
 

Lecture 3 Graph homology

Last time i Given a cyclic operad 0 defined
O graph and he odd graph complex fCO
generated by all oriented 0 graphs with
no leaves

fCO o CO connected graphs G
all vertices at least

U U trivalent

fcoir's Cd Wa I r

Given a cyclic operad O and a symplectic
vector spate VEIR

defined a Lie algebra h
generated by O spiders ha LeighK
Showed 2 legged spiders hi form a subalgebra

isomorphic to Spk



Thin Kontsevich

a HEhas HdAg0 1
This is a Hopfalgebra whose
primitive part is
PHotspot to Hd CO

2 For ha la r 32

HdKOIDE H 2dLOut

For ha da r 2

Hd Cohn H
Z d

Mod Sgp
X Sys tr
S Zo

For cha ca r 2

i
Hd COE contains i

nvariants of manifolds M wita
H't M Q1 H Is Q d odd

Codd dimensional rational homology spheres



Outta and Mod Sgs are important groups
in geometric group theory and low

dimensional

topology

There are manyother connections of
graph homology to the rest ofmathematics

comingfrom other
variants of the graph complexCotter

cyclic operads even orientation
allow univalent vortices
we will see some of these in the
2nd half ofthe course



Kontsevich's proof of part I exploitsthe
action of h spa on ha

we'll stick to hit sp k a k take limits later
Action Zi tr

x og EFFIE
x ya B AsS3

ie A Esp S a spider
A S E change x to Axa

legs I
g s

Thos is just the usual action of A esp onthe
labels on legsof 5 bymultiplication

Exercise

A Si sit A S S t Si ASo

This action extends to an action on Nhk
A Sir rsn S A AA Sir nSn



The invariants of the action are the
elementals killed by
every A

a spk

t.h.dk x sp x o

Exercise A d x d CA x

Therefore the subspace ofinvariants is a sob complex

Nh.IM Est't h
Lemma i induces an isomorphism

H kith 9 Health
Proof sp sp is reductive so any

sp module C splits as

Kento image EH up E



inparticular 2 D cycles in Adh

Bd boundaries in Ndh

Zd ZIP to sp Zd

Bd Bdm to sp Bd

Zeta Z fp Fp
Hall hid Hakith9 I

claim up Zd Bd

pf g e sp

Then 5 a D CarE dans
so a a cycle f a D ans

ThaEsp pp Zd
C P Bd

sp is simplesp sp Sf notabern



Main point if Kontsevich's
proof of part d is to identify

sp invariants with O graphs
Define two maps i

E og this
O graph wedge ofspiders

4k Nih O graphs

wedgeofspiders O graph

og item og



i Need to get a wedge of spiders frm
an Codd oriented O graph

m Qi r

clear how to get a wedgeofspidersbut what labels to put on theedges
A state of an O graph1a.bels each half edge
with an element of Bk each edgewith Il

Rates each edge e
has

matching labels pi qi andsign
P

or
2

Each state on G gives a wedgeof O spiders
and a total sign It IT signee

e

G E Gtales fG
I wedgeof
O spiders



egg

g E is

E ti
X y Z E B K

I

xEEB in a
Claim This is an spk invariant

Proof deferred

so 0g Hh Moth



Nao want to get O graphs
from a wedge of O spiders

Yids n isn
0 unless the total number

of legs is even

If the total number is even pair
them with a pairing ITthis gives instructions for forming a graph

orient the edges arbitrarily

Is a isn't
If it pains legs 1 and µ with labels

X y and Xu MI
de fue wCT IT Lxx Xm

pairs µ
Note wth 0 unless labels ofpair's matchTea Yn
S h r Sn wit Gu as

IT



It would be nice if 4 and 4
were inverses but

og the 450g
is not the identity or even a

multiple of the identity
Problem accidental pairings
G off

s Ill Ill 14 111

yte k
this u giveback G thsednesnoIging
Tn n

to of told t

U CU CU N KI l X l



Prop 4 0 Mk Og Og
where Mk is defined as follows

Geog
let it be a pairingofthe half edges of G

gluing them gives a graph G'T
let it be the pairing that pairs half edges if

they are in the same edgeof G
the standard pairing

Then Go G

Form a graph by pairing half edges usingboth
T and T

vertices half edges
edges if
Define Cit of components

f circles in this graph

Then eco edgesof G



and Ctu L do if a T

Not.e Og the decompose into direct scenes

of finite dimensional pieces

namely 0Gmm O graphs with noertrcee
in edges

1mm e the
wedgesofspiders with

0
a total of 2in legs

1k 4k respectthese pieces i
see

ogn.meilln.mY i0gmm

so 4k09k has a matrix Mmm

claim GIG entry is 2K
T

There are 12kt ways to put pi qiHawes
on each circle

if g



son

This maynot be invertible But for k
sufficiently large the diagonal
entries Gk dominate the off diagonal
entries 2K or o and Mnm is
invertible

so YoYa is an isomorphism fork salt large

Ogun hmm 909mm
I n l

So 0k is injective for k suff large
By our previous claim In 0 AnmHP



so ogn.in sllu.m
w
FOgmm

We would like to conclude that he
induces an E on homology but

Exercise 0k is not a chain map

Luckily 4k is a chain map

Since 4k e 0 if spider legs don'tmatch
in pairs IuYk CImYkI

n.mjtPi

4aHmmIm s0gn.m
is au for K sufficiently lair.ge

So Ya induces an isomorphism

H Cn h H Log
TBA



We still need to check Imdisc h DH

This starts from the fact that

on Va V E pinqi
is au sp invariant

Pictorially represent a guerator
ofV n VX n y Cx y

e B

by a rooted planar tree

Ig modulo
xIg 4

We candecorate the internal
vortex by an ett of 09

O I
y l ly y k

The actu f sp is determined

by the O spiers y
x y e B



Note that every kills
1

WE e Va v
P I E l

l t

it y
t

qin pi
qi pi

T I
O T Q Q t Q t

pili PJ 85
T T
Q n Q
Pip PJ Pf pi

Q Q 0

Pi pj pi pj

016



Next let's find invariants in A Vic
If n is even pair tie terms by TI

n tr
Ven a th Yet the

permute until It looks like

I VIV.nu kn NIV
Y U V

Delle W z I w k r w k r A wk
is an spec invariant

Wead these span the space YIH
of all invariants


