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We've shown the homology of 

Kontsevich’s Lie graph complex (odd version)

So let's just look what happens at one vertex v in one 
graph G.

The vertical maps     split one vertex-into two, then add. 
What happens at one vertex is independent of what 

happens at another


We left out one step.. showing the vertical columns 
in the double complex have no homology except in 
the top dimension.

(though the chain complexes are not the same,

and in fact look very different at first)

is equal to the cohomology of




































































If Irl 5 you can split twice
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A is theaugmented cochaincomplex of a simplicial
complex Tn with
a a O cell for each 1 edge tree with

a labeled leaves
a l cell for each 2 edge tree
witn n labeled leaves

1

Ian cried cell for each Cns edge
tree witn n labeled leaves




































































egg
with A 4 this Src has 30 cells

e Sou so

with A 5 we hae 10 o cells

17 15 I cells
O

looks likeI l z 4
I o

Petersen

graph

Prop Tue lls for any
n

Cie has IEO unless K n 4

Pf
Another wayto describe a tree

with n tabled leaves and I edge is

as a thick partition of teEet El in 3 n




































































thick each side has 72 elements

eg p

tE
pairwise

with k edges you get k competilde
partitions i p

P

i

P compatibleQs
one sideof P D disjoint from sue si de f

Q1

partitions can be drawn in the plane
so that the circles doit intersect




































































Now let's reconsider the simplicial
complex Tn

a vertex for each partition f I edgetree
edge for each pair CP Q ofcompatible
partitions

Tn is flag n l Po Pe are pairwise
compatible if and only if they span
a K simplex

Exercise let B c X be a full sobcomplex

of a flag complexIf ve X B is a vertex with iller n B t 0 and
JCB is the subcomplex spanned by lle v n B

then the subcomplex L B v spanned by B cud r
is equal to BuyCCJ

non examples X 0of atriangle not flag
Then J BB edge

Q but X t B UBeB
X triangle B 2 vertices Corot full

F lb bis cJ As
bio b B g CCJ OX



Corollary B X v as above If B is contractible
then suck e sus p J
Tf B E VSk cud Je V S tou
Su B V Sk

pI Mayer Vietoris plus vonKampen
picture

v

II J e
sospCJ
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Proof oftheorem Tn e V 8
4

Induction on n Ctrre for n 4 5

let Po is n fs's h

Tp subcomplex spanned by partitions
compatible with Po

core on Po so pet

Note elePo Tn Ghrinokatapfeges K2



Notion partitions that cross Po

size 5

Define the size of P to be the numberofelements
in the side containing 1

If P crosses Po let P be the partition
obtained from P

by putting 1 on
the other side

P is compatible with both P andPo

we will add all P of size 2 to IPO
in order of decreasing size using
the corollary to keep control of the
homotopy type

So Order te P e Tn ccPo so that
size 7 size Pa 3
let Tni s an of Tao and all Pj wit j si



claim F De Biti n Tn is a cone on Pi't
so is contractible

PI Q eJ if Q is

compathlewithPit it

man i
Tui 3 site Pit

which size size Pot1
CE is compatible with Po

In either case Q is compatible with RI
So J CCPit

The only vortices we haven't yet included ace
partitions of size 2 that cross Po
Po PP

But De P n B deep Bett

Tn Cas we saw

VSn 5 by induction



so adding P goes sasp vs
5

e YS

Adding all other Pa still gusts

Next We've related commutative
and Lie graph complexes to the
topology of moduli spaces ofgraphs
What about associativegraphs

Structure at a vertex cyclic ordering
of adjacent edges

A graph with a cyclic ordering ofthe
edges at each vertex can be
fattened into a unique oriented
compact connected surface



First put a neighborhood ofeach vertex
into the plane oriented counterclockwise

c pi

Then fatten this into a disk with tubs

f The edges oftee graph
give a pairing oftee tabs

It set
connect each pair with an oriented rectangle

tp _tf
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collapsing an edge doesn't change the
homeomorphism typeofthe surface so

tie Associate graph complex breaks
up into a direct sum

of surfaceCG
compact oriented
connected wily d



We've alreadydone almost all the work
needed to relate Cg to
a moduli space ofgraphs
when we studied Lie graphs

we described generators of the tieopened as planar trivalent trees
modulo AS and IHX relations

we described generators ofthe Associate
openad as planar stars

But back up this is equivalent to
planar trivalent trees modulo A S
and tee associative relation

O l O

di ni ie E H
IH relation

A cyclic ordering of the edges in a star
is clearly to a cyclic ordering
ofthe leaves of tax trivalent tree



We saw this is no orderingthe edges
ofthe tree

An associative structure on an odd
oriented graph is

IEEE.ie YiEE s
IH Itt As IH ongreen

edgesAs

C X or I3 G E or

Associative graph f Cf forested

graph
We need to check te orientation lemma

hernia The orientation data on CX ou ETE
graph is equivalent to an ordering
of te edges of ET in CG I ar

and the 0 operator is the scene
we didnt completely prove this in to Lie
case I just gave youthe tools Dittohere



S S
This shows Cg is isomorphic to fG
so theyhave the same homology

S
We now claim f Cf has the same

homology as the co chain complex

0 14 63 where HEgraphsthat
fatten to S We have

KSC kn CECvn S E Fn by
forgetting he cyclic order at each
vertex of a ribbon graph
and

FCS outCfa is the
subgroup that pieces to cyclic order
at each vertex ie
CS preserves the boundary words
the cyclic words in Fn corresponding
to the boundary curves in S



To prove to claim we decompose the
8 operator in CH Ks as before

f Sat Js Sra adds an edgeto
Ss splits a vertexif6

and as before we show the vertical
subcomplexes using G have

homology only in the top dimension

Exercise Identify the vertical Ccdchain
complex as the co chain ex ofa sphere
look at the trees you can get by
IH splitting starting at a single vertex
of valence lol
If Irl 4 there are now only two
possible splittings without leaving S

K I
so eplex is OHR IRI O
augmented cochaia apex ifSO



If 101 5 get the 0 of a pentagon1 2

x
six ties
is I

Now
7 Zieschang proved TCS Modes

The proof that Ku B contractible
restricts without charge to Ks

i KsGcs is a Rational

K Modes l

ie Hd Cg Halfgs It
2
dCModesD


