

































































Lecture 5 Graphhomology

Last time
defaed Myn modulispaceofgraphs G
M G admissible connected lol 33 21 1 n

Cvn tout Fu
also Cvn't Mgn ChilentFa

g Cvn't Cvn't n Cvn
omgit Mgitimyn

Weobserved
h

CG Gg't X t n

and identified

cmC Mgk 0Mgn Cg co Comm even or

T
gradinghere is by edges I Tgradayhere isby Avertices
If G has Ktl edges and 1 1 n then
G has 2 k n vertices

so
c Cmgi omgit Cg an




































































on both sides a generator G is zero if it
has an odd automorphism

Since every graph in Cvn has 3 n edges
theentire Cns skeleton of CUE is contained

in 0Chit

So Ck CMgrit Onlyit1 0 if Ken 2
H

CGLIK n
0 if Ken 2

ie ego Cgie EG O

The entire chain codex C G looks like




































































Gg Gg
2 d Cd

049 c g Gg Cg
r to

3 g 3 D B d 3

c g Csg Gg sGg Cag Gg
4 d 4 o 4 g 4 f 4 O y

Gg Gg Gg Gg Gg Gg
est d

to
s g so so so to

c g Csg say Gg Czg Gg
ca to o
f b f b d 6 d 6 f

Gg off say g scrag't.gg
O operator 2 verticesbecome

collapses edges are vertex lose an

edge
00

operator o_O onererlexsplitsinto

splitsvertices A 2 vertices add
an edge

4

egg X
Q

I yes
2 both 0 and of

4 3 4
z y preserve 21 1 n




































































If yougrade Cg so that dyG v until
insteadof r youget E E

CH f ca

i Gg Egg
3 J 3 of B 3

a Fogg Gg Gg Gg
4 4 4 y

Gg off Gig GgHc.g egg
c geste Csg

t

og Cg og's og'tY 3 Z I

CH 6 I 6 6 6
99 off g off of 9

You get Willwacher's graded Go chain complex

HE CntiG
mCc g tn

o ku Ca E Cen yn t I n

contains Wn f never Cwmor O

n odd Wain to




































































0
Will wacher found cocycles on E C n odd

heidentified Ito with grt
GrothendieckTeichmiiller Lie
algebra Canipotent version

F Brown proved grt contains a free Lie
algebra generated by odd classes
3 05 a

will wacher showed on Wn O Cnodd

If G has k vertices and raden it has Ktn I edges
so dimTCG g Ktn 2

Willwacher's result has k nH so translates to

Ha Mgn omgE 0 nos

K
willwacker also showed A kg O for kco

This mean's HIMyn 0mgit O for ion I

ay fer n 3 dimMy 5 HEO Sr ie 5
so only cohomology is in dim 5




































































All non zero homology lies in Hk 2mL E k a 3nA

Exercise Compute It Ngf OMg
for n 2,3 0

of t

n 3 ED Qf QF
g i Foo

OED
od O 00 0

00 0 85 of
I




































































Back to Kentseuddis theorem

O Lie HdCcg H contFa
wherethe orientation on Ographs is the odd orientation

A generator of CG is a complicated object

An odd oriented graph X with
T T

verticesdecorated with teetrees
These are Planet binary trees Ti Ta

tree at 1 tree at 2

modulo AS I HX on internal edges

exits oh E
Inside each generator is a natural forest E unionoftrees

containing all vertices
u E union of internal

edgesofthe trees Tr




































































Theorem Conant V All of this orientation
data is equivalent to orderingthe
edges ofthe forest

cactiat E I

Furthermore the 0 operator sums an adday an
edge to the forest labeled in next uwui.nl

0 G E or

t t

Exercise 02 0

Proof of Theorem Is linear algebra

I don't know a direct wayofseeingthis





























































Recall an animator determined by an orderlyof
S Exo Xu can be described as a choice
r U

of unit vector in A IRS where IRS is
the v space y basis S n

porder y taxi gives Xin Nn E Rft g

so an orientation on an O graph is a

unit vector in

T T T
order v x order each order the half edges

pair Heel of at eachvertexof
half edgesforeeX each tree Tv

we are claiming here is a canonical isomorphism

of the above expression with
DetIREET ECE edgesofE

liepicking a unit vector in either side determines
a unit rector in treater side








































E E 2 CEE

I don't know a directway to seetuis
Instead we u.se two lemmas

K
Lemmal n 5 18 a finite setI

Rent a canonical isomorphism

detsi detfstf IR EidetRS
I add

T
orderettsfeuchsi aterhesetof Si totalordergys

with Isil odd

Pf switching x yes or Sies wit Biblsilodd

charges te signofte total.ardenyfs

Sias doesnt changethesign if Bilor IS 1
is even

map terturway groups the elementsof S



lemme2 o left v Is w 1
a short exact sequence of finite dim'dvector spaces Then detV is canonically
isomorphic to Det U detW

A1
Choose a splitting Vps W
Theisomorphism is gien by

DetU det to detV
U W 7 flu nd w

This is independent of a since ps id

Exerace o u V w z 0
a short exact seq of finite david

v spaces
f Cann i al isomorphism
det U detW E detV det Z

Cpf split the sequence into two shut
exact sequences



How to use these lemmas

eg claim cyclic orderings around
each vertex

1 a binary tree ordering all edges
The obvious correspondence doesn't work

Use the augmented chain complex oft
O C co R 0

This is exact CHIT o

Co RV detco det IRV

To give a chain in G youneedto prescribe orientations on the
edges de Hel i cell

dit C det RE
e
detttle

onlyone
orderiy

Now use lemma I i ga
geese'raft

det RV det RE detHce xo.at



and Leann2 E det'RE det RH

Tensor boln sides in DetNV detIR E

det REE detRV det RH

NW use lemma 2 again

detREEletRV Ef detHai detfotf.gg

allvertices areodd

detRV Edel Hai detRV

detHor

The rest ofthe proof that
X Eto or n G E or e

is similar
Note that the half edges y Xare exactly the leaves of tee To e



Also have to check a

DX H of E G Eoe orotoe
Eoe
a forest

A generator of CG is how

CGE of
forest aulnay all vertices of G

or E det IR ECE

IH X translates into

o

i
nolet sign



in Lietnee Thot
V

I
Ye

I
Ltd

Iturnteft I b

H o
k fd t f H

teroesedges a
f

C c d

txIA idf.fi Ffttxc d e



Back to Outer space Cvn

To get the isomorphism

Haag EH contES E H
2 9
mga

K
Hu

Z d
Cvn laitFn

It's easiest to look at Cvn first

Cvn disjoint union of open simplices
T Gg G admissible ruler

T

µ

connected 1h33 of
sore faces are missing

40
cu c CVn supliced

couplekm

U v basis for Fn



Def kn
c Up't barycentric

subdivision Vertex simplex
of funk

Ead Yuna

geometric realization

of poset of our g
All maximal simplices of Chit have
a missing face at least a vortex
and a face in Ku at least a trivaletopph

Cvn b k n deformate retract

by Keady retracty each maximal suplex

of Vn to its face in kn

D



D

ar f

O O O 000

The action of cut Cfn permutes te rCGg
so kn is invariant aider te actin

kn B a clef refract of Cva so
is contractible

Hk out E HHKuKutFu
kn is a simplicial complex
maximal simplex chain ofedge collapses

n 2 picture is not enlightening here
Thy an n 3 picture


