The O graph complexCg is generated by O graphs

modulo CG art LG or

The differential is given byedge collapsewhen youcollapse an edge you applytheoperad
composition centredirectionofthe arrow to merge
the vertices
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choose a labeling st ice output slot
Ece an input slot Gay1

compose in the direction ofthe arrow
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then forget the labels



Thin Kontsevich Computing the homology of
the odd 0 graph complex CG is equivalent to

computing the Chevalley Eilenberghomology of ha
more precisely the primitive part PH lha

Furthermore
is to HEftp to H Ccg y y

dK
For O Ass thdcgxt g.to H Mod Sgs IR

Sd

For A Lie Hdcg H oath IR
N 72

For D Comm HaCCG 7 contains invariants of
odd dimensional

homologyspheres

so it's time to define the Lie algebra this
based on a tie cyclic operad O and

a symplectic vector space UK
with symplectic basis B Epi peg q



Xi Xz

A generator ofhk is a symplectic 0 spider X X3

of with legsdecorated hyettsfBelement
Entl

ay D Comm A symplectic commutatiespider
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9 is an associative spider
Pz 91
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ALie is a Lie spider

to

Next we need to define a

Bracket S T oftwo symplectic 0 spiders
to make this a Lie algebra



Given A legof S labeledby X e B

can neaten
legfT labeled by y µ

e B

S and T
using

X and µ
Xi Yi
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ye
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use 7 as he output slot
µ as an input slot
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Perform theoperad position
X1 a

y Yi
042

XZ 33 5 433

Now lose the slot numbers remember the B labels
multiplyby ya x Y

Defne stfu Haydn
42

Xk Yl



Now defoe sit 26Th µyes
µ'T

Exercise Anti symmetric satisfies
Jacobi identity

Exercise For Comm show EST GT3
Poisson bracket

claim I cantaiakofan O spider as a derivation

of the free 0 algebra

Free Daly generated by maids in B

eg Conan Ass Lie
pfq.ge pig pig ftp.q3 cpuqd

A

path 97
Product in thefree 0 algebra is performedby
combining roots



Comm Ass Lie
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IASTHX

How does a spider D act on an algebra generator A
D Y A

Xs cc
13Yc 42

D A

can mate a legof D win a legof A
1a the same way we

mated spiderlegs i

9
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It is clear this is a derivation
Cie DCAB DA B t A DB
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Exercise In general

Derivations form a Lie algebra
Dc Dal D o Da Dao D

Identify this bracket n te abae bracket

so now we have a Lie algebra his
since hk is defined by simply allowing more

labels on spider legs we have h Kah Kt
Define h liya k k

To prove Kartsevich's theorem need to define
Lie algebra homology



Howdoyoucomputehomologyofa Liealgebra

andwhy is it defined this way
Answer Lie algebra targ space to id in a tie group

linear approximation to the tie group
Tf Ik Liegroup is compact simply connected it is

determinedbyits lie algebra so youshould be able

to compute its cohomology fromthe Lie algebra too

Lie algebracohomology was defined to do this

tf tie group deRhum cohomology

le chains are differentialfirms f dx n ndXi
etc

Thismotivates def n f lie algebra e homology

h lie algebra Hitch homologyof Cdh teh
withboundary 0 Ck Ck l

X n axe fxiix.hniAnxin in n k



In order to prove Kentseu ich's theorem we

need to enlarge our set of admissible graphs
Allow bivalent vertices
Allow disconnected graphs

Get full graph complex FCO

ha contains two legged spiders t

X ye B

and we now have O graphs of rank 1
00 polygons

If you makea two legged spiderwith
a h legged spider youget a

sumof k legged spiders

Inparticular The 2 legged spiders form a

sub Lie algebra hi



dad h sp Liealgebra of
Spk

Recall Spy 2K x 2k matrices A
st AJA J J CEI

so spy 2kx2k matrices A
s t At Jt JA 0

with lie bracket CA BI AB BA
In h T
pi 0 85 acts on monomials

x y E

bychanging pi s pi
qinqj

ie corresponds to matrix f
a a e

y
c

Eij O

G i
E spk



Pio changes qi por

gj pi

Eoe

Cob Giotto

pi s q
pi qi

O O

1 ji Gi 0

These matrices generate spa bracket
is givenby A BI AB BA

fink acts on hk so he is an spate
module splits as

h hi h sp his

spa acts on beta


