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ABSTRACT

In 1933 Rado characterized all systems of linear equations with rational coefficients which
have a monochromatic solution whenever one finitely colors the natural numbers. A nat-
ural follow-up problem concerns the extension of Rado’s theory to systems of polynomial
equations. While this problem is still wide open, significant advances were made in the last
two decades. We present some new results in this direction, and study related questions for
general commutative semigroups.

Among other things, we obtain extensions of a classical theorem of Deuber to the
polynomial setting and prove that any finite coloring of the natural numbers contains a
monochromatic triple of the form {x,z + y,zy}, settling an open problem.

We employ methods from ergodic theory, topological dynamics and topological algebra.
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CHAPTER 1

INTRODUCTION

In this thesis we investigate some questions originating in Ramsey theory by using tools and
methods from ergodic theory, topological dynamics and topological algebra in the Stone-

Cech compactifications of commutative semigroups.

1.1 Combinatorial problems

We are mainly concerned with results of the form: suppose one colors the natural numbers
N = {1,2,...} with a finite set of colors (so that each number has exactly one color) in
an arbitrary fashion. Then one can find certain monochromatic (i.e. with all elements of
the same color) “patterns”. One of the oldest results in this direction is Schur’s theorem

[Sch16]:

Theorem 1.1 (Schur). For any finite partition of the natural numbers N=CyU---UC,

there exist x,y € N and C € {C4,...,C,} such that {z,y,z +y} C C.

Another famous result in arithmetic Ramsey theory is van der Waerden’s theorem

[Wae27] on arithmetic progressions:

Theorem 1.2 (van der Waerden). For any finite partition of the natural numbers N =
CyU---UC, and any k € N there exist x,y € N and C € {C1,...,C,} such that {x,z +

y,x+2y,...,c+ky} C C.

Observe that both Schur’s and van der Waerden’s theorems deal with linear patterns,

in the sense that these patterns are defined by linear relations (this point will be made more



precise in Section 1.3). In 1933, Rado obtained a remarkable result, classifying all linear
configurations which can be found in a single cell of any finite partition of N, extending
simultaneously Theorems 1.1 and 1.2 (cf. Theorem 4.31 below).

The next natural step in this line of investigation is to consider polynomial configura-
tions. A far reaching extension of van der Waerden’s theorem to the polynomial setting

was obtained by Bergelson and Leibman in [BL96]:

Theorem 1.3 (Polynomial van der Waerden theorem, cf. [BL96, Corollary 1.11]). Let
fis.-oy fx € Zlx] be polynomials such that f;(0) =0 for alli=1,...,k. Then for any finite

coloring of N=Cy1 U ---UC, there exist a color C € {C1,...,C.} and z,y € N such that

{z, 2+ fiy),z + fa(y),..., 2+ fu(y)} C C

Note that Theorem 1.2 is a rather special case of Theorem 1.3, corresponding to the
choice of polynomials f;(y) = iy. The strength and generality of the polynomial van der
Waerden theorem notwithstanding, several questions remain unanswered. For instance, it
is an open problem whether for every finite coloring of N there exists a color C' and z,y € N
such that {22, y% 22+ ¢y%} C C.

This thesis sheds some new light on the class of polynomial patterns that can be found
monochromatically within a single cell of any finite partition of N and, indeed, of more
general countable commutative semigroups. We obtain in Chapter 4 a common generaliza-
tion of Theorems 1.1 and 1.3 to countable commutative semigroups (the precise statement,
Theorem 4.2, is postponed until Chapter 4 for it uses some terminology from that chapter),
providing new families of polynomial patterns which can be found in a single cell of any
finite partition. However, this extension does not include every polynomial pattern. While
it unites the polynomial version of van der Waerden’s theorem with Schur’s theorem, some

pieces are still missing. In particular, the following conjecture is still unsolved:

Conjecture 1.4. For any finite partition of the natural numbers N = Cy U ---U C, there

exist x,y € N and C € {C,...,C,} such that {x,y,z +y,xy} C C.



An affirmative answer to the analogue of Conjecture 1.4 in finite fields was recently
obtained by Green and Sanders [GS16|, generalizing previous work by Shkredov [Shk10)]
and Cilleruelo [Cil12] (see also [Vinl4] and [Hanl3] for related results).

A major part of this thesis arises from studying a weaker form of Conjecture 1.4 which,

until very recently, was unsolved:

Theorem 1.5 ([Mor]). For any finite partition of the natural numbers N =Cy U ---UC,

there exist x,y € N and C € {C4,...,C,} such that {z,z +y,zy} C C.

Theorem 1.5 is proved in Chapter 6, as a special case of a significantly more general
statement (see Theorem 6.2 below). Theorem 1.5 is the culmination of ideas and techniques
developed in [BM16a] and [BM16b], where the analogous problem in Q (and, in fact, in
any countable field) was studied. Besides the invaluable lessons learned, in this earlier
work we obtained results which in certain respect are stronger than Theorem 1.5. These
developments are presented in Chapter 5. In particular we showed that any "large" subset
of Q contains patterns of the form {x + y,zy}. By way of contrast, observe that the set
of odd numbers (which is a "large" subset of N in several senses) can not contain such a

pattern.

1.2 Connections with dynamics and topological algebra

In [Sze75] Szemerédi established a density version of van der Waerden’s theorem (cf. The-
orem 2.41 below), hereby proving a famous conjecture of Erdés and Turdan [ET36]. Shortly
afterwards, Furstenberg gave a new proof of Szemerédi’s theorem using ergodic theory
[Fur77]. This was the beginning of a long and fruitful interaction between dynamics and
Ramsey theory. Indeed, Furstenberg’s method was successfully applied to many other
problems in Ramsey theory, including density and polynomial versions of the Hales-Jewett
theorem.

While ergodic theory has proven useful in establishing density results, topological dy-

namics can be used to obtain directly partition results. This approach was first employed by



Furstenberg and Weiss to obtain a dynamical proof of van der Waerden’s theorem [FWT78].
A similar method was later used by Bergelson and Leibman to obtain the polynomial van
der Waerden theorem (a result which was previously unknown). Topological dynamics can
also be used to show partition regularity for configurations which are not present in every
set with positive density, such as IP-sets (cf. Section 2.2 below) or solutions to Rado’s
systems of equations.

Another effective technique in modern Ramsey theory is provided by the topological
algebra of the Stone-Cech compactification, realized as the space of ultrafilters. On the
one hand, ultrafilter methods are helpful in obtaining various partition results. On the
other hand, utilizing convergence along ultrafilters allows one to refine and extend results

classically obtained via Cesaro averages.

1.3 Ramsey families

To put our results into perspective, we will now briefly review some of the relevant classical
results in Ramsey theory. The notion of Ramsey families will be convenient to state both

classical and new results in a more general framework.

Definition 1.6. Let G be a countable commutative semigroup, let k,m € N, and let
fiyoooy fu : G™ — G. We say that {f1,..., fx} is a Ramsey family in G if for any finite

coloring G = Cy U --- U C,, there exist x € G™ and a color C € {C},...,C,} such that
{fix),.... fu(x)} CC.

In this language, Schur’s theorem (Theorem 1.1) states that the family {x,y,z + y} *
is Ramsey in N, and van der Waerden’s theorem (Theorem 1.2) states that, for any k € N,
the family {z,z +vy,...,z 4+ (k — 1)y} is Ramsey in N. On the other hand, the families
{z,x+ 1} and {z,y,3x —y} are not Ramsey (in N): if one colors each n € N depending on

its parity, then x and x 4+ 1 must have different colors; and if we color each n € N in one of

!By a slight abuse of notation, we represent by {z,y, = +y} the family comprised of the three functions
(z,y) =, (z,y) = yand (z,y) =z +y.



four colors, according to the last non-zero digit in its 5-adic expansion, one can check that
if z and y are of the same color, then 3x — y must have a different color.
A common extension of Schur’s and van der Waerden’s theorems was obtained by Brauer

[Bra28|:

Theorem 1.7 (Brauer’s theorem). For everyp € N, the family {z,y, x+y, x+2y, ..., x+py}

is Ramsey in N.

In a different direction, one can extend Schur’s theorem by adding to the family {x, y, z+

y} a new variable z and the sums {z + y,2 + y, 2z + = + y}. In general we have

Theorem 1.8 (Folkman’s theorem). For every m € N, the family

zo

Z1, 1+ xo

2, r2 + T1, T2 +2o, T2+T1+ 2o

Ty T+ Tm—1, Tm + Tm—2, T+ Tm—1+ -+ 20

is Ramsey in N.

In other words, Folkman’s theorem states that for any finite coloring of N and every
m € N there exists a color C' and a set A C N with |A| = m such that F'S(A) C C (cf.

(2.4) below).

Remark 1.9. The attribution of Theorem 1.8 to J. Folkman is made in [GRS90] (without
a reference). However we remark that it follows as a corollary from the earlier work of
Rado (cf. Theorem 4.31 below) and it was also independently discovered by Sanders in his
thesis [San68] and by Arnautov [Arn70].

In the same way that van der Waerden’s and Schur’s theorems were simultaneous gen-
eralized by Brauer’s theorem, it is possible to unite van der Waerden’s theorem with Folk-

mans’s.



Theorem 1.10 (Deuber’s theorem, [Deu73]). For any m,p,c € N, the family

CXo,

1xg + cxy, i€{-p,...,p}
ixg + jr1 + cxa, i,j €{-p,...,p}
10T0 +  + lm—1Tm—1+ CTm, tm—1,---,00 € {—p, e ,p}

is Ramsey in N.

Observe that Theorem 1.10 contains Schur’s, van der Waerden’s, Brauer’s and Folk-
man’s theorems as special cases. In fact, Deuber’s theorem applies to every finite linear

Ramsey family in N:

Theorem 1.11. Let m € N and let {f1,..., fx} be a finite family of linear functions (i.e.
semigroup homomorphisms) f; : N™t1 — N. Then the family is Ramsey if and only if
there exist p,c € N such that the family {fi,..., fx} is contained in the family described in

Theorem 1.10.

The original version of Theorem 1.11 is due to Rado (see Theorem 4.31 below) but
is formulated in the (quite different) language of partition regularity of systems of linear
equations. As stated, Theorem 1.11 is due to Deuber; although it is not hard to derive
it from Rado’s theorem. Actually, Deuber proved a stronger result (see the discussion
surrounding Definition 4.10 below).

There are several ways one can hope to extend Theorem 1.11. One option is to extend
the notion of Ramsey families to infinite families of functions. There are several posi-
tive results in this direction, including Hindman’s theorem (Theorem 2.27) which can be
formulated in language of Ramsey families. One could also try to extend the scope of The-
orem 1.11 from linear Ramsey families in N to linear Ramsey families in other commutative
semigroups. Yet another, and perhaps more natural, possibility is to relax the condition
that the functions must be linear and ask instead for a similar result when the functions
are polynomials. This leads naturally to the following, by now classical, problem.

6



Problem 1.12. Describe necessary and sufficient conditions on the polynomials f1, ..., fr €

Zlx1, ..., x5 that guarantee that the family {f1,..., fr} is Ramsey in N.

It follows from Schur’s theorem that the family {x,y,zy} is Ramsey (simply compose
any given coloring x : N — {1,...,r} with the map n — 2" to create a new coloring and
apply Schur’s theorem). Using the same idea, van der Waerden’s theorem implies that for
cach k € N the family {z, zy, ..., zy*} is Ramsey, and Deuber’s theorem implies that many
more families of the form {fi,..., fx}, where each f; is a monomial, are Ramsey.

Configurations which combine both addition and multiplication, however, tend to be
significantly harder to deal with: only in 1977 did Furstenberg and Sarkozy prove, indepen-
dently, that the family {z, x +v?} is monochromatic (cf. [Fur77, Theorem 1.2] and [Sar78]),
obtaining the first example of a non-linear Ramsey family which does not consist solely of
monomials. Bergelson improved this result by showing that in fact the family {z,y, = +y?}
is Ramsey [Ber87].

The next major advance towards Problem 1.12 was Bergelson and Leibman’s polynomial
extension of van der Waerden’s theorem [BL96] (Theorem 1.3). In the language of Ramsey
families, they showed in particular that for any polynomials p1, ..., px € Z[x1,...,zy] with
pi(0) = 0, the family {z¢, 20 + p1(z1,-..,Zm), .-, 20 + pr(T1,...,2m)} is Ramsey. The
polynomial van der Waerden theorem has now been extended in several directions (see,
for instance, [BFM96; BJM; BLL0§]), each revealing new examples of polynomial Ramsey
families.

In the last decade, many interesting polynomial Ramsey families were found [BBHS06;
BBHSO08; Ber05; FH; McC10], however a complete solution to Problem 1.12 is still very far

from reach.

Outline of the following chapters

In the next chapter we set up some common terminology and definitions. We start by

reviewing some background facts on ultrafilters. Then we survey classical definitions and



results from (arithmetic) Ramsey theory and discuss connections with ergodic theory and
topological dynamics.

In Chapter 3 we deal with affine semigroups — semigroups of affine transformations of
a ring — and explore some of their properties. There is a strong analogy between the way
a semigroup acts on itself by translations, and the way the affine semigroup over a ring R
acts on R via affine transformations. This analogy allows us to transfer several classical
results to the affine setting. The theory developed in this chapter is used later in Chapters
5 and 6 to obtain new Ramsey theoretic results.

In Chapter 4 we study extensions of Deuber’s theorem (Theorem 1.10). We obtain a
common extension of Deuber’s theorem and Bergelson-Leibman’s polynomial van der Waer-
den theorem. We further generalize this result to arbitrary countable abelian groups. We
also present a generalization of Deuber’s theorem which holds in every countable commu-
tative semigroup.

In Chapter 5 we investigate the presence of configurations {x +y, zy} in large subsets of
(countably infinite) fields and answer the question of how abundant such configurations are.
To this end we employ methods from ergodic theory and end up obtaining results on the
long term behaviour of measure preserving actions of affine semigroups. In particular we
establish affine analogues of the mean ergodic theorem, Khintchine’s recurrence theorem,
as well as versions thereof involving limits along ultrafilters.

Chapter 6 is dedicated to the study of certain polynomial families over a general class
of rings. Among other things, we show that the family {x + v, zy} is Ramsey in any ring of
that class and in N. We provide two proofs, one using topological dynamics and another,
purely elementary proof. In particular we prove Theorem 1.5 and, as a corollary, obtain

partition regularity of certain polynomial equations.



CHAPTER 2

PRELIMINARIES

In this section we will review some well known combinatorial results which we both are
inspired by and use throughout the thesis. We will also introduce some definitions and

facts about ultrafilters, ergodic theory and topological dynamics for later use.

2.1 Ultrafilters on commutative semigroups

The theory of ultrafilters, and specially the relation between the algebra and the topology
of the set SR of all ultrafilters over a countable set R has became a major component
of Ramsey theory in the past decades. Since we will make extensive use of the theory of
ultrafilters in all of the later chapters, in this section we present a fairly detailed introduction

to this useful subject. The reader will find missing details in [Ber10] or [HS98].

Definition 2.1 (Ultrafilter). Let R be a countable set. An wltrafilter p is a non-empty

collection of subsets of R satisfying:

a¢p

If AcCc Band A€ pthen Bep

If Aepand B €pthenalso ANBeEp

If AUB € p then either A€ por Bep

In particular, the second condition implies that R € p (because p is non-empty), so

from the last property it follows that for each A C R, either A € por R\ A € p. In fact,



iterating the last property, we deduce that for any finite partition of R, exactly one of the

cells belongs to p. Indeed we have:

Proposition 2.2. An ultrafilter on R is a family p of subsets of R such that for any finite

partition of R, exactly one of the cells of the partition belongs to p.

It is not hard to present a concrete example of an ultrafilter: pick a € R and consider
the family p, := {A C R : a € A}; one can promptly check that this family satisfies all
the conditions from Definition 2.1. Ultrafilters of the form p, with a € R as just described
are called principal, an ultrafilter which is not principal is called non-principal. In order
to prove existence of non-principal ultrafilters one requires (at least some weak form of)
the axiom of choice. This means that one can not give an explicit construction of an non-
principal ultrafilter; nevertheless, one is often able to establish the existence of ultrafilters
with some nice properties.

A family of subsets of R satisfying the first three properties of the Definition 2.1 is called
a filter. The family of all co-finite sets is an example of a filter which is not contained in
any principal ultrafilter. On the other hand, ultrafilters turn out to be precisely maximal

filters (for the inclusion relation).

Proposition 2.3. FEvery filter is contained in an ultrafilter. In particular, there exist non-

principal ultrafilters.

Proof. We first show that any maximal filter (for the partial order of inclusion) is an ultra-
filter. Let p be a maximal filter and let A, B C R be non-empty sets such that AU B € p.
We need to show that either A or B belong to p. Assume B ¢ p and consider the family
p:=pU{C CR:AcCC}U{ANC : C € p}. We claim that p’ is also a filter, by maximality
this will imply that p’ = p and so A € p as desired.

Assume, for the sake of a contradiction, that @ € p’. Since p is a filter and A is non-
empty we have that ANC = @ for some C € p. But since AU B € p, we would have

(AU B) N C is simultaneously a member of p and also a subset of B, contradicting the

10



assumption that B ¢ p. The second and third conditions for a filter trivially hold for p/
and this proves the claim.

Now, it is also easy to check that the union of any totally ordered subset of filters is
again a filter, so we can apply Zorn’s lemma to conclude that any filter is contained in some

ultrafilter. 0

If one considers R to be endowed with the discrete topology (as we always do in this
thesis), the set of all ultrafilters on R can be identified with the Stone-Cech compactification
BR of R (see, for example, Theorem 3.27 in [HS98]). We will now briefly explain this
identification. Let © := {0, 1} be the set of all functions f : R — {0, 1}. By identifying a
subset A C R with its indicator function, we can also think of € as the family of all subsets
of R. We endow {0, 1} with the discrete topology and give © the product topology, making
it into a compact space (by Tychonoff’s theorem). Next we consider the space X = {0,1}%
of all functions from Q in {0,1}. Invoking Tychonoff’s theorem one more time we deduce
that X is also compact with respect to the product topology. One can think of a point in
X as a subset of Q) or, equivalently, as a collection of subsets of R.

Now, for each n € R, let p, € X be the function p, : Q@ — {0,1} given by p,(f) =
f(n) for each f : R — {0,1}. This gives an embedding of R into X. The Stone-Cech
compactification of R is the closure of R in X and is denoted by SR. Observe that SR is
compact because it is a closed subset of the compact Hausdorff space X.

A point p € SR C X is a map from Q to {0, 1}. By identifying points in Q with subsets
of R, we can associate p with the family of subsets A C R for which p(A) = 1. By an
abuse of language we will denote this collection of subsets of R also by p and we will use
interchangeably the notations A € p and p(A) = 1. Note that the element p,, € X is the

principal ultrafilters at n.

Proposition 2.4. Let p € X be a collection of subsets of R. Then p € SR if and only if p

is an ultrafilter on R.

Proof. Using the definition of product topology we see that p € SR if and only if for any

11



finite collection Aj, ..., Ay of subsets of R there exists some n € R such that p,(A;) = p(A;)
foreach i =1,..., k.

First assume that p € SR. Since p,(@) = 0 for all n € R, also p(&) = 0 and hence
& ¢ p, proving the first property of Definition 2.1. Next let A € p and suppose B D A.
Let n € R be such that p,(A) = p(A) and p,(B) = p(B). Then n € A so n € B and thus
p(B) = 1, proving the second property. If both A and B are in p, let n € R be such that
pn and p agree at A, B and AN B. Then we conclude that AN B € p proving the third
property. Finally suppose that AU B € p and let n € R be such that p, agree with p at A,
B and AU B. Thus either A or B will be in p proving the fourth property. This implies
that p is indeed an ultrafilter.

Next, suppose that p is an ultrafilter. Given any subsets Ay, ..., A; of R, assume that

Ay, ..., Ay are in p and A,41, ..., A; are not in p. Then the intersection

r k
(rm) Al R\ A
i=1 i=r+1

is in p and in particular it is non-empty. Let n be in that intersection. Then p,, agrees with
p at the sets Ap,..., Ax. Since the sets Ay,..., Ay were arbitrary, we conclude that there

exists some p, at each neighborhood of p, and hence p € SR. O

For a set A C R denote by
A:={pecBR:Acp}CBR (2.1)

It turns out that, identifying A with the subset of SR consisting of those principal ultrafilters
pn with n € A, the set A is precisely the closure of A in the topology of N. In fact, we

have:
Lemma 2.5. The sets A are clopen and form a basis for the topology on SR.

Proof. Let p € X. By definition p € A <= p(A) = 1. Since {1} is a clopen subset of
{0,1} and by the definition of product topology on X we conclude that A is a clopen set

of X, hence intersecting with SR we get a clopen subset of SR.

12



To prove that the sets {4, A C R} form a basis for the topology on SR, let k € N, let
1<r<k,let Ay,...,Ap be subsets of Randlet C:={pe X : Ay,.... A, €p, Ary1,...., A &
p}. Sets of the form C are a basis for the topology of X so sets of the form C'N SR form

a basis for the topology of SR. Consider the intersection

r k
i=1 i=r+1
Then, by the ultrafilter property, p € C N SR <= B € p, and hence C N SR = B. O

Given a compact Hausdorff space K and a function f: R — K, the universal property
of the Stone-Cech compactification implies that there exists a unique continuous extension
Bf : BR — K. The continuity implies that 5f(p) = lim,_,, f(n). We will denote this by

the more suggestive notation p-lim, f(n) := Bf(p).

Lemma 2.6. Let K be a compact Hausdorff space, let R be a countable discrete set, let

f:R—>K,peRandx € K. Then
p—liénf(n) =z = VU3 x open, {neR:f(n)eU}€np. (2.2)

Proof. Assume p-lim, f(n) = x. The set {n € R: f(n) € U} is precisely the intersection
of V := (Bf)"'(U) and R (as a subset of BR). Since Sf is continuous, V is open, and
because p € V it follows that there exists a basic open set A C V such that p € A, where
A C R. In other words A € p and A C V, which implies that V' N R contains A and hence
is a member of p.

Next we prove the converse: assume p-lim f(n) = y # z. Since K is Hausdorff, take
disjoint neighborhoods U, and U, of x and y respectively. It follows from the first part
that {n : f(n) € Uy} € p. Since {n: f(n) e Uy} N{n: f(n) € Uy} = @ we conclude that
{n: f(n) € Uy} ¢ p, finishing the proof. O

One could simply take (2.2) as the definition of p-lim but the definition above makes
it more clear that for any map f : R — K into a compact Hausdorff space, p-lim, f(n)

exists and is unique.
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Ultrafilters on semigroups

So far we didn’t use any property of the set R (except that it is infinite). Now we will see
that a binary operation on R induces a binary operation in SR. To motivate the definition
it helps to think of ultrafilters in a different way, namely as finitely additive {0, 1}-valued
measures on R. In that way, the operation on SR is just the usual convolution of measures.

Let @ be an associative binary operation on R (we will only use @ = + and e = x), let

A C Rand n € R. We use the notation A en~! to denote the set {z € R: zen € A}.
Definition 2.7. Let p and ¢ be ultrafilters on a semigroup (R, e). We define the operation
peq:={ACR:{nc€R:Aen"' cplcgq}

We first need to check that p e ¢ is indeed an ultrafilter on R:
Proposition 2.8. If p,q € BR then also pe q € BR.

Proof. Tt is clear that @ ¢ peq. Also, if A C B, then for each n we have (Aen~1) C (Ben™1).
It is now easy to check that if A € p e ¢ then also B € p e q. Next assume that both
A/Bcpeq. Since (Aen~')N(Ben~!) = (AN B)en! for each n € R, we have that
{n:(ANB)entep}={n:Aentecpin{n: Ben!cp}ecqgandhence ANB € pegq.

Finally, if AU B € p e g then using the fact that p is an ultrafilter (and the fact that
(AUB)en~! = Aen~lUBen1!) we have that for each n in the set C' := {n : (AUB)en~! € p}
cither Aen~! € por Ben™! € p. Since ¢ is also an ultrafilter and C € ¢, either
{n:Aen"teplcqor{n: Ben!cp} € qwhich is equivalent, respectively to A € pegq

or Bepeg. 0

Moreover, this binary operation turns out to be associative (cf. Theorems 4.1, 4.4 and

4.12 in [HS98]) :
Proposition 2.9. The binary operation on SR just defined is associative.

Proof. We first note that for A C R and n,m € R we have

1

re(AenHem™ «— zemencA
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and so (Aen em ™l =Ae(men) L.

Let p,q,7 € BR. Then A € (p e q) e r if and only if

{n:Aenlecpegter < {n:{m:(AenHemlecpleqgler

— {n:{m:Ao(men)tepleqler

— {n:{m:menc{r:Aextecpllcqler
— {n:{x:Aoxlcplentcqler

— {r:Aezlecpleqer

<~ Acpe(qer)

O]

Thus (BR,e) is a semigroup. It should be remarked that this operation extends the
operation on R. More precisely, if n,m € R then p, ® p,, := pnem. However, the operation
in SR may not be commutative, even if e is.

Another important property of the operation in SR is that it is left continuous (and

yet, not right continuous):

Proposition 2.10. For each p € SR, the map A\, : BR — BR defined by A\, : ¢ — peq is

continuous.

Proof. We will use the Lemma 2.5. Fix p,q € SR and let A be a clopen neighborhood of
Ap(q). We need to show that {r : A\,(r) € A} contains B for some B € g. We observe that
M(r) €A <= Acper < {n:Aen~!cp}cr. Thusmaking B={n:Aen"!cp}

we get that indeed {r : \,(r) € A} contains B. O

Quite special elements of the semigroup (SR, @) are idempotent elements, i.e, ultrafilters
p such that pep = p. While the existence of such ultrafilters is not obvious, it can be establish

using a theorem by Ellis [Ell58]:

Theorem 2.11 (Ellis Theorem). If (S, e) is a compact Hausdorff left topological semigroup,

then S contains an idempotent.
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Proof. Consider the family
V:={@#WCS:Wis compact , W e W := {w) e wy : wi,we € W} C W}

V' is non-empty because S € V. Also the intersection of any nested subfamily of V is still in
V' (because a nested intersection of compacts in a Hausdorff space is non-empty). Applying
Zorn’s lemma we find a minimal (for the partial order of inclusion) element W € V.

For each x € W we have (zeW)e (zeW) CzeWeW eW C ze W, and by left
continuity x e W is compact, hence xoW € V. Also xeW C WeW C W, so by minimality
zeW =W.

In particular z = z e y for some y € W. Thus the set Z := {z € W : x @ z = z} is
non-empty. By continuity we have that Z is closed (hence compact) and if y,z € Z then
re(yez)=xez=ux hence Z o Z C Z. This implies that Z € V, again by minimality
we have that Z = W and in particular x € Z. We conclude that x e x = z, and this is our

idempotent. ]

This implies that there are idempotent ultrafilters on SR.

2.2 Notions of largeness for subsets of semigroups

Throughout this section we let G be a countable commutative left cancelative semigroup.
This means that there is an associative binary operation on G such that for every a,b € G
we have ab = ba and the map = — ax is injective. Most of the definitions and results hold
in bigger generality (perhaps after properly changing the order of the operations), but even
though non-commutative semigroups will make an appearance in this thesis, we will not
make use of these notions of largeness in the non-commutative setting.

Given a set A C G and an element z € G we denote by zA := {za : a € A} and
v A= {y € G:zy € A}. Given two subsets F, A C G we employ the notation F~1A :=
Usepz ' F={y e G:(3x € F)zy € A}.
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Upper density

In this subsection we write the operation in G multiplicatively, to draw the analogy with
the similar theory for actions of affine semigroups which we will explore later in Chapter 3.

A Folner sequence in a countable commutative semigroup G is a sequence (Fn)yen of
finite subsets of G which is asymptotically invariant under the semigroup action, in the
sense that

Vge G A}lm

It is a well known fact that in any countable commutative semigroup there exist Fglner

sequences [Pat88, Sec (4.22)].

Remark 2.12. For cancelative semigroups, the size |Fn| of the sets in a Folner sequence
must grow to infinity as N — oco. However, certain non-cancelative semigroups admit only
rather trivial Fplner sequences. For instance, taking G to be the set of all finite subsets
of N with the operation being the intersection, the (essentially unique) Folner sequence is

obtained by letting each Fy = {@}.

Example 2.13.

e For the semigroup G = (N, +), any sequence of intervals with increasing length will

be a Folner sequence. The most common example is Fy = {1,2,...,N}.

e More generally, in the semigroup G = (N9, 4), for some d € N, one can take a Fglner
sequece to be any sequence of cubes, whose side length goes to infinity. In particular,

the sequence Fiy := {1,..., N}¢ is a Fglner sequence.

e In the multiplicative semigroup (N,-), one can use the prime numbers to describe a
Folner sequence as follows. Let pi,p2,... be an arbitrary enumeration of (all) the
primes and let Fy = {p*---p : 0 < ey,...,en < N}. One can easily check from

the definition that (Fy)yen is indeed a Fglner sequence.
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e For a positive integer N € N let Ry be the product of the first N prime numbers

and, using the symbol z|y to represent the statement that x divides y, define:
Fy = {Z : a,be N, RN b, b|R3Y, 1 <a < RY, ged(a,b) = 1} cQ

The sequence (Fy)nen is a Fglner sequence in the groups (Q, +) and (Q>°, ) simul-

taneously.

Given a Fglner sequence (F)nen in a semigroup, one can define the upper density with

respect to (Fn)nen via the formula

- ‘EHFN‘

d(py)(E) := limsup (2.3)

When the Fglner sequence is tacit, we denote ci( Fy)(E) simply by d(E). In particular,

in N or Z, we will denote by d the upper density with respect to the Fglner sequence

({17""N})N€N~

The upper density satisfies the following properties:

Proposition 2.14. Let G be a countable commutative cancelative semigroup, let (Fn)neN
be a Folner sequence in G and let d be the upper density with respect to (Fn)nen. Then for

any A,B C G and g € G we have

2. d(gA) =d(g~'A) = d(A),

3. d(AUB) < d(A) + d(B).

Syndetic, thick and piecewise syndetic sets

In this subsection we continue to denote the (commutative) operation on the semigroup G

multiplicatively.

Definition 2.15. A subset S of a commutative semigroup (written multiplicatively) is

syndetic if there exists a finite set F C G such that F~14 = G.
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Example 2.16. The following are syndetic sets in the semigroup (N, +):
e Any co-finite subset S C N,
e Any infinite progression of the form aN + b,

e The set {n € N: d(na,N) < e} for any a,e > 0, where d(z,N) denotes the distance

between the positive real number x and the lattice of natural numbers.

e The set {n € N:d(f(n),N) < e} for any € > 0 and any polynomial f € R[z] with an

irrational coefficient (other than the constant term).

One can show that a set S is syndetic if and only if for every Folner sequence (Fy)nen

in G, the upper density J(FN)(S) is positive.

Definition 2.17. A subset S of a commutative semigroup (written multiplicatively) is thick

if for every finite set F' C G there exists x € G such that Fz C T.
Example 2.18. The following are thick sets in (N, +):
e Any co-finite subset T C N,

e The set {n € N : |a(n)] < e} where ¢ > 0 and ji is the Fourier transform of a

non-atomic measure 4 on [0, 1].

Observe that given any syndetic set S and any thick set T, the intersection S NT is
non-empty. In fact, the notions of thick and syndetic sets are dual, in the sense that a set is
thick if and only if it has non-empty intersection with every syndetic sets, and conversely,
a set is syndetic if and only if it has non-empty intersection with every thick set. One can
show that a set 7' C G is thick if and only if there exists a Fglner sequence (Fn)yen in G

for which the upper density J( ) (T) equals 1.

Definition 2.19. A set A C G is a piecewise syndetic set if it is the intersection of a

syndetic set and a thick set.
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It follows from the observations above that given any piecewise syndetic set A there
exists a Folner sequence (Fv)yen in G such that (;l( Fy)(A) > 0. However, the converse is

not true, as the following example shows:

Example 2.20. The set of squarefree numbers (i.e., numbers which are the product of
distinct primes) has positive upper density with respect to the Folner sequence Fy =

{1,..., N} but is not piecewise syndetic in N.
For completeness, we provide a proof of this well known fact.

Proof. Denote by @ the set of squarefree numbers. Let p1,p2,... be an enumeration of the

prime numbers and observe that
Q= (N\pN)
n=1

For each N € N, the intersection Qn := (A_; (N\ p2N) is a periodic set (with period
p?---p3) and hence its density can be easily computed (invoking the Chinese remainder
theorem) to be d(Qn) = [T~ (1 —p,2). On the other hand, Qn \ Q C Uy P2N, so for

each large M we have

n{1,...,.M N 1 > |pENN{l,....M
’Q {7 ) }| 2 H<1_2>_ 2: |pn {7 ) }|
M n=1 Pn n=N+1 M
N 00

1) 1
= 1o — ) — il
nlill( p721 n%:-i-lp%

so taking N — oo we conclude that d(Q) > 1/{(2) = 6/x% (where ¢ denotes the Riemann
zeta function). In fact we have MMMH — 6/72 as M — oo. This shows that Q has
positive upper density.

Next we show that @ is not piecewise syndetic. Assume, for the sake of a contradiction,
that Q = SNT, where S is syndetic and T is thick. Let n € N be such that any interval
of length n has non-empty intersection with S, let p1,...,p, be distinct primes and let
N = (p1---pn)?+n. Since T is thick we can find @ € N such that {a,a+1,...,a+N} C T.
Invoking the Chinese remainder theorem there exists M € {a + 1,...,a + N} such that

= —imod p? for every i = 1,...,n. Finally, let x € {M +1,..., M +n} be an element
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of S. Observe that also x € {a,a+ 1,...,a + N} C T and hence =z € . However,
i:=x—M¢€{l,...,n} and hence z = M +1i = —i+i = 0 mod p?, which implies that = is

a multiple of a perfect square. This yields the desired contradiction. O

The following natural result states that piecewise syndetic sets are precisely the broken

syndetic sets.

Lemma 2.21. Let G be a countable commutative semigroup. A set A C G is piecewise
syndetic if and only if there exists a syndetic set S C G such that for any finite subset
F C S there exists a shift m = m(F) € G such that m(F) - F C A.

A fundamental fact about piecewise syndeticity is that this property can not be de-

stroyed by taking finite partitions (see also Proposition 2.30 below for a stronger statement):

Lemma 2.22 (Brown [Bro68]). Let G be a countable commutative semigroup and let A C G
be a piecewise syndetic set. Then for any finite partition A = Cy U --- U C, there exists

C €{Cy,...,C.} which is piecewise syndetic.

Lemma 2.22 implies that any configuration which is present in every piecewise syndetic
set can be found monochromatically in any finite coloring of G. The following result can

be seen as a converse of this fact for shift invariant configurations.

Theorem 2.23. Let G be a countable commutative semigroup and let P be a collection of

finite subsets of G. Then the following are equivalent:

(1) For every finite coloring G = C1U---UC, there exists C € {C1,...,C,}, P € P and
g € G such that gP C C.

(2) For every r € N there exists a finite subset F' C G such that for any coloring of F
with r colors there exists P € P and g € G such that gP is contained in F and is

monochromatic.

(8) For every piecewise syndetic set A there exists P € P and g € G such that gP C A.
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(4) For every piecewise syndetic set A C N there exists P € P such that the set
{g€G:gP C A}
s piecewise syndetic.

Proof. Clearly (4)=(3). In view of Lemma 2.22, (3)=-(1). We will prove (1)=(2)=(4) and
this will finish the proof.

Assume P satisfies (1) and let » € N. Suppose, for the sake of a contradiction, that for
each finite set F' C G there exists a coloring xr : F' — {1,...,r} without a monochromatic
configuration of the form gP with P € P and g € G. Extend each the xr to a coloring of
the whole semigroup G by assigning xp(z) = 0 for all z ¢ F.

Let (Fn)nen be sequence of finite subsets of G such that Fy C Fn41 and J Fy = G.
Then take a convergent subsequence of (X, ) Nen in the compact metric space {0, 1,...,r N
and call the limit x. Since Fy C Fn41 and J Fy = G, we have that x : N — {1,...,r}
(i.e. it does not map any element x € G to the “color” 0). Using (1) we can now find
some P € P and g € G such that gP is monochromatic with respect to x. Let NV € N be
such that xr, and x agree on the set gP. We conclude that gP is monochromatic for the
coloring x r,, which is a contradiction, and hence (2) holds.

Next we prove the implication (2)=(4). Assume that (2) holds and let A be an arbitrary
piecewise syndetic set. Let S and T be a syndetic and a thick set, respectively, such that
A=SNT. Let H C G be a finite set such that H~1S = G and let ¥ : G — H be
a coloring such that y(z)xr € S for every x € G. Let FF C G be provided by (2), let
T:={x € N:zFH C T} and observe that T is a thick set, and hence a piecewise syndetic
set. Let ¥ : G — HY be the coloring defined by ¥(z) = (X(xy))yep. In view of Lemma 2.22
there exists a piecewise syndetic set B C T such that X|B is constant.

Now, let ' : F — H be the coloring defined by x'(x) = x(xb) for some (hence all)
b € B. From the construction of F' (i.e. using (2)) we conclude that there exists g € G and
some configuration P € P such that x'|;p is constant. Let h € H be the value of x'(gP).
It follows that x(¢PB) = h and hence hgPB C S. On the other hand, B € T, gP C F and
h € H, so hgPB = BgPh C T. We conclude that (Bhg)P C A, finishing the proof. O

22



IP-sets

In this subsection it will be convenient to denote the operation on the commutative semi-
group G additively.

Given a subset A of G, we denote by F\S(A) the set of finite sums of A defined as

FS(A) := {Zi @£ C A} (2.4)
i€l
A set which contains the finite sums of a set of cardinality m is called an IP,,-set. A set
which is IP,, for every m € N is called an IP;-set:
Definition 2.24. A set A C G is an IPy-set if
vmeN IFCG |Fl=m FS(F):{ZZ’:@;AICF} CcA
el

There is an infinite version of IPg-sets, called IP-sets. Given an infinite set X, we
denote by F(X) the family of all finite non-empty subsets of X, i.e., F(X) := {a C X :
0 < |a| < oo}. We denote simply by F the family F(N) of all non-empty finite subsets of
N. Let G be a countable commutative semigroup and let (z,),cn be an injective sequence

in G. For each a € F define z,, = Y, co Tn- The IP-set generated by (zy)nen is the set

nea
FS(zyp) = {zq : @ € F}. Clearly x4 = xo + x5 for any disjoint «, 8 € F. Moreover, if
(Ya)acrF is any ‘sequence’ indexed by F such that x,us = xo + 25 for any disjoint a, 5 € F,
then the set {y, : @ € F} is an IP-set (generated by (y{n})nen)). For this reason we will
denote IP-sets by (ya)acr, with the understanding that they are generated by the singletons
Yn, N € N. Therefore it is convenient to think of IP-sets as both the map 7 — G and the
image of that map. Observe that (the image of) any IP-set {z, : @ € F} is an IPg-set; but
not every IPg-set contains (the image of) an IP-set.

An example of an IP-set is the set A of all numbers which, when written in base 10,

only use the digits 0 and 1. Indeed A = F'S({10™ : n > 0}).
Proposition 2.25. Every thick set contains (the image of) an IP-set.

Proof. Let G be a countable commutative semigroup and let T C G be a thick set. We

will construct a sequence (zy)nen recursively as follows. Let 1 € T be arbitrary. For
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each n > 1 assume we already constructed z1,...,z, and let x,+1 € T be such that x,,+1 +
FS({x1,...,xn}) C T (the existence of such x,,1 follows directly from the Definition 2.17).

It is clear that F'S((x;)?,) C T for every n € N, and hence z, € T for every « € F. [

Definition 2.26. Let (24 )acr, (Ya)acr be IP-sets in a countable commutative semigroup

G.
1. For o, B € F we write a < 3 as a shortcut to max;cqo ¢ < minjeg j.

2. We say that (z4)acr is a sub-IP-set of (yq)acr if there exist a1 < ag < -+ in F such

that x,, = y,,, for alln € N.
A remarkable property of IP-sets is that they are partition regular in the following sense:

Theorem 2.27 (Hindman’s theorem, [Hin74]). Let (zq)acr be an IP-set in a countable
commutative semigroup G and let G = C1 U ---U C, be an arbitrary finite coloring. Then
there ezists a color C € {C1,...,C,} and a sub-IP-set (Yo )acr of (To)acF such that y, € C

for every a € F.

One way to prove Hindman’s theorem is by showing that given any countable commu-
tative semigroup (G, +) and any idempotent ultrafilter p = p+p € G, each member A € p
contains an IP-set. Conversely, given any IP-set (x4 )qer in G, there exists an idempotent

ultrafilter p € G such that {z, : « € F} € p. In fact we have

Proposition 2.28 (cf. [Berl0, Theorem 2.6]). Let G be a countable commutative semigroup
and let p € BG be an ultrafilter. Then p belongs to the closure (in BG) of the set of

idempotent ultrafilters if and only if each A € p contains an IP-set.

A ring R has two semigroup structures (addition and multiplication) on the same un-
derlying set. The following result establishes a relation between notions of largeness with

respect to both structures.

Theorem 2.29 (cf. [BH94, Theorem 3.5]). Let (R, +,-) be a (commutative) integral domain
and let A C (R\{0},) be a (multiplicative) piecewise syndetic set. Then A is an (additive)
IPy-set in (R, +).
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Proof. For every m € N consider the following collection of finite subsets of R:
P = {FS(F):FCG, |F|=m}.

Observe that whenever P € P,,, and r € R\ {0}, also the set 7P € Pp,. In view of Hindman’s
theorem, the collection P, satisfies the first property of Theorem 2.23, and hence the third.
In particular A contains a configuration P from P, for every m € N; which is equivalent

to say that A is an (additive) IPg-set. O

We remark that not every multiplicatively piecewise syndetic set is an additive IP-set

(cf. [BH94, Theorem 3.6]); in this sense Theorem 2.29 is the best possible.

Central sets

Central sets were introduced by Furstenberg in (N, +) in [Fur81], using the language of
topological dynamics (cf. Section 2.5 below). A characterization in terms of ultrafilters was
discovered later by Bergelson and Hindman (with the help of Weiss) in [BH90], and this
spurred the study of central sets.

A right ideal in BG is a closed subset I C BG satisfying I + G C I (we maintain
the additive notation for the operations in G and in SG). By Zorn’s Lemma, there exist
minimal (with respect to the inclusion relation) right ideals in SG. A minimal ultrafilter
is an ultrafilter p € BG which belongs to some minimal right ideal. One can show that if

p € BG is a minimal ultrafilter and A € p, then A is piecewise syndetic. In fact we have

Proposition 2.30 (see [HS98, Corollary 4.41]). Let G be a countable commutative semi-
group and let p € BG be an ultrafilter. Then p belongs to the closure (in BG) of the set of

minimal ultrafilters if and only if each A € p is piecewise syndetic.

This fact, together with Proposition 2.2, provides a proof of Lemma 2.22.

Of special importance among minimal ultrafilters are the minimal idempotent ultrafilters
i.e. ultrafilters which are simultaneously minimal and idempotent. In any countable com-
mutative semigroup G there exist minimal idempotent ultrafilters p € SG. More generally

we have
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Proposition 2.31 (cf. [BH94, Lemma 3.3]). Let G be a countable commutative semigroup
and let T C G be a thick set. Then there exists a minimal idempotent ultrafilter p € BG

such that T € p.

Definition 2.32. Let G be a countable commutative semigroup and let A C G. We say
that A is a central set if there exists a minimal idempotent ultrafilter p € SG such that

A€p.

Since every countable commutative semigroup has a minimal idempotent, it follows
from Remark 2.2 that for every finite partition of a countable commutative semigroup, one
of the cells is a central set. Central sets are important in combinatorics because they are
both IP-sets and piecewise syndetic sets; the combinatorial richness possessed by central

sets is best illustrated by the central sets theorem (see Theorem 2.40 below).
Corollary 2.33. FEvery thick set is central. Fvery central set is piecewise syndetic.

Proof. The first assertion follows from Definition 2.32 and Proposition 2.31; and the second

from Definition 2.32 and Proposition 2.30. 0

In the spirit of Proposition 2.28 and Proposition 2.30 we have the following if and only
if characterization of minimal idempotent ultrafilters, which follows directly from Defini-

tion 2.32:

Proposition 2.34. Let G be a countable commutative semigroup and let p € G be an
ultrafilter. Then p belongs to the closure (in SG) of the set of minimal idempotent ultrafilters

if and only if each A € p is central.

2.3 Variations on the theme of van der Waerden’s theorem

Van der Waerden’s theorem has many different extensions in several directions. In this

section we list some which will be useful later on.
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Linear configurations

We start by recalling van der Waerden’s theorem (Theorem 1.2 from the introduction):

Theorem 2.35 (van der Waerden’s theorem). For any finite coloring N = C1U---UC, and
any k € N there exists C € {C1,...,Cy} and a,b € N such that {a,a+b,a+2b, ..., a+kb} C
C.

One can interpret van der Waerden’s theorem in a geometric way as stating that, given a
finite coloring of N, any finite subset of N has an homothetic! copy which is monochromatic
(cf. [Ber96, Theorem 1.3]. There is a multidimensional analogue of van der Waerden’s
theorem, due to T. Grinwald/Galai, which can be formulated in geometric terms as saying
that for any d € N, given a finite coloring of N, any finite subset of N¢ has an homothetic

copy which is monochromatic. More precisely:

Theorem 2.36 (Multidimensional van der Waerden’s theorem, cf. [GRS90, Theorem 2.8]).
For any d,k € N and any finite coloring N = C, U --- U C, there exists a color C €

{Ci1,...,C,} and a € N¢, b e N such that {a+(z’1b,--~ igh) :ng’l,...,z‘dgk} cC.

The following theorem can be thought of as a set theoretic version of van der Waerden’s

theorem.

Definition 2.37 (Combinatorial line). Let A be a finite alphabet, let * ¢ A be a wild card
element and let n € N. A wvariable word in A™ is an element of the set (A U {x})™\ A™.
Given a variable word w and a € A, let w(a) € A™ be the word obtained by replacing each

instance of x in w with a. The combinatorial line generated by a variable word w is the set

{w(a) :a € A} C A™.

Theorem 2.38 (Hales-Jewett theorem [HJ63]). For each k,r € N there exists HJ(k,r) € N
such that for all n > HJ(k,r) and any r-coloring of {1,...,k}", there exists a monochro-

matic combinatorial line.

'Recall that an homothety is the composition of a dilation with a translation.

27



To see how Theorem 2.38 implies Theorem 2.35, identify each n € N with its ex-
pansion in base k + 1 and consider only numbers with exactly HJ(k,r) digits. However,
Theorem 2.38 is quite more powerful and it implies the following IP-version of van der
Waerden’s theorem in an arbitrary commutative semigroup (which contains Theorem 2.36

as a special case).

Proposition 2.39 (IP van der Waerden theorem in commutative semigroups). Let (G, +)
be a countable commutative semigroup, let j € N, let (Yo)acr be an IP-set in G7, let A C G
be piecewise syndetic and let F be a finite set of semigroup homomorphisms® from GJ to G.

Then there exists « € F and x € G such that x + f(yo) € A for each f € F.

Proof. In view of Theorem 2.23 it suffices to show that for any finite coloring of G there
exist & € F and x € G such that {x + f(y.) : f € F'} is monochromatic.

To show this, let r be the number of colors, let n = HJ(|F|,r) be the number given by
Theorem 2.38 and color each (fi,..., f,) € F™ with the color of fi(y1) + -+ fu(yn) € G
(where y1,...,y, are the first generators of the given IP-set (yo)acr). Apply Theorem
2.38 to find a variable word w € (F U {x})" whose corresponding combinatorial line is
monochromatic. Let B = {i € {1,...,n} :w; € F}, let « = {1,...,n} \ B be the positions

of the wild card * in w and let

x = Z w;i(yi)-

i€B

For any f € F' we have that w(f) € F™ has the same color as

Sowilyi) + D fly) =z +f (Zw) =2+ f(Ya)

i€B [ISYe] €
and hence the set {z+ f(x,) : f € F'} is indeed monochromatic, which finishes the proof. [

Proposition 2.39 has an infinitary extension for central sets.

Theorem 2.40 (Central sets theorem). Let G be a countable commutative semigroup, let

jEN, let A C G be a central set and let (yo)acr be an IP-set in G7. Then there exists an

2A semigroup homomorphism is a function f : H — G such that f(z +vy) = f(z) + f(y) for every
x,y € H.
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IP-set (x3)per in G and a sub-IP-set (23)ger of (Ya)acF such that
Vi € {1,...,j} Ve e F $5+7Ti(25) cA (2.5)
where 7; : G9 — G is the projection onto the i-th coordinate.

This theorem was obtained by Furstenberg for the case G = N in [Fur81]. In [BH90],
Theorem 2.40 was proved for certain classes of countable commutative semigroups, and an
alternative, dynamical characterization of central sets for arbitrary countable commutative
semigroups was establish, which hinted at the full generality of Theorem 2.40. Theorem
2.40 was obtained as stated in [HMS96].

We remark that Theorem 2.40 has an important distinction from the other theorems
in this subsection; namely that it does not have a density version. In other words, one can
not replace "central set" with "set with positive upper density'. Indeed, for j = 1, (2.5)
says that A contains the IP-set (23 + 23)gcr, and the set of odd numbers 2Z — 1 C (Z, +)
which has positive density (and is in fact syndetic) can not contain an IP-set (or even a
Schur triple {z,y,z + y}).

For contrast, we now formulate a density version of van der Waerden’s theorem, estab-
lished by Szemerédi in [SzeT75].

Theorem 2.41 (Szemerédi’s theorem). Let A C N be such that d(A) > 0. Then A contains

arbitrarily long arithmetic progressions.

Polynomial theorems

We recall from the introduction the polynomial extension of van der Waerden’s theorem

due to Bergelson and Leibman [BL96].

Theorem 1.3. Let F' C Z[z| be a finite set of polynomials such that p(0) = 0 for allp € F.
For any finite coloring N = C1U---UC, and any k € N there exists a color C € {C1,...,C,}

and a,b € N such that {a+ f(b): f e F} C C.

Bergelson and Leibman later obtained a common extension of Theorems 2.38 and 1.3,

namely a polynomial extension of the Hales-Jewett theorem. We do not state this theorem

29



here because it would require some setup and we do not directly use it. However, we will

need a consequence of the polynomial Hales-Jewett theorem in the spirit of Proposition 2.39.

Definition 2.42. Given a map f : H — G between countable commutative groups we say
that f is a polynomial map of degree 0 if it is constant. We say that f is a polynomial map
of degree d, d € N, if it is not a polynomial map of degree d — 1 and for every h € H, the
map = — f(z+ h)— f(x) is a polynomial of degree < d — 1. Finally we denote by P(H,G)

the set of all polynomial maps f: H — G with f(0g) = 0g.

Theorem 2.43 (IP polynomial van der Waerden theorem for abelian groups, cf. [BL99,
Corolary 8.8]). Let G, H be countable abelian groups and let ' C P(H,G) be a finite subset.
Then for every finite partition G = C1U---UC, and every IP set (Yo )acr in H there exists
Ce{C,...,Cr},aeC and o € F such that a + f(ys) € C for every f € F.

In particular, we record the simpler polynomial van der Waerden theorem for abelian

groups, which does not require IP-sets to state.

Corollary 2.44. Let G,H be countable abelian groups and let F C P(H,G) be a finite
subset. Then for every finite partition G = C1 U --- U C,. there exists C € {Cy,...,C,},

aeC andbe H\ {0} such that a+ f(b) € C for every f € F.
Combining Theorem 2.43 with Theorem 2.23 we obtain:

Corollary 2.45. Let j € N, let G be a countable abelian group and let F' be a finite family
of polynomial maps from G? to G such that f(0) = 0 for each f € F. Then for every
piecewise syndetic (in particular, central) set A C G and every IP set (yo)acr in G7 there

exists a € A and o € F such that a + f(y,) € A for every f € F.

2.4 Ergodic theory

In 1977, Furstenberg gave a second proof of Szemerédi’s theorem (Theorem 2.41), using er-

godic theory [Fur77; FKO79]. The ergodic theoretic proof has the advantage of being highly
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versatile and has in fact been used to establish several extensions of Szemerédi’s theorem
(including suitable density versions of Theorem 2.36, Theorem 2.43 and Theorem 2.38).
The general idea is to observe that {a,a + d, -+ ,a + kd} C E if and only if a €

ENn(E—-d)Nn---N(E — kd), and then show that if E has positive density then in fact

o1&
l}wgofﬁgd(f?ﬂ(E—n)ﬂ---ﬂ(E—k:n))>0. (2.6)

One can then choose some n for which the upper density of the intersection in (2.6) is
positive, which implies that the intersection is non-empty and hence implies that E contains
(several) arithmetic progressions of length &k + 1.

In order to establish (2.6), Furstenberg devised a correspondence principle which allows
one to derive (2.6) from a statement in ergodic theory — the multiple recurrence theorem.
Before we state both the correspondence principle and the multiple recurrence theorem we
will need some notation and terminology.

Let (X, B, i) be a probability space (this means that B is a o-algebra on X and p : B —
[0, 1] is a probability (countably additive) measure). A measurable map 7" : X — X is called
a measure preserving transformation if for every B € B one has u(T~'B) = u(B), where as
usual T7'B := {z € X : Tz € B}. A quadruple (X, B, u,T), where (X, B, i) is a probability
space and T : X — X is a measure preserving transformation, is called a measure preserving
system. More generally, given a semigroup G and an action (Ty)gec of G on a probability
space (X, B, p) (this means that for each g € G there is a map T, : X — X and for
any g,h € G we have Ty, = T,T}) by measure preserving transformations, the quadruple
(X, B, 11, (Ty)gec) is also called a measure preserving system, or a measure preserving G-

system.

Theorem 2.46 (Furstenberg’s correspondence principle). For any set E C N there exists

a measure preserving system (X, B,u,T) and a set A € B with u(A) = d(E) such that for

any ni,...,ni € N

dEN(E—n)N--N(E—ng) >p(ANT™MAN---NT " A)
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Theorem 2.46 was implicitly obtained in [Fur77] and [FKO79] and can be found explic-
itly in [Ber96, Theorem 1.8]. Several versions of the correspondence principle have since
been obtained and applied to different situations (in fact we will need a new version, pre-
sented in Section 3.5). In view of Theorem 2.46 and the observations in the beginning of

this section, Szemerédi’s theorem follows from the following multiple recurrence theorem.

Theorem 2.47 (Furstenberg’s multiple recurrence theorem, [Fur77, Theorem 11.13]). Let
(X, B, 1, T) be a measure preserving system and let A € B be such that u(A) > 0. Then for
every k € N

1N
lim inf — ANT"AN---NTMA)>0
ity 2 )
Theorem 2.47 is a far reaching extension of a classical recurrence theorem due to

Poincaré:

Theorem 2.48 (Poincaré’s recurrence theorem). Let (X, B, u,T) be a measure preserving
system and let A € B be such that ;(A) > 0. Then there exists n € N such that p(A N
T-"A) > 0.

Theorem 2.48 was in turn considerably strengthened by Khintchine:

Theorem 2.49 (Khintchine’s recurrence theorem, [Khi34]). Let (X, B, u,T) be a measure

preserving system and let A € B. For every € > 0, the set
(neN:u(ANT"A) > ?(A) — ¢} (2.7)
is syndetic.

Observe that the quantity u(A)? is optimal, as seen by taking (X, B, 1) to be the unit
interval [0,1) with the Borel o-algebra and the Lebesgue measure, 7" : [0,1] — [0,1) to be
the measure preserving map 7 : z +— 2z mod 1 and A = [0,1/2). Khintchine’s theorem
implies, via Furstenberg’s correspondence principle, that for any £ C N with positive upper

density and any £ > 0, the set

{n EN:d(EN(E-n)) > (cl(E))2 — 5}
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is syndetic. One can easily derive Theorem 2.49 from von Neumann’s mean ergodic theorem,
which we now state in a general setting; see for instance Theorem 5.5 in [Ber06] for a proof

of this version.

Theorem 2.50. Let G be a countable abelian group and let (Fy) be a Folner sequence in
G. Let H be a Hilbert space and let (Ug)gec be a unitary representation of G on H. Let P
be the orthogonal projection onto the subspace of vectors fized under G. Then

lim —
N0 [Fy|

> Uyf =Pf VfeH (2.8)

geFN

in the strong topology of H.

We now briefly explain how Theorem 2.50 implies Theorem 2.49 (see also the proof of
Theorem 5.11 below from a mean ergodic theorem, Theorem 5.4). Observe that, given a
measure preserving system (X, B, u,T) the Koopman operator U : L?>(X) — L?*(X), ob-
tained by composing a given function with 7', is unitary (because 7" is measure preserving).

Then it follows from (2.8) that for any A € B and any Fglner sequence (Fiv)nyen we have

ST WANT™A) = lim

TLEFN

neFn

li !
m ——
N—o0 |FN’

where 14 is the indicator function of A and P : L?(X) — L?(X) is an orthogonal projection.
Finally, since P1 = 1 (where, by a slight abuse of notation, we are denoting by 1 the
constant function equal to 1), an application of the Cauchy-Schwartz inequality implies
that (14, P14) = (P14, P14) > (P14,1)2 = (14,1)? = u(A)? and hence it follows that the
set (2.7) has positive upper density with respect to any Fglner sequence, which implies that
it is syndetic (cf. Section 2.2).

The correspondence principle and the recurrence theorems above hold in much more

general settings.

Definition 2.51. Let G be a semigroup. A set R C G is a set of recurrence if for all
probability preserving actions (€2, i, (Ty)4e) and every measurable set B C  with positive

measure, there exists some non-identity g € R such that u(B N T, 'B) >o0.
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The significance of sets of recurrence is revealed by the correspondence principle: they
are precisely the sets which have non-empty intersection with every set of the form A — A,
where d(A) > 0. For instance one can show that the set {n? : n € N} of perfect squares is a
set of recurrence in N (this fact was first established by Furstenberg in [Fur77, Proposition
1.3]). As a consequence one derives a result of Sarkozy [Sar78], stating that given any set
A C N with positive upper density d(A) > 0, there exists a € A and n € N such that
a+n?cA.

The following lemma is well known; we include the proof for the convenience of the

reader.

Lemma 2.52. Let G be a semigroup and let R C G be a set of recurrence. Then for every

finite partition R = Ry U---U R,., one of the sets R; is also a set of recurrence.

Proof. The proof goes by contradiction. Assume that none of the sets Ri,..., R, is a
set of recurrence. Then for each ¢ = 1,...,r there is some probability preserving action
(4, i, (Tg);ie)G) and a set B; C Q; with u;(B;) > 0 and such that p;(B; N (Tg(i))*lBZ-) =0
for all g € R;.

Let Q=Q; X xQp, let u=p1 ®-+-Qup, let B= By x---x B, and, for each g € G,
let Ty(wi,...,wp) = (Tg(l)wl, o ,Tg(r)w,n). Then (Ty)4eq is a probability preserving action
of Gon Q and u(B) = p1(By) -+ pr(By) > 0.

Since R is a set of recurrence, there exists some g € R such that u(BNT, gle) > 0.
Since u(B N T, 'B) = [Tj— pi(Bi N (Tg(i))_lBi) we conclude that p;(B; N (Téi))_lBi) >0
for all i = 1,...,r. But this implies that g ¢ R; for all ¢ = 1,...,r, which contradicts the

fact that g€ R=R1U---U R, O

One of the main tools in establishing (multiple) recurrence results in ergodic theory is a
version of van der Corput’s trick on uniform distribution. We record here the version which
we will need later on. For a proof see, for instance, Lemma 2.9 in [BLMO05]. For a detailed

discussion of many forms of the van der Corput trick, see the recent survey [BM16c]|.
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Proposition 2.53. Let H be an Hilbert space, let G be a commutative semigroup (written
multiplicatively), let (Fn)nen be a Folner sequence in G and let (ay)yeq be a bounded

sequence in H indexed by G. If for all b in a co-finite subset of G we have

1
limsup | —— Apy, Ay)| = 0
then also
1
lim —— =
Ngnoo |FN’ Z hu 0

u€FN

2.5 Topological dynamics

Let G be a semigroup. A G-topological dynamical system is a pair (X, (Ty)gec) where X
is a compact Hausdorff space and (7})4ec is an action of G on X by continuous functions.
A system (X, (Ty)gec) is minimal if X contains no proper non-empty closed invariant
subsets. A point x € X is a minimal point if its orbit closure Y := m is a
minimal subsystem of X (i.e., if (Y, (T,]y)gec) is a minimal system).

We record for future reference in the following proposition the fact that any topological
dynamical system contains a minimal subsystem. The proof, which we omit, consists of
standard application of Zorn’s lemma (see for instance [Aus88, Proposition 1.3] or [Gla03,

Exercise 1.1.3]).

Proposition 2.54. Let X be a compact Hausdorff space, let G be a countable semigroup
and let (Ty)gec be an action of G on X such that each map T, : X — X is continuous.
Then there exists a non-empty closed subset Y C X such that Ty(Y') C Y for every g € G

and such that the system (Y, (Ty)gec) is minimal.

An important example of dynamical systems are systems of isometries, i.e., when X is
a metric space and each map T, : X — X preserves the distance. In this case we have the

following:

Lemma 2.55. Let (G,+) be a countable commutative semigroup and let (X, d) be a metric
space and let (X, (Ty)gec) be a topological dynamical system where d(Tyx, Tyy) = d(z,y)
for every g € G and x,y € X.
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Then for any x € X, € > 0 and any [Py-set A C G, there exists g € A such that

d(Tyx,z) <e.

Proof. Let Y = {T,r:g € G} and, for each g € G, let B, := {y € Y : d(T9z,y) < £/2}.
Clearly Y = UQGG B,. Hence, by compactness, there exists some finite set /' C G such that
the union Uy p By contains all of Y.

Since A is an IPg-set, there exists a set Z C G with cardinality |Z| = |F| + 1 and such
that F.S(Z) C A. List the elements Z = {z1,..., 2}, let 2, = 21+ ...+ z foreach i =1, ....r
and note that z; —2} € A for each i > j. By the pigeonhole principle, there are 1 <i < j <r
such that T,z and TZ‘;_:n are in the same ball By for some g € F'. Thus d(T};x — TZ;:L‘H <e

and since the action (T})4eq preserves the metric we conclude that d(T,,_,z,z) <e. O
i 7
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CHAPTER 3

AFFINE SEMIGROUPS

In this chapter we study affine semigroups of certain rings, which we call LID, and their
natural actions on the corresponding rings. The definitions and results presented in this
chapter were originally obtained in [BM16a] and [BM16b] and will be used in Chapters 5
and 6.

3.1 Large Ideal Domains and the affine semigroup

Definition 3.1. A ring R is called a large ideal domain (LID) if it is a countably infinite
integral domain and for each x € R\ {0}, the ideal zR is a finite index additive subgroup

of R.

Every field is trivially an LID. The following proposition gives some non-trivial examples

of LID rings.
Proposition 3.2. The following rings are LID:

1. Any integral domain R whose underlying additive group is finitely generated. In par-

ticular, the ring of integers Ok of a number field K satisfies this property.
2. The ring of polynomials F[z] over a finite field F.

Proof.

1. Since (R,+) is an infinite finitely generated abelian group, it contains torsion-free

elements and therefore the identity 1z of R has infinite order in (R, +). If some
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element x € R had torsion, say nz = 0 for some n € N, then (nlg)x = 0, contradicting
the absence of 0 divisors. Using the classification of finitely generated abelian groups

we can now represent (R,+) as Z? for some d € N.

For any non-zero x € R, the map ¢ : y — xy is an injective endomorphism of (R, +)
(injectivity follows from the absence of divisors of 0) whose image ¢(R) is the ideal
zR. We claim that the image of any injective homomorphism ¢ : Z¢ — Z? has a finite

index in Z¢, which will finish the proof.

Indeed, representing ¢ as a matrix, injectivity implies that the determinant of ¢ is
non-zero. Therefore it has an inverse ¢~ with entries in Q. Multiplying ¢! by the
least common multiple n of its entries we obtain a matrix n¢~! with coefficients in
Z. Therefore nZ? = (np~1)d(Z) C ¢(Z?), so [Z : ¢(Z)] < [Z¢ : nZ%] = n¢ < oo,

proving the claim.

. Let f € F[z] have degree d. For any g € F[z] one can divide g by f and obtain
g = fq+ r where degr < d. Therefore g — r belongs to the ideal fF[z]. It follows
that the set of polynomials r with degree smaller than d form a complete set of
coset representatives for fF[z]. Since F is finite, there are only finitely many such

representatives and hence the index of fF[z] is finite as desired. O]

Remark 3.3. There are number fields whose ring of integers is not a principal ideal domain

(PID). Hence, part (1) of Proposition 3.2 includes some LID which are not PID. We also

observe that not every PID is a LID. Indeed, the ring Q[z| of all polynomials with rational

coefficients is a PID, but the ideal xQ[x] has infinite index as an additive subgroup of Q[x],

so Q[z] is not a LID.

Lemma 3.4. Let R be a LID and let B C (R,+) be piecewise syndetic. Then for any

a € R\ {0}, the dilation aB is also piecewise syndetic.

Proof. Let S and T be such that B = SN T and S is syndetic and T is thick. Let

T'=aT U (R\ aR) and let S" = aS. Then clearly aB =T" N S’. We now claim that 7" is

thick and S’ is syndetic, which will finish the proof.
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Let F C R be a finite set such that S — F = R. Then S’ — aF = aR. Since R is a
LID, the ideal aR has finite index in R. Let F be a (finite) set of co-set representatives.
Then aR — F = R and hence S’ — (aF 4+ F) = R. Taking F' := aF + F we deduce that
S’ — F' = R and 5’ is syndetic, as desired.

Next we show that T” is thick. Let ' C R be an arbitrary finite set; we will find z € R
such that z+ F C T". Split F = FyUF, where F; = FNaR and F, = F\ Fy. If F is disjoint
from aR then it is already contained in 7”. Let F’ = Fj/a and let 2’ € R be such that
'+ F' CT. Then, taking z = ax’ we have z+ F = a(2' + F')Uax’ + F5. Since '+ F' C T,
the first term a(z’ + F') is inside T C T". Since F; is disjoint from aR, also az’ + F is

disjoint from aR, and hence contained in T". Therefore x + F C T, as desired. ]

Observe that Lemma 3.4 does not hold in general rings, not even in every principal
ideal domain. Borrowing the example from Remark 3.3, the ring Q[z] of polynomials with
rational coefficients is a piecewise syndetic set within itself but the ideal xQ[x] has infinite
index as an additive subgroup and hence can not be piecewise syndetic.

Given a ring R, we denote by R* the set of its non-zero elements. An affine transfor-
mation of R is a map f : R — R of the form f(z) = ux +v with u € R*,v € R. The affine
semigroup of R is the semigroup of all affine transformations of R (the semigroup operation
being composition of functions) and will be denoted by Ag. Observe that Apg is a group if
and only if R is a field.

For each v € R, the map x — x + v will be denoted by A, (add v) and, for each u € R*,
the map = +— uz will be denoted by M,, (multiply by u). Note that the distributive law in
R can be expressed as:

MyA, = Ayy M, (3.1)

The affine transformations A, with v € R form the additive subgroup of Ag, denoted by
Sa. The affine transformations M, with u € R* form the multiplicative sub-semigroup of
Ap, denoted by Sys. Observe that S, is isomorphic to the additive group (R, +) and Sys

is isomorphic to the multiplicative semigroup (R*, ).
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Note that the map x — ux + v is the composition A, M,. Thus the sub-semigroups Sy
and S, generate the semigroup Ag. When K is a field, Ak is the semidirect product of
the (abelian) groups S4 and Sj; and hence is amenable. However, as it was pointed out in

Remark 6.2 in [BM16a], the semigroup Az is not amenable. In fact we have:

Proposition 3.5. Let R be a countable integral domain. The affine semigroup Agr is

amenable if and only if R is a field.

Proof. As was explained above, if R is a field then Apg is the semidirect product of two
abelian groups, and hence is solvable. It is a well known fact that solvable groups are
amenable (cf. [Pat88, (0.15) and (0.16)]) so this proves one direction.

Assume now that Apg is amenable. The semigroup Agr acts naturally on R by affine
transformations, therefore the amenability of Apg implies the existence of a finitely additive
mean A : P(R) — [0, 1] defined on all the subsets of R which is invariant under all affine
transformations (this means that A\({z € R : g(z) € E}) = A(E) for any E C R and
g € Ar). Given x € R*, we have 1 = A(R) = A(zR) (because the map y — zy belongs to
Ag).

Assume, for the sake of a contradiction, that R is not a field and let x € R* be a non-
invertible element. The ideal zR is not the whole ring and hence there is a shift x R4+a which
is disjoint from xR. The invariance of A implies that A\(zR) = A(zR + a), but disjointness
implies that A(zR U (xR + a)) = A(zR) + A(zR + a) = 2A(zR). We now conclude that

1=MzR) = %A(wRU (zR+a)) < =A(R) = =

N

which gives the desired contradiction. O

3.2 Double Fglner sequences

As mentioned in Proposition 3.5, when K is a (countable, discrete) field, its affine group
Ag is a (discrete) countable amenable group. This suggests the existence of a sequence of
finite sets (Fy) in K asymptotically invariant under the action of Ag. Indeed we have the
following:
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Proposition 3.6. Let K be a countable field. There exists a sequence of non-empty finite
sets (Fn) in K which forms a Folner sequence for the actions of both the additive group

(K,+) and the multiplicative group (K*, x). In other words, for each u € K* we have:

|FNﬂ(FN+u)| _

We call such a sequence (Fy) a double Folner sequence.

Proof. Let (Gn)nen be a (left) Fglner sequence in Ag. This means that Gy is a non-empty

finite subset of Ak for each N € N, and that for each g € Ax we have

i |GN N (gGN)|
im ———————~—
N—oo ‘GN‘

=1

Note that for g1,g2 € Ag, if g1 # g2 then there is at most one solution x € K to
the equation g1z = gox. Thus, for each N € N, we can find a point xx in the (infinite)
field K such that g;xy # gjon for all pairs g;,g; € Gy with g; # g;. It follows that
Fyn :={gzn : g € Gy} has |G| elements.

Since Fx NgFy D {hxny : h € Gy N gGn} we have |Fy NgFn| > [{hzy @ h €
Gn NgGn}| = |Gn NgGy|. Therefore:

FnyngF FyngF Gy N gG
lzlimsupMthinfM> lim le

N—00 |FN| N—oo ’FN| ~ N—oo |GN|
Finally, putting ¢ = M, and g = A, in the previous equation we get that (Fy) is a

Folner sequence for (K*, x) and for (K, +). O

Observe that, according to (the proof of) Proposition 3.5, an LID ring R which is not
a field can not possess a double Fglner sequence.
Given a double Fglner sequence (Fy)yen in K and a set E C K, the lower density of

E with respect to (Fi) is defined by the formula:

T |FN OE|

and the upper density of E with respect to (Fy) is defined by the formula:

- FnNE
d(Fy)(E) := limsup [Fy O B



Several basic properties of the upper and lower densities with respect to a Fglner sequence
in a group remain true for densities with respect to double Fglner sequences, and the proofs
carry over to this setting. We list some of these facts in the next lemma.
When g € Apg is an affine transformation of a ring R and £ C R is any subset, we
define
0,F ={g(x):z € E} and  0,'E={z€R:g(x)cE} (3.2)

Lemma 3.7. Let K be a field, let (Fn) be a double Folner sequence in K, let E1,Fy C K

and let g € Ak .

1. d(py)(0gE) = d(py)(E) and d(py) (0gE) = d(py) (E).

2. CZ(FN)(El U Eg) < d(FN)(El) + d(FN)(Eg)

3. dipy) (Er U E2) 2 dipy)(E1) + dpy) (E2).

4. If B9 = K \ Ey, then d(FN)(El) +d(FN)(E2) =1.

Note that part 1 of this lemma implies in particular that for every u € K* and F C K
we have d(FN)(E/u) = gl(FN)(E—u) = d(FN)(E) and J(FN)(E/U) = J(FN)(E—U) = J(FN)(E).
We will need the following lemma, which, roughly speaking, asserts that certain trans-

formations of Fglner sequences are still Fglner sequences.

Lemma 3.8. Let (Fy) be a double Folner sequence in a field K and let b € K*. Then the
sequence (bFn) is also a double Fplner sequence. Also, if (Fn) is a Folner sequence for the
multiplicative group (K*,x), then the sequence (Fﬁl), where F&l ={g7t:ge€ Fy}, is

still a Falner sequence for that group.

Proof. The sequence (bFy) is trivially a Fglner sequence for the multiplicative group. To

prove that it is also a Fglner sequence for the additive group, let x € F', we have

i PEV O (20N [o(EN O (2/b+ Fy))|

=1
N—o0 ‘bFN‘ N—o0 ‘FN|
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To prove that (Fﬁl) is a Fglner sequence for the multiplicative group note that for any
finite sets A, B C K we have |47 = |A], (AN B)™! = A7'Nn B! and if # € K* then

(rA)~! = 271 A~L. Putting all together we conclude that

’(FN N (-’L‘*lFN))fl‘

Ngnoo ‘Fﬁl - Nl—r>noo |EN|
Fyn(z71F
_ g ENOETEN]
N—o0 |FN|

3.3 Ultrafilters with nice affine properties

Let R be a LID. Since R is endowed with two operations (addition and multiplication),
also its Stone-Cech compactification SR has two semi-continuous operations. Recall from
Section 2.1 that these operations are not commutative (even though R is a commutative
ring). Moreover, the operations in SR also fail to satisfy the distributive law in general.

Nevertheless, we have

Proposition 3.9. Let u € R and p,q € SR. Then
e u+p=p+u and up = pu.
e (p+ qu=pu+ qu.

One can easily check that for each p,q € SR we have (cf. Remark 4.2 in [HS98]):
p+q=p-lim(u+q) pq = p-lim(ug) (3:3)

An ultrafilter p € SR is an additive idempotent if it is an idempotent ultrafilter with
respect to the semigroup structure (R, +) (equivalently if p+p = p), and it is a multiplicative
idempotent if it is an idempotent ultrafilter with respect to the semigroup structure (R*, x)
(equivalently if pp = p). Observe that the principal ultrafilter 1z € SR is a multiplicative

idempotent and O € SR is both an additive idempotent and a multiplicative idempotent.

43



Since R is an integral domain and B(R*) = (BR) \ {0} is closed in SR, it follows from
(3.3) that B(R*) is closed under multiplication. In view of Proposition 3.9 and (3.3) we have
that, for each u € R, both maps A, : p— p+wu and M, : p — pu are continuous. Therefore
we can define topological dynamical systems (BR, S4) and (5(R*), Sar), where S4 and Sy
are the additive and multiplicative sub-semigroups of Ag, respectively. Invoking again (3.3)
one can check that any closed S4-invariant subset of SR is a semigroup for addition, and
any closed S)s-invariant subset of SR* is a semigroup for multiplication.

In view of Proposition 2.54 there exist minimal non-empty compact S 4-invariant subsets
of SR and minimal non-empty compact Sjys-invariant subsets of 5(R*). An additive minimal
idempotent is a non-principal ultrafilter p € SR which belongs to a minimal compact S4-
invariant set and such that p+p = p. A multiplicative minimal idempotent is a non-principal

ultrafilter p € B(R*) which belongs to a minimal compact Sys-invariant set and such that

pp =p.

Definition 3.10. Let R be a ring. We denote by AMTZ the set of all additive minimal idem-

potents in SR and we denote by MMZ the set of all multiplicative minimal idempotents
in B(R*).

A set C C R is called additively central if there exists p € AMZ such that C € p.
Similarly, any member of an ultrafilter p € MMZ is called multiplicatively central. We
will be interested in sets C C R which are simultaneously additively and multiplicatively
central.

Unfortunately, the sets AMZ and MMZ are in general disjoint (cf [HS98, Corollary
13.15]). However, at least when R is an LID, the closure AMZ has non-trivial intersection

with MMTZ (see Proposition 3.22 below).
Definition 3.11.
e Let G = AMI N MMLI.

o A set C C R is called DC (doubly central) if there exists an ultrafilter p € G such
that C € p.
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e A set C' C R is called DC* if it has non-empty intersection with every DC set!.

Observe that a set C' C R is DC* if and only if it is contained in every ultrafilter p € G

(this follows directly from Definition 3.11 and the definition of ultrafilters).

Remark 3.12. Observe that a DC set A C R in a LID is central with respect to both
the additive and the multiplicative structure, hence the name doubly central. On the other
hand, it follows from Theorem 5.35 that not every set A which is central both additively and

multiplicatively is a DC set.
We will need the following technical lemma

Lemma 3.13. Let G be a group and let H C G be a normal subgroup with finite index.

Then for any ultrafilter p € 8G in the closure of the idempotents we have H € p.

Proof. The set of ultrafilters containing H is a closed set, hence we can assume that p is
itself an idempotent. Since H has only finitely many cosets, exactly one of them, say aH
is in p. Therefore, given ¢ € G we have g~'aH € p if and only if g~'a € aH. This is

equivalent to ¢ € aHa~! = H (because H is normal). Since aH € p = p + p we conclude
{geG:g'aHeplecp < Hep
O

Corollary 3.14. Let G be a countable commutative group, let (zq)acr be an IP-set in G
and let H C G be a subgroup with finite index. Then there exists a sub-IP-set (yg)scr of

(Ta)acr taking values in H.

Proof. In view of Proposition 2.28, (24 )acr is a member of an ultrafilter p in the closure
of the idempotents. By Lemma 3.13, H is in p and hence so is {z, : @« € F} N H. Invoking

again Proposition 2.28 it follows that the intersection contains a sub-IP-set (yg)ger of

(:L'a)ae]-'- ]

"'We call the reader’s attention to the fact that there is no relation between the * in DC* and the * in
R*.
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A particular case of Lemma 3.13 is when R is a LID, H is a non-trivial ideal and p € G.
If p € B(R*) contains an ideal bR for some b € R*, then one can define an ultrafilter b= !p
as the family ¢ of those sets £ C R such that bE C p. Observe that in this case bg = p.

The following lemma is the analogue of Theorem 5.4 in [BH90] (where it is stated and

proved for N).

Lemma 3.15. Let R be a LID, let p € AMZ and let u € R*. Then both up and u™'p
belong to AML.

Proof. Since M, : p + up and M;' : p + u~!'p are continuous (on their respective
domains), it suffices to show that if p € AMT then also both up and u~'p are in AMZ.
It follows directly from Proposition 3.9 that up + up = u(p + p) = up, so up is an additive
idempotent. Checking the definitions easily yields that also u~'p is an additive idempotent.

All that remains to show is that up and u~1p are both (additively) minimal.

(1) up € AMZ

In view of Proposition 2.30, it suffices to show that every E' € up is additively piecewise
syndetic. From the definition of multiplication, E € up <= E/u € p. Since R is a
LID, Lemma 3.13 implies that uR € p, hence u - (E/u) = ENuR € p and therefore
is piecewise syndetic (because of Proposition 2.30). It now follows from Lemma 3.4

that F'/u and hence E itself must be (additively) piecewise syndetic.

(2) ulpe AMT

We use a similar argument: a set £ € u~'p <= uFE € p. Therefore Proposition 2.30
and Lemma 3.4 imply that every member of u~!p is piecewise syndetic, which in view
of Proposition 2.30 is equivalent to the statement that v~ !p belong to the closure of

(additively) minimal ultrafilters.

O]

Lemma 3.16. Let X be a compact space and let (x,,)uer be a sequence in X indezed by a
countable ring R. Then for each k € R* and p € SR we have p-lim xy, = kp-lim z,,.
u u
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Proof. Let x = p-limzy, and let U C X be a neighborhood of z. By definition, the
u

set ¥ = {u € R: xp, € U} € p. Note that E = {u € R : x, € U}/k, and hence

{u € R:xz, € U} € kp. Since U is an arbitrary neighborhood of = we conclude that

kp-limz, = x. O
u

3.4 Affine syndeticity and thickness

In this section we will develop the notions of affinely syndetic and affinely thick subsets of
R. The definitions and proofs are parallel to the usual notions of syndetic and thick. Recall
that, for a discrete semigroup G, a set S C G is syndetic if finitely many translates of S
cover G (see Definition 2.15).

Recall from equation (3.2) the notation §,F = {g(z) : € E} for a set £ C R and
g € Ar. When F C Agr, S C R and x € R we write

0-'S:=|J0,'S and  Opz:= ] g(x)
geF geF

Definition 3.17. Let R be a ring. A set S C R is affinely syndetic if there exists a finite
set F' C Ap such that 9;15 = R.

Observe that if a set S C R* is syndetic in either the group (R, +) or the semigroup
(R*,-), then S is affinely syndetic. Indeed, assume, for instance, that S is syndetic in
(R,+) and let F' C R be a finite set such that S — F' = R. Then considering the subset
{A, : u € F} C Ag we deduce that §,'S = R and hence S is affinely syndetic. On the
other hand, S can be affinely syndetic and not be syndetic for neither the group (R, +) nor
the semigroup (R*,-) (this follows from Example 3.19 and Proposition 3.20 below).

Recall that, for a discrete semigroup G, a set T' C G is thick if it contains a shift of an

arbitrary finite set (see Definition 2.17).

Definition 3.18. A set T' C R is affinely thick if for every finite set F' C Ap there exists

x € R such that 0px C T.
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Observe that if 7" C R is affinely thick, then it is thick in both the group (R, +) and
the semigroup (R*,-). The following example shows that there exist sets T' which are not

affinely thick (even when R is a field) but thick in both (R, +) and (R*,-):

Example 3.19. We take the ring R = Q of rational numbers. Let (G) be an increasing
sequence of finite subsets of Q whose union is Q. For any sequence (ay) C Q*, the set
oo o0 o0
E = (U (aan—1 +G2N—1)> U ( U (GQNG2N)> = U En
N=1 N=1 N=1
is additively thick and multiplicatively thick, where Exy = ay + Gy when N is odd and
En = anyGy when N is even. However, if (ay) is growing sufficiently fast, then E is not

affinely thick. Indeed, for every point x € Q we may have

01,437 = {2z, 2+ 1,20} ¢ F

To see this, let ap = 1 and Ey := {0}. Let AGy denote the set defined by AGy =
{zg — 1,23 — x2,..., 2 — Tx_1} Where z1 < x9 < -+ < x} is an ordering of the elements
of Gy. Let My = min{|z|: z € Gy \ {0}}. Define recursively

2max (Ey_1) + max (Gy) —2min (Gy) if N is odd

anN =
1 2max(EN,1) . s
(AGY) + M if N is even

Note that if N is even and « € En, then z +1 ¢ Ey. If N is odd and x € Ey, then
x > min(Gy) + an which implies that 2z > max(Gx) + an and hence 2x ¢ En. Thus for
any N € N and z € Q, the set {x,z + 1,2z} is not a subset of Ey.

Since min{|z| : € En4+1 \ {0}} > 2max{|z| : x € En}, if x € Ey, then 22 ¢ Eniq
(and in fact 2z ¢ Ep, for any L > N) and hence {z,z + 1,2z} is not a subset of E for any
r € Q.

The following proposition is an immediate consequence of the definitions.

Proposition 3.20. A set S C R is affinely syndetic if and only if it has non-empty in-
tersection with every affinely thick set. A set T C R is affinely thick if and only if it has
non-empty intersection with every affinely syndetic set.
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Now we connect affine syndeticity and thickness in countable fields with upper and

lower density with respect to double Fglner sequences.

Theorem 3.21. Let K be a countable field. A set S C K is affinely syndetic if and only if
for every double Folner sequence (Fy) in K, we have J(FN)(S) > 0. A setS C K is affinely

thick if and only if there exists a double Folner sequence (Fy) in K such that dpy(T) = 1.

Proof. Assume S C K is affinely syndetic and let ' C Ag be a finite set such that
0,'S = K. Then for any double Folner sequence (Fy), using parts (1) and (2) of Lemma
3.7 we have

00 e (U 05 £ 5 09 = s

geF geF
and hence (i(FN)(S) > 1/|F| > 0.

Now assume that 7' C K is affinely thick and let (Gy) be an arbitrary (left) Fglner
sequence in Ag. For each N € N let 2y € K be such that Fy := fg,on C T and |Fy| =
|G n|. To see why this is possible, note that for any affine transformations g1, g2 € Ax with
g1 # go, there is at most one solution x € K to the equation g;(z) = go(x). Thus there are
only finitely many =z € K such that gix = gox for some pair g1 # go € Gn. On the other
hand, since T' is affinely thick, there are infinitely many x € K such that g,z C T (and
indeed an affinely thick set of such x).

We now show that (Fy) is a double Fglner sequence in K. For any fixed g € Ax we

have
FnNOgFN = 0cyan NOg(0ayan) D 0cyngay TN
and hence
IZIimsupM>1 fM> hmwzl
N—oo |En| N—>oo |F'n | N—oo |G N |

because (Gy) is a left Folner sequence in Ag. This implies that (Fi) is a double Fglner

sequence in K. Since for each N € N we have Fiy C T we conclude that d(p,)(T) = 1.

49



Now if S is not syndetic then it follows from Proposition 3.20 that K \ S is thick.
Therefore there exits a double Folner sequence (Fiv) such that d(p,y(K '\ S) = 1. From part
(4) of Lemma 3.7 if follows that J(FN)(S) =0.

Finally, if T is not thick, then K \ T is syndetic and hence for every double Fglner
sequence (F) we have J(FN)(K \T) > 0. By part (4) of Lemma 3.7 we have dp(T) < 1
for every double Fglner sequence in K.

O

In every countable semigroup, any thick set is central (cf. Proposition 2.31). The same

phenomenon occurs in our affine setting:

Proposition 3.22. Let R be a LID. Then every affinely thick set in R is DC' (see Definition
3.11).

Proof. Let T C R be an affinely thick set. For g € Ag define 6, 1T C SR by equations

(3.2) and (2.1). Note that, for any finite set F' C Ag:

ﬂ 0y T = ﬂ 0T ={r € R:0px CT}
ger geEF
Since T is affinely thick, the family of compact sets {9971T tg € .AR} has the finite inter-

section property, and hence the intersection 7 := ﬂge An 9971T is a non-empty compact

subset of SR. We have the following description of T

peT < (Vge Ap)p€b,-1T <= (Vg€ Agr)f,1T €p

If p,q € T, we claim that both p+ ¢ € T and pg € T. Indeed, for all g € Ag and u € R we
have A, 10, 1T = (64A,) ' T. Therefore we have:

0T Ep+q < {ueR: A0, Teqtep < {ueR:(0,4,) 'T€q}ep

Since g € T the set {u € R: (6,4,)"'T € q} = R € p, so we conclude that p+q € T. The
same argument with obvious modifications implies that pg € T proving the claim.
We now have that (7, 54) is a topological dynamical system. Hence by Proposition 2.54

there exists a minimal subsystem. It follows from (3.3) that each minimal subsystem is
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actually an (additive) left ideal in SR, and hence, in view of Theorem 2.11, there exist
(additive) minimal idempotents in 7. Therefore the intersection 71 := AMZ N T is a
non-empty compact subset of 7.

If u € R* and p € Ty, it follows from Lemma 3.15 that up € AMZ, and thus up € 7.
This means that (77, Sas) is a topological dynamical system and hence by Proposition 2.54
it has minimal subsystems. By Ellis lemma (Theorem 2.11) each minimal system contains
some multiplicative idempotent. Let p be a multiplicative minimal idempotent in 77. Since
T € T we conclude that T' € p. Since T; C AMZ we conclude that p € AMZ, and hence

pEeQG. O

Remark 3.23. An immediate consequence of Propositions 3.22 and 3.20 is that every DC*

set is affinely syndetic.

3.5 An affine version of Furstenberg’s correspondence principle

We will need an extension of Furstenberg’s Correspondence Principle for an action of a
group on a set (the classical versions deal with the case when the group acts on itself by

translations, cf. [Fur77]).

Theorem 3.24. Let X be a set, let G be a countable group and let (14)4ec be an action
of G on X. Assume that there exists a sequence (Gn) of finite subsets of X such that for

each g € G we have the property:

M—)lasN—H)o (3.4)
Gl
Let E C X and assume that J(GN)(E) = limsupy_, o |ﬁg;f| > 0.

Then there exists a compact metric space €, a probability measure . on the Borel sets of

Q, a p-preserving G-action (Ty)gec on §2, a Borel set B C 2 such that u(B) = dg)(E),

and for any k € N and g1,...,gr € G we have

digy) (T BN N1y B) > (T, BN ... N Ty, B)
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Proof. Define the family of sets
k
S:=q(7,E:keN,g;eGVji=1,....kpU{X}
j=1
Note that S is countable, so using a diagonal procedure we can find a subsequence (CNJ N)
of the sequence (G ) such that J(GN)(E) = A}im |ENGy|/|Gy| and, for each S € S, the
—00

following limit exists
I ‘S NG N‘

Note that (3.4) holds for any subsequence of (Gy), and in particular for (Gy). Let
B(X) be the space of all bounded complex-valued functions on X. The space B(X) is a
Banach space with respect to the norm || f|| = sup,cx |f(x)]. Let p € £*°(N)* be a Banach
limit?.

Define the linear functional A : B(X) — C by

1
Af)=p (\éz\/\ Z f(x))NEN

zeGN

The functional A\ is positive (i.e. if f > 0 then A(f) > 0) and A(1) = 1. For any
f € B(X),g € Gandz € X, the equation f,(z) = f(74x) defines a new function f, € B(X).
By (3.4) we have that A(f;) = A(f) for all g € G, so A is an invariant mean for the action
(74)gec- Moreover, (i(GN)(E) = M1g) and, for any S € S, we have J(GN)(S) > A\1g).

Note that the Banach space B(X) is a commutative C*-algebra (with the involution
being pointwise conjugation). Now let Y C B(X) be the (closed) subalgebra generated by
the indicator functions of sets in §. Then Y is itself a C*-algebra. It has an identity (the
constant function equal to 1) because X € S. If f € Y then f, € Y for all g € G. Moreover,
since S is countable, Y is separable. Thus, by the Gelfand representation theorem (see,
for instance, [Arv76], Theorem 1.1.1), there exists a compact metric space © and a map
¢ : Y — C(Q) which is simultaneously an algebra isomorphism and a homeomorphism.

The linear functional A induces a positive linear functional L on C(2) by L(®(f)) =

A(f). Applying the Riesz Representation Theorem we have a measure p on the Borel sets

2This means that p : £°(N) — C is a shift invariant positive linear functional such that for any convergent
sequence X = (z,) € £>°(N) we have p(x) = lim z,,.
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of € such that
AJ) = L(@() = | @(/)dp v f e B(X)

The action (74)4ec induces an anti-action (or right action) (Uy)geq of G on C(Q) by
Ug®(f) = ®(fy), where fy(x) = f(ry2z) for all g € G, f € Y and = € X. It is not hard
to see that, for each g € G, Uy is a positive invertible isometry of C'(€2). By the Banach-
Stone theorem ([Sto37]), for each g € G, there is a homeomorphism T, : @ — Q such that
Ugp = ¢po T, for all ¢ € C(§2). Moreover for all g, h € G we have ¢poTy, = Ugpdp = UpUyp =
Un(¢poTy) = ¢po(Ty0Ty). This means that (Ty)geq is an action of G on Q. For every f € Y
we have A(fy) = A(f) and hence

/Q(I)(f)ngdM = /Qqu)(f)dN:/Q‘I)(fg)dM
= M) = A = [ @(f)dn

Q

Therefore the action (T,) preserves measure p.

Note that the only idempotents of the algebra C(Q2) are indicator functions of sets.
Therefore, given any set S € S, the Gelfand transform ®(1g) of the characteristic function
1g of S is the characteristic function of some Borel subset (which we denote by ®(.5)) in €.

In other words, ®(S) is such that ®(1g) = 1g(g). Let B = ®(E). We have

diow(E) = M1g) = [ @(1p)d = | Lodp = u(B)

Since the indicator function of the intersection of two sets is the product of the indicator

functions, we conclude that for any £ € N and any g1, ..., gx € G we have

k k k
d(GN) <ﬂ TQiE) A <H 1Tg¢E> = /Q<I> (H 1TgiE> d'u
=1 =1 =1
k k
_ /QZ-Hl(D (1ry, ) dpt = /QiﬂlUgi_lcp (1g) dp
k k k
= / [[1BoT, 1du= / 111z, Bdu = p (ﬂ TgiB>
Q1 ! Q21 i=1

v
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3.6 An affine topological correspondence principle

The elegant idea of using topological dynamics to study partition regular configurations on
N was developed by Furstenberg and Weiss in [FW78]. They considered each coloring x :
N — {1,...,7} as a point in the symbolic system ({1,...,7},T) (where T is the left shift),
and observed that it is possible to reformulate van der Waerden’s theorem (and several other
statements) as a multiple recurrence result on minimal subsystems of ({1,...,7},T). By
proving the resulting multiple recurrence theorem ([FW78, Theorem 1.5]), they obtained
a new proof of van der Waerden’s theorem (and indeed of it’s multidimensional version,
Theorem 2.36). This correspondence is now a standard technique; for instance it was used
by Bergelson and Leibman in their proof of the polynomial van der Waerden’s theorem
[BL96, Corollary 1.11] (see Corollary 6.7).

Unfortunately, the procedure described in the previous paragraph does not allow one
to obtain dynamical formulations regarding the partition regularity of certain polynomial
configurations. This is essentially because configurations such as {z+y, zy} are not invariant
under shifts (additive or multiplicative): if P is a set of the form {zy,z+y} and ¢ € N, then
in general neither P + ¢ nor Pc is of the same form. By contrast, observe that arithmetic
progressions are invariant under both addition and multiplication, in the sense that for any
arithmetic progression P and any ¢ € N, both P + ¢ and Pc are arithmetic progressions of
the same length.

Nevertheless we have the following correspondence principle. Observe that any Ag-
topological system (X, (T,)4ea,) naturally induces an additive (R, +)-topological system
(X, (Su)uer), by letting S, := T4,. A point z € X is called additively minimal if it is a

minimal point for the system (X, (Sy)uer) (cf. Section 2.5).

Theorem 3.25. Let R be a LID and let Agr denote the semigroup of all affine transfor-
mations of R. There exists an Ag-topological system (X, (Ty)gea,) with a dense set of
additively minimal points, such that each map T, : X — X is open and injective, and

with the property that for any finite coloring R = Cy U --- U C,. there exists an open cover
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X =UyU---UU, such that for any g1,...,9x € Ag and t € {1,... 1},

k k
ﬂ 0 (U2) # = () #e. (3.5)
(=1 (=1

Remark 3.26. It follows from the proof of Theorem 3.25 that the system (X, (Ty)geAy)
also has the property that for any piecewise syndetic set Cy C R there exists a non-empty

open set Uy C X such that (3.5) holds for any g1,...,9x € AR.

Remark 3.27. It follows from the proof of Theorem 3.25 that the intersection ﬂ;‘-‘:l g (Ch)
(both in the theorem and in Remark 3.26) is not only non-empty but is in fact piecewise

syndetic.

The remainder of this section is dedicated to the proof of Theorem 3.25. The construc-
tion of X is quite explicit as a subset of the Stone-Cech compactification SR of R. In this
setting, the action of Ar on X is natural. The idea of using the Stone-Cech compactifica-
tion to prove the correspondence principle was inspired by its implicit use in [Beill] (in the
setting of measurable dynamics).

There is a natural action (T)4c 4, of Ar on the set SR\ R of non-principle ultrafilters,

described as follows. For g € Ag, the map Ty : SR\ R — SR\ R takes p € SR\ R to
Ty(p) ={ECR:0,'(E)ep}={ECN:{z€R:g(z) € E} € p} (3.6)

Remark 3.28. An equivalent way to define Ty is to start with a map T, : BR — SR, defined
on principal ultrafilters via the formula Ty(p:) = py(») and then extend it to SR using the
undversal property of the Stone-Cech compactification. One can then check that for a non-
principle ultrafilter p € SR\ R, the image Ty(p) is in fact in SR\ R and corresponds to the

ultrafilter described in (3.6). We will not make use of this fact.

Lemma 3.29. For each g € Ag, the map T, : BR\ R — BR\ R is continuous, open and

injective. Moreover, for g,h € Ar one has Ty o Ty, = Ty,

Proof. One can easily check (using only the definitions) that T(p) is indeed a non-principle

ultrafilter and that T, o T}, = Tgj,. To show that T, is continuous, take a basic open set
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E C BR for E C R infinite; we need to show that T, g_l(E) is open. We have

peT,N(E) < EcTylp) < g '(E)ep

therefore T, Y(E) = g~ 1(E) is open and T} is continuous.

To show that Ty is injective, let p # ¢ be in SR\ R and let E' € p\ ¢. Since g : R — R is
injective we have that g=1(g(FE)) = E; since E ¢ ¢, it follows that g(E) ¢ T,(g). Moreover,
g1 (g(E)) = E € p, therefore g(E) € T,(p) and hence T,(p) # T,(q), proving injectivity.

Finally we show that T} is open. Let E C R be infinite; we will show that T,(E \ R) =
g(E) \ R, which will imply that Ty : BR\ R — BR\ R is indeed open. As in the proof
of injectivity, if p € E is non-principal, then g(E) € Ty(p), proving one of the inclusions.
Conversely, if p € SR\ R is such that g(E) € Ty(p), then E = g~'(g(E)) € p, establishing

the other inclusion and finishing the proof. O

Lemma 3.29 implies that (T)gec 4, is an action on SR\ R and hence (BR\ R, (Ty)gcAy)

is an Apg-topological dynamical system. We are now ready to prove Theorem 3.25.

Proof of Theorem 3.25. Let Y C SR\ R be the set of all additively minimal points in
(BR\ R, (Ty)gea,) and let X :=Y be its closure. It is usual to denote Y = K (SR, +). We
will show that for each g € Ag, T, maps X into X.

According to Proposition 2.30, an ultrafilter p € SR is in X = K(BR, +) if and only if
every member E € p is piecewise syndetic. Take p € X and g € Ap; we claim that Ty(p) €
X. Using the definition, it suffices to show that if g~ !(E) is piecewise syndetic, then so is E.
It follows from Lemma 3.4 that if g~!(E) is piecewise syndetic, then so is g(¢g~(E)) = E.
This shows that each g € Ag induces a natural continuous map Ty : X — X. Moreover,
a similar argument shows that if p € SR\ R and g € Apr are such that Ty(p) € X, then
p € X; therefore T}, : X — X is also open.

So far we constructed a compact Hausdorff space X together with an action (7,)4e 4, of
Apr on X by continuous injective open maps with a dense set of additively minimal points.
To finish the proof, consider a coloring N = Cy U---UC, and let Uy := {p € X : C; €
p} = CyN X for each t € {1,...,r}. Then each U; is a (possibly empty) open subset of
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X and each p € X belongs to some U;. Now let g1,...,9x € Agr and t € {1,...,7} be
such that mle Ty,(Us) # 2. Then, since the maps T,, : X — X are open, it follows that
m’gzl Ty, (Uy) is a non-empty open subset of X. Take any p in this intersection; we claim
that g¢(Cy) "N € p for any £ € {1,...,k}.

Indeed, for each ¢ € {1,...,k}, there exists py € U; C C; such that p = T,,(ps). Since
N 1(gg(Ct)) = C} € py, it follows that indeed g¢(C}) € p, as desired. Finally, it follows that

the finite intersection ﬂlzzl 9¢(Cy) is also in p and hence is non-empty. O
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CHAPTER 4

POLYNOMIAL EXTENSION OF DEUBER’S THEOREM

4.1 Introduction

In this chapter we present recent work from [BJM] extending the scope of Deuber’s theorem
(Theorem 1.10) to the setting of polynomial configurations in abelian groups (Theorem 4.7)
and to (linear configurations on) arbitrary commutative semigroups (Theorem 4.6). Our
proofs are based on a multidimensional polynomial extension of the central sets theorem,
Theorem 4.8.

In the spirit of Deuber’s original result in [Deu73], we also obtain a partition regularity
result concerning the (linear) extension of Deuber’s theorem to commutative semigroups.
Roughly speaking, we show that for any finite coloring of a “large enough (but finite) config-
uration” there exists a monochromatic "smaller configuration" (see Theorem 4.15 below for
a precise formulation). However, it is not clear how to obtain a similar partition regularity
result for polynomial Deuber sets (our Theorem 4.7 requires one to finitely color the whole
(infinite) group in order to obtain the desired monochromatic configuration).

In order to formulate our results we will need the following definitions.
Definition 4.1. Let G be a countable commutative semigroup.

1. A shape in G is a triple (m, ﬁ, ¢) where m € N, ¢: G — G is a homomorphism and F
is an m-tuple F = (F1,..., Fy) where each F} is a finite set of functions from G to

G.

2. Given a shape (m, F,¢) and s = (sq,...,sm) € (G\ {011, the (m, F, ¢)-set gener-
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ated by s is the set

c(s0)
f(50)+c(31)7 fGFl
D(m, F,cs) = f(s0,51) + c(s2), f e

f(s05-- s 8m—1) +c(sm), f€ Fn

Observe that Schur triples {x,y,z + y} are precisely the (m, F, c) sets when m = 1, ¢
is the identity map and F} consists only of the identity map. More generally, the family
which appears in Deuber’s theorem (Theorem 1.10) for a given m, p,c € N corresponds to
the shape (m, F, &), where & is the map ¢ : z +— cx and Fj is the set of all maps f: N/ — Z

of the form f:x — (x,&) with £ € {—p,...,p}.

Polynomial and multidimensional versions of Deuber’s theorem

The following theorem is a joint extension of Folkman’s theorem and the polynomial van
der Waerden theorem, in the same way Theorem 1.10 is a joint extension of Folkman’s

theorem and (classical) van der Waerden’s theorem.

Theorem 4.2 (Polynomial Deuber theorem). Let m € N and, for each i =1,2,...,m, let
F; be a finite set of polynomials f : 7 — 7 such that f(0) = 0. Let F = (F1,...,Fy) and
let ¢ : Z — 7Z be a multiplication by some constant. Then the family associated with the
shape (m, F, ¢) is Ramsey. In other words, for any finite coloring N = Cy U ---UC, there

exists a color C € {C1,...,C,} and a vector s € N1 such that D(m, F,c; s)C C.

Theorem 4.2 follows from its multidimensional version, Theorem 4.4 below. We remark
that Theorem 4.2 contains Theorems 1.1, 1.2, 1.3, 1.7, 1.8 and 1.10 as special cases. One
could wonder whether Theorem 4.2 applies to every polynomial Ramsey family (hence
solving Problem 1.12). Unfortunately, this is not the case, as the following result, obtained

independently by Bergelson [Ber10, Theorem 6.1] and Hindman [Hin11], shows:
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Theorem 4.3. For any finite coloring of N there exist x,y, z,t of the same color satisfying

xy = z +t. In other words, the family {x,y,z,xy — z} is Ramsey.

It is not hard to see that the family {x,y, z, zy — 2} is not contained in any shape, and
hence Theorem 4.3 can not be derived from Theorem 4.2.
Next we combine Theorem 4.2 with the multidimensional van der Waerden’s theorem

(Theorem 2.36).

Theorem 4.4 (Multidimensional polynomial Deuber theorem). Let d,m € N and, for each
i=1,2,...,m let F; be a finite set of polynomials f : (Z%)* — Z% such that f(0) = 0. Let
F = (Fi,...,Fy) and let ¢ - Z¢ — 79 be a scalar homomorphism (i.e., multiplication by
a constant). For any finite coloring of 72, there exists s € (Z\ {0})™*! such that the set

—

D(m, F,c;s) is monochromatic.

As mentioned in Chapter 2, for every finite partition of a countable commutative semi-
group G, one of the colors is a central set (see Definition 2.32). We prove Theorem 4.4 by

showing that in fact every central set contains a set of the form D(m, F ,C; S).

Theorem 4.5 (Multidimensional polynomial Deuber theorem in central sets). Let d,m € N
and, for each i = 1,2,...,m let F; be a finite set of polynomials f : (Z%)' — Z such that
f(0)=0. Let F = (Fi,...,Fy) and let ¢ : Z% — Z¢ be a scalar homomorphism. For any

central set A C 79, there exists s € (Z\ {0})™*! such that D(m, F,¢;s) C A.

Theorem 4.5 is in turn a corollary to Theorem 4.7 below. The version of Theorem 4.5
for d = 1 and linear polynomials (i.e. multiplication by a constant) was first proved by

Furstenberg in [Fur81, Theorem 8.22].

Deuber’s theorem in commutative semigroups

We state now a version of Deuber’s theorem which holds in any countable commutative
semigroup. For semigroups G, H, denote by Hom(H, G) the set of all semigroup homomor-
phisms from H to G. Let also End(G) denote Hom(G, G) (elements of End(G) are often
referred to as endomorphisms).
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Theorem 4.6. Let G be a countable commutative semigroup, let A C G be a central set
and let (m, ﬁ, ¢) be a shape in G. Assume that the map ¢ : G — G is the identity map and,
for each j =1,...,m, we have F; C Hom(G’,G). Then there ezists s € (G \ {0})™ " such

that D(m, F, e s) C A.

Next we move to polynomial maps. Recall from Definition 2.42 the notation P(G, H)

to denote the set of all polynomial maps f : G — H with f(0) = 0.

Theorem 4.7. Let G be a countable abelian group, let A C G be a central set and let
(m, ﬁ, ¢) be a shape in G. Assume that the image of ¢ has finite index in G and, for each
j=1,....,m, F; CP(GI,G). Then there exists s € (G \ {0})™*! such that D(m, F,c¢;s) C
A.

Theorems 4.6 and 4.7 are proved at the end of Section 4.2.

Polynomial extensions of the central sets theorem in abelian groups.

The main tool employed by Furstenberg in his proof of the special case of Theorem 4.5
mentioned above was his central sets theorem (cf. Theorem 2.40). Our proof of Theorem
4.7 is based on the following polynomial version of the central sets theorem, which we believe

is of independent interest.

Theorem 4.8 (Multidimensional polynomial central sets theorem). Let G be a countable
abelian group, let j € N and let (yo)acr be an IP-set in G7. Let F C P(G7,G) be a finite set

and let A C G be a central set. Then there exist an IP-set (xg)ger in G and a sub-IP-set

(28)per of (Ya)acF such that
VfEF VBeF  xg+f(zp) €A

When G = Z and the polynomial maps in F' are homomorphisms, this reduces to the
classical central sets theorem. Theorem 4.8 will be derived as a corollary of the more general
Theorem 4.24 below.

Since for any finite coloring of a countable commutative group G one of the colors is a

central set, as a corollary of Theorem 4.8 we deduce that
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Theorem 4.9. Let G be a countable abelian group, let j € N and let (yo)acr be an IP-set
in G7. Let F C P(G’,G) be a finite set and let G = CL U ---UC, be a finite coloring of
G. Then there exist a color C € {C,...,Cy}, an IP-set (zg)ser in G and a sub-IP-set

(23)ger of (Ya)acr such that

VfeF YBgeF xg+ f(28) € C

Theorem 4.9 (and in fact a stronger version of it) was obtained by McCutcheon in
[McC99, Theorem A]. The method used by McCutcheon also gives Theorem 4.8, although

it does not appear to have been explicitly stated.

Partition regularity

Call a set A C N rich if for every linear Ramsey family {f1,..., fx} there exists x such
that {f1(x),..., fe(x)} C A. In view of Theorem 1.11, a set is rich if and only if for every
m,p,c € N there exists s € N™*! such that D(m,p,c;s) C A. In view of Furstenberg’s
theorem [Fur81, Theorem 8.22] mentioned above, every central set in N is rich.

One of the main motivations for Deuber to introduce (m,p, c)-sets was to solve a con-
jecture of Rado stating that for a finite partition of a rich set, one of the cells is still rich.
We obtain an analogous result for certain (m, F ,¢)-sets. Before we state the main result in

this direction (Theorem 4.12 below) we need a few definitions.

Definition 4.10. Let G be a countable commutative semigroup. A cligue in G is an infinite
(not necessarily countable) set of shapes. Given a clique A in G, we say that a set A C G

is A-rich if for every shape (m, F, ¢) € A there exists an (m, F, c¢)-set contained in A.

For example, let A be the clique in N consisting of the shapes that arise from all possible
triples (m,p,c) € N3. Then a set A C N is A-rich if and only if it is rich in the sense defined

above. Here are more examples.

Example 4.11.
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1. Let k € N, let ¢ : N — N be the identity map, let Fy, = {z — iz :i=0,...,k —
1} ¢ End(N) and make Fj, = (F1%). Then any (1, Fy, ¢)-set contains a “Brauer
configuration” of length k (i.e. an arithmetic progression of length k together with its

common difference, cf. Theorem 1.7).

2. Let ¢ and Fj, be as in part (1) above. Consider the clique A = {(1, Fy,¢) : k € N}. A

set A C N is A-rich if and only it contains Brauer configurations of arbitrary length.

3. Let again m € N and let ¢ : N — N be the identity map. For each j =1,...,m, let
Fjm be the set of all maps f : N/ — N of the form f :x — (x,&) where & € {0,1}7.
Let F, = (Fimy - Finm). Then any (m, Fi,,c)-set is a set of the form FS(A) for

some set A C N with cardinality m + 1.

4. Let ¢ and F,, be as in part (3) of this example. Define the shape A = {(m, Fin, ¢) :

m € N}. A set A C Nis A-rich if and only if it is an TPy set (cf. Definition 2.24).

One can reinterpret both Theorem 4.6 and Theorem 4.7 as providing an example each
of a clique A such that every central set is A-rich. Our next theorem provides a natural
example of a clique A with the stronger property that, for any finite partition of a A-rich

set, one of the cells is still A-rich.

Theorem 4.12. Let G be a countable commutative semigroup and let Ay be the clique con-
sisting of all shapes (m, F,c) with m € N, ¢ in the center of End(G) and F = (Fy, ..., Fy,)

where each F; C Hom(G’,G). In other words

_ m € N, ¢ is in the center of End(G),
A=< (m,F,c):

—

F=(F,...,Fy,), Fj Cc Hom(G’,G) Vj

For any finite partition of a A¢-rich set, one of the cells is still A¢-rich.

If we take G = N then End(N) is isomorphic to the multiplicative semigroup (N, x)
and hence it is commutative; this means that any shape (m, ﬁ, ¢) arising from a triple

(m,p,c) € N3 as explained after Definition 4.1, is in A;. Therefore Theorem 4.12 recovers
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Deuber’s solution of Rado’s conjecture (that for any finite partition of a rich set, one of the
cells must be rich).
Theorem 4.12 will be derived in Section 4.3 from its finitistic version, Theorem 4.15

below.

Definition 4.13. Let G be a countable commutative semigroup. Let m € N and, for each
i=1,...,m,let F; C Hom(G%,G) be finite. Also, let F = (F},--- , F),) and let ¢ € End(G).
We say that c is concordant with F if there exists a non-zero homomorphism b € End(G)
and, for each i € {1,...,m} and f € Fj, there is a homomorphism ay € Hom(G?, G) such

that coas = fob, where b : G* — G is the homomorphism b(g1, ..., g;) = (b(g1),- - -, b(g:))-

Observe that the identity homomorphism ¢ :  — =z is concordant with any F. More
generally, if ¢ is in the center of the semigroup End(G), then c is concordant with any F
(by taking b= c and ay = f).

When c is an automorphism, it is concordant with any F. Indeed, one can take b to be
the identity map and ay = c o f. In the following example, c is neither in the center of

End(G) nor is it an automorphism.

Example 4.14. Let G = Z2, let m = 1, let ¢ € End(Z?) be the projection onto the first
coordinate and let F = (Fy) where F consists of finitely many endomorphisms of Z? whose
image is contained in ¢(Z?). Then ¢ is concordant with F.

Indeed, take f € Fy. We let b € End(Z?) be the identity map and af = f. Since the

restriction of ¢ to its image is the identity map, we have coay = fob.

Theorem 4.15. Let G be a countable commutative semigroup and let A. be the clique of
all shapes (m, F, c¢) wherem € N, F; C Hom(G*,G) for alli=1,...,m and c is concordant
with F.

For any r € N and any shape (m, F, c) € A, there exists another shape (M, H, C) €
A. such that any partition of an (M,ﬁ,C’)—set into r-cells, one of the cells contains an

(m, F, c)-set.
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Moreover, if c is the identity, we can take C to be the identity as well, and if c is in the

center of End(G) we can take C to be in the center of End(G).

The proof of Theorem 4.15 occupies most of Section 4.3.

4.2 Idempotent ultrafilters and (m, F, ¢)-sets

Theorems 4.7 and 4.6 have similar proofs. To avoid repetition, we unify both results into
a single abstract result; this is Theorem 4.23 below. Before formulating it, we need to

introduce some definitions.

Definition 4.16 (R-family). Let G, H be countable commutative semigroups and let p €
BG be an ultrafilter. Let I' be a set of functions from H — G. We say that I is an R-family*
with respect to p if for every finite set F' C I', every A € p and every IP-set (yq)acr in H,

there exist £ € G and o € F such that
T+ flya) € A VfeF

Example 4.17. Let G be a countable abelian group, let j € N and let H = G’. Then
the family I' = P(G7, G) is an R-family with respect to any minimal idempotent ultrafilter.
Indeed, let p € G be a minimal idempotent ultrafilter and let A € p. In view of Proposi-
tion 2.30, A is a piecewise syndetic set. Fix a finite set I/ C I' and an IP-set (yq)acr in G7.
It follows from Corollary 2.45 that there exists a € A and o € F such that a + f(ya) € A

for all f € F', and hence I' is an R-family.

Example 4.18. Let G be a countable commutative semigroup, let j € N and let H = GY.
Then the family I' = Hom(G7, G) is an R-family with respect to any minimal idempotent
ultrafilter. Indeed, let p € BG be a minimal idempotent ultrafilter and let A € p. By
definition, A is a central set, hence a piecewise syndetic set. Fix a finite set £' C I" and an
IP-set (Yo )acr in GJ. It follows from Proposition 2.39 that there exists a € A and a € F

such that a + f(y,) € A for all f € F, and hence T" is an R-family.

'R stands for returns.
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Definition 4.19. Let G, H be countable commutative semigroups and let I" be a set of
functions from H to G. We say that I' is licit if for any f € I and any z € H, there exists

a function ¢, € ' such that f(y + z) = ¢.(y) + f(2).

Example 4.20. Let G, H be countable commutative semigroups and let I' C Hom(H, G).
It is not hard to see that I is licit. Indeed, note that for every f € I' and any z € H one

can take ¢, = f in the definition.

Example 4.21. If G, H are countable abelian groups, the set I' = P(H, G) is licit. Indeed,
for each f € I" and z € H one can define ¢,(y) := f(y + z) — f(z). Clearly ¢(0) = 0. For

any h € H, we have

b2y +h)—9:(y) = fly+2z+h)— f(2) = fly+2)+ f(2)

=f(ly+2)+h)—fly+2)

If f € P(H,G) has degree d, then f((y+ z) + h) — f(y + z) is a polynomial map of degree
at most d — 1 in the variable y (now both h and z are constants), and hence ¢, is also a

polynomial map of degree at most d.

Definition 4.22. Let G be a countable commutative semigroup. An endomorphism ¢ €
End(G) is called IP-regular if for every IP-set (zq4)acr in G there exists an IP-set (Yo )acr

such that (c(ya)), .5 is a sub-IP-set of (z4)aer (and in particular (c(ya)) is itself an

F acF

IP-set).

When G = Z, any nontrivial endomorphism ¢ € End(Z) is IP-regular. It’s not hard to
see that when G is an arbitrary countable abelian group, any endomorphism whose image
has finite index is IP-regular. We can now formulate our abstract theorem (which has

theorems 4.6 and 4.7 as corollaries):

Theorem 4.23. Let G be a countable commutative semigroup, let p € BG be an idempotent
ultrafilter and let I'1, s, ... be R-families with respect to p which are licit, where I'; consists

of maps from G7 to G. Let ¢ : G — G be IP-regular, let m € N and, for each j =1,...,m,

66



let F; C T'j be finite. Finally, put F = (F1,...,Fy). Then for any A € p there exists an

IP-set (Sq) o7 in G™ such that D(m, F,c;sq) C A for every a € F.

In order to prove Theorem 4.23 we first need to establish an abstract version of the

central sets theorem.

Theorem 4.24. Let G, H be countable commutative semigroups, let p € BG be an idem-
potent ultrafilter, let I' be an R-family with respect to p which is licit. Then for any finite
set F CT', any A € p and any IP set (yo)acr in H, there exists a sub-IP-set (2g)ger of

(Ya)acF and an IP-set (x3)ger in G such that
VfeF Vg e F zg+ f(ys) € A

Proof. Let B = {n € A: A—n € p}. Because p is an idempotent ultrafilter, B € p.
Moreover, by Lemma 4.14 in [HS98]|, for any n € B, we have B — n € p. We will construct

sequences Ti,x2,... in G and a3 < ag < --- in F inductively, so that for each n we have
VfeF VB Cn], B# O xg+ f(23) € B (4.1)

where 25 = 35 Yo, -

Since I' is an R-family with respect to p, we can find oy € F and x1 € G such that
21+ f(Ya,) € B for all f € F; in other words we get (4.1) for n = 1.

Now assume we have found x1,...,2, in G and a1 < --- < a, in F such that (4.1) is
true. Let

C=Bn ﬂ B—l‘g—f(ZB)

@#BC[n]
feF

Each of the sets of the intersection is in p, and because p is closed under finite intersections,
also C' € p. We now take advantage of the fact that ' is licit to find, for each f € F
and each nonempty 8 C [n], a map gbg € I' such that f(z3 +y) = qbé(y) + f(z3). Let
d=FU {(;3[]; 1@ # B C[nl; f € F}. We can now use again the fact that I' is an R-family

with respect to p and find z,41 € G and a,41 > oy in F such that z,41 + f(zn41) € C
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for all f € ®, where 2,41 := Ya,,,- We claim that (4.1) holds for n + 1 with these choices,
which will complete the induction and finish the proof.

Indeed, let f € F and let § C [n + 1] be non-empty. If 5 C [n], then g + f(23) € B
by the induction hypothesis. If § = {n + 1}, then x,41 + f(zn41) € C C B because
F C ®. Otherwise the set defined by v := 8\ {n + 1} C [n] is nonempty. Recalling that

T3 = X + Tpy1 and zg = 2y + 2p41, we have

Tni1 + 0L (2ng1) € C C B — 2y — f(2y),

SO
Ty + Tng1 + f(zy) + ¢'];(Zn+1) €B

which is equivalent to
xg + f(23) € B.

O]

A concrete corollary of this general result is Theorem 4.8, which can be interpreted as
a polynomial version of the central sets theorem. It follows from Theorem 4.24 by taking
G to be a group and letting H = G7, I' = P(G’, @), and p to be a minimal idempotent.
According to Example 4.17, T' is an R-family so Theorem 4.8 follows.

We are now in position to prove Theorem 4.23.

Proof of Theorem 4.23. What we need to show is that there exists some IP-set (s4)acr in

G™*1 such that, for all a € F,

c(Sa,0) c A
Vf € Fl f(sa,O) + C(Sa,l) e A
VfEF  f(Sa,0 5a,1)+ c(saz2) € A (4.2)

Vf € f(sa,Oa cee aSa,mfl) + C(Sa,m) e A
The proof goes by induction on m; assume first that m = 0. Since A belongs to an

idempotent ultrafilter, it contains an IP-set, say (Z4)acr. Since c¢ is IP-regular, we can find
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an IP-set (z4)aer such that (c(z,)) is a sub-IP-set of (Z)aer and hence c(z,) € A for
each o € F. Let s(ao) = x, for each v € F.

Now suppose that m > 1 and we have an IP-set in G™

0" )aer = ((5%_1)7352_1)’ . ’S&m”;l)l)) eF

such that for any @ € F we have D(m — 1,F, e s&m_l)) C A; in other words, if we take

(m—1)

2

;i =8 for each i = 0,...,m — 1 we get the first m lines of (4.2), for any o € F.

Now apply Theorem 4.24 with H = G™, ' =T,,, F = F,;, and (yo)acr = (S((ym_l))ae}‘.

We obtain a sub-IP-set (t,) of (s,(lm_l)) in G™ and some IP set (z4)aer in G such that

Vae F VfeF, ZTo + f(ta) € A. (4.3)

Since c¢ is IP-regular we can find an IP-set (yg)ger in G such that (C(y5>)ﬂe]—‘ is a sub-

IP-set of (z4)acr; in other words, there exist a1 < az < --- such that c(yg) = 3";cp T, for

all B € F. To ease the notation, let ag denote the set ap := J;cp i € F. Then

VB eF c(yg) = Tay (4.4)

Now define (s(ﬁm)) ser by taking the corresponding sub-IP-set of (tq)acr for the first m

coordinates and letting (ys)ser be the last coordinate. More precisely we have:
stm) — (tay,yg) € G™T

Now fix 8 € F; we need to show that D(m,ﬁ, c; sgﬂ)) c A If 5 €{0,1,...,m —1} and
f € Fj then

m m m m— m— m—1
f(s(ﬁp), ceey S,(B,j)—l) + c(ng)) = f(sﬁ%ol), ce 8&57ji)1) + c(s&ﬂ,j )) (4.5)
and the expression in (4.5) is in A by induction. If j = m then
(m) (m) (m)y _ ¢4 _ t 4.6
f 3570,...,857]-_1 +C(S/B7])*f( a5)+c(y5)7c(yﬁ>+f( Otﬁ) ( . )

By (4.4), the expression in (4.6) is equal to za, + f(ta,) and hence, by (4.3), it is also in

A. We conclude that D(m,ﬁ, c; s(m)) C A. This finishes the induction process and the

proof. O
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We notice that Theorem 4.23 allows for repeated terms in D(m, F e s), in other words,

one could have 1 <¢ < j <m and f € Fj,g € Fj such that

f(s0,...,8i-1) +c(s5) = g(s0,-..,55-1) + c(s;)

In fact, under the same conditions as Theorem 4.23, one may not be able to find s for which
D(m, ﬁ, ¢;s) has no repeated terms. However, if one makes the additional assumption that
for every j € {1,...,m} and every f,g € F}; the set {x € G’ : f(x) = g(x)} is finite, then
one can modify the above proof to guarantee the additional property that D(m, F ,¢;8) has
no repeated terms.

Indeed, observe that this condition implies that, for every j € {1,...,m}, the set
{xe€ G :(3f, g€ F)): f(x) =g(x)}

is finite. Thus, given any IP-set (X4 )acr in G7 there exists a sub-IP-set (y3)ger such that
for all 5 € F and f,g € Fj one has f(yg) # g(yg). Only one modification of the proof
of Theorem 4.23 is needed to obtain this condition: after choosing the sub-IP-set (t,) of
(s&mfl)) with the property (4.3), pass to a further sub-IP-set (y3) of (t,) with the property
that for all 5 € F and all f,g € F; one has f(yg) # g(ys)-

The following theorem summarizes the above discussion.

Theorem 4.25. Let G,p,c,m, F1, ..., Fy, F be as in Theorem 4.23. Assume that for every
j€{l,...,m} and every f,g € F;j the set {x € G/ : f(x) = g(x)} is finite. Then for any

A € p there exists an IP-set (sq) in G™HL such that D(m, ﬁ, ¢;Sq) 18 contained in A and

acF
has no repeated terms. More precisely, for every o € F and for all i,j with 1 <i<j <m

and f € F;,g € F; we have

(80,00 Sai—1) + c(Sai) # 9(Sa,0s- -5 Saj—1) + c(5a,5)
We will now deduce Theorems 4.6 and 4.7 from our abstract Theorem 4.23.

Proof of Theorem 4.6. Let G be a countable commutative semigroup and let A C G be a
central set. Thus, there exists a minimal idempotent p € G with A € p.
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Assume (m, F', ¢) is a shape in G where ¢ is the identity map and that Fj ¢ Hom(G7, G)
for each j = 1,...,m. The endomorphism c is trivially IP-regular. For each j € N let
I'; = Hom(GY, G); it follows from Example 4.18 that each I'; is an R-family with respect
to p. Finally, by Example 4.20 each I'; is licit. We can now apply Theorem 4.23 to find

s € @™ with D(m, F, ¢;s) C A as desired. O

Proof of Theorem 4.7. Let G be a group and (m, F, ¢) is a shape in G where c is an endo-
morphism whose image has finite index in G and, for each j = 1,...,m, I} C P(G7,G). To
see that ¢ is IP-regular, observe that in view of Corollary 3.14 any IP-set has a sub-IP-set
contained in the image of ¢, and that IP-sets carry through homomorphisms. For each
j € Nlet I'; = P(GY,Q); it follows from Example 4.17 that each I'; is an R-family with
respect to p. By Example 4.21 each I'; is licit. We can now apply Theorem 4.23 to find

s € @™ with D(m, F,¢;s) C A as desired. O

4.3 Proof of partition regularity of (m,ﬁ, c)-sets

In this section we prove Theorems 4.12 and 4.15. Our proof of Theorem 4.15 is inspired by
a proof of Deuber’s original result presented in [Gun02]. Before we start with the proofs

we need a definition.

Definition 4.26. Let G be a countable commutative semigroup, let (m, F, ¢) be a shape
in G, lets € G™andlet k € {0,1,...,m}. The k-th line of the (m, F, ¢)-set D(m, F e s)
is the set

{f(s0y...ySk—1) +c(sg): f € F}

Observe that D(m, F e s) is the union of its m + 1 lines.
The proof of Theorem 4.15 goes by induction. Due to its complicated nature it is

convenient to isolate the induction step as a separate lemma.

Lemma 4.27. Let G be a countable commutative semigroup with identity 0, let A, be the

clique defined in Theorem 4.15, let (m, ﬁ7 c) € A and let r € N. Then there exists a shape

(M, H, C) € A. such that for any r-coloring of an (M, H, C)-set such that the last k lines
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are each monochromatic (but different lines can have different colors) there exists a subset
which is an (m, F, c)-set whose last k + 1 lines are each monochromatic.
Moreover, if ¢ is the identity map, we can take C to be the identity map as well, and if

c is in the center of End(G) we can take C to be in the center of End(G).

Proof. Since any subset of a monochromatic set is monochromatic, we can work with conve-
niently chosen supersets of the F;’s. Hence we may and will assume that each F; contains the
projection homomorphisms 7; : G* — @ (in each coordinate) and the zero homomorphism.

We will also add to each F; all the homomorphisms of the form
d(xo, ..., xi—1) = f(xo,. .. ,xj_l) with f € Fj and j <1

The main technical tool of our proof is Hales-Jewett’s theorem (Theorem 2.38). Let n =
HJ(|Fy,—k|, ) be such that any r-coloring of F' _, contains a monochromatic combinatorial
line. Since ¢ is concordant with F , there exists an endomorphism b : G — G and, for each
f € F_y, there exists ay € Hom(G™ %, G) such that coay = fob (where b € End(G™*)
is defined by b(x1,...,Tm_k) =b(x1) + - + b(Tpm_k))-

For convenience we denote by N the product N = n(m — k) and let M = N + k. For
each j = 1,...,M, let H; be a finite set of homomorphisms from GV — G that will be

determined later. Let Hy be the set of all homomorphisms ¢ : GY — G of the form
n—1
O(to, - tn—1) = > fi o b(tigm—i)s titmek)+1s - - s Litm—k)+m—k—1)
i=0

with fo,..., fa1 € Fp—j. Finally, make H = (Hy,...,Hy) and C = cob. Observe that
if ¢ is in the center of End(G), then b = ¢, and hence C is also in the center of End(G).
Moreover, if ¢ is the identity map, then b is also the identity map, and so is C.

Let tg,...,tpr € G be arbitrary and let Sy be the (M, H, C)-set they induce. It will

simplify considerably the notation to let

Ti = (titm—k)s titm—k) 115 - - > tigm—t)+m—k—1) € G F

for each ¢ = 0,...,n — 1. Thus, in particular, we can write
n—1
Hy = {¢ :(toy -y tn—1) > Y fiob(Ti) : fo,..., fa1 € Fm—k}
i=0
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Assume that we are given a coloring of Sy into r colors such that each of the last k lines
are monochromatic (but not necessarily of the same color).

Color w = (fo,..., fa—1) € F);_,. with the color of

Z fiob(T;) + C(t) (4.7)

Observe that the elements in (4.7) are in the Nth line of Sy. It follows from the Hales-
Jewett theorem that one can find a variable word w € (F,,—; U {*})™ which induces a
monochromatic combinatorial line. We let (n) = {0,...,n — 1}, let A = {i € (n) : w; = *}

and let B = (n) \ A. Now define

b(trm—m+yj) if m—k<j<m
w, (T3) + b(t if j=m—k
uj = éaz N) o g=m (48)
> btim-r)j) if 0<j<m—k
€A

Note that, for each £ =0,...,m, the point u,,_, depend only on tq,...,tr_¢.
We claim that, with the right choice of H , the (m, F ,c)-set Sp generated by ug, . .., up
is a subset of Sy and that each of the last & + 1 lines of Sg are monochromatic. Indeed,

for m — k < j < m, the j-th line of SF is the set

{f(u(), - ,uj_l) + c(uj) : f € FJ} = {f(U(], ... ,u]‘_l) + C(tM_m+j) : f S Fj}

This will be a subset of the line M —m + j of Sy if we make Hps_,,+; contain all the

homomorphisms ¢ of the form

(tos - tar—myj—1) = fuo, ..., uj_1)

for any f € Fj, any possible choice of A, B C (n) and any w; € F,,,_j (with the u;’s being
determined by (4.8)). Hence the j-th line of Sr is monochromatic.
The (m — k)-th line of Sk is the set

{f(uo, ... um—p—1) + c(um—k) : f € Fp_i}

= {f <Zb(Ti)>+Zcoawl )+ C(tn) : fGka}

i€cA i€B
= {Zfo +sz0b )+ C(tn) : fGka}
i€A i€B
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which is precisely the monochromatic combinatorial line found by applying the Hales-
Jewett’s theorem. Hence the (m — k)-th line of Sp is inside Sy and it is monochromatic.

For j < m — k, the j-th line of Sg is the set
{f(u(), e u]‘_l) + C(Uj) f e Fj}

{f(u07" ujl"‘C(Zb ka+]> fEF}

€A

Let a = max A. Then the j-th line of SF can be written as
{f(uo,---,uj'l) + Y. Cltipm—iy+s) + Cltam-iy+s) : f € Fj}
ieA\{a}
which will be contained in the a(m — k) + j-th line of Sy if we make Hg(p,—g)4; contain all
the homomorphisms ¢ of the form

O(to, - tam—ryrs) = O fuo, - uj—1) + Cltign-r)+j)
€A

for any f € F; and any possible choice of A C (a), where the dependence of u; on ¢; is given
by (4.8).

It is routine to verify that C is concordant with H. This finishes the proof. O
We move now to proving Theorem 4.15.

Proof of Theorem 4.15. If r = 1 there is nothing to prove so we assume r > 1. Let
(m, F, ¢) € Aey let n = m(r — 1) and, for each j = 1,...,n, let H](-O) be a finite set
of homomorphisms ¢ : G/ — G of the following form. Take ¢ € {1,...,j} and let

0<iy <---<ip<jbearbitrary. Let f € F; and define

Gfiinig(T0s -y xj—1) = [Ty @iy, - - -, T,)

We let Hj(-o) = {¢f,i1,...,z‘e

Ce{l, . ghf e F0<in< - <if<j} Nowlet HO =
(Hfo), e H,(,g)). Finally, put ¢ = ¢ and mg = n.

Applying repeatedly Lemma 4.27, we construct inductively sequences (m;)!, (H (1))1 0
and (¢;)i—, such that the shape (m;, H 7). ¢;) satisfies the conclusion of Lemma 4.27 when

we input the shape (m;_1, ﬁ(ifl), ¢i—1) and set k =n — 1.
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Let M = my, H=H®™ and C = ¢,. By construction, for any r-coloring of an
(M, ﬁ, C)-set Sy we can find a subset which is a (m,—1, ﬁ(”_l), ¢n—1)-set with the last line
monochromatic. Iterating, we obtain for each i = 0,...,n, a sub (m,, ﬁ(i), ¢i)-set with the
last n — 4 lines monochromatic. In particular, setting i = 0 we obtain a (n, HO), c¢)-set with
each line monochromatic (but different lines can have different colors).

Let t = (to,...,t,) be the generator of this (n, H®), ¢)-set. Applying the pigeonhole
principle one can find, among the n + 1 lines of D(n,ﬁ(o), ¢;t), m + 1 lines of the same
color, say the lines £o, la, ..., {n. For each j =0,...,mlet s; =t;, and let s = (s0,...,5m).
By the construction of H ;0) we deduce that the j-th line of D(m,ﬁ ,;8) is contained in

¢;-th line of D(n, HO ¢ t). Therefore D(m, F e s) is monochromatic as desired. O
To derive Theorem 4.12 from Theorem 4.15 we need first to establish a lemma.

Definition 4.28. Given two shapes A\ = (ml,ﬁ(l),cl) and Ao = (ma, ﬁ(Q), ¢2) in a count-
able commutative semigroup G, we say that A\; contains o if for every s; € G™ ! there

exists so € G211 such that

—

D(ml, F(l), C1,; Sl) D) D(mQ,F(Q), C2; SQ).

Lemma 4.29. Let G be a countable commutative semigroup and let A be the clique defined
in Theorem 4.12. For any two shapes A1, Ao € A; there exists some shape A € A which

contains both \1 and As.

Proof. Let (my, F@, ci) =M\ fori=1,2. Let ¢ = ¢jocyg = cgocy and let m = max(my, mg).
We can assume that m; = me = m, putting F,gi) = @ for k > m; if necessary. For
each i = 1,2 and n = 1,...,m, let ¢; € End(G™) be the map ¢; : (go,...,9n-1) —

(ci(g0)---,ci(gn-1)) and let
Fn:{fOC%fGF,gl)}U{focl:fEFT(LZ)}

Let F = (Fy,...,F,) and let A = (m, F,¢). Since both ¢; and ¢, are in the center of

End(G), so is ¢ and hence A € A;.
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Finally, given any s € G™ we need to show that D(m, F,c; s) contains an (m;, F@, ci)-
set for each i = 1,2. Let s = ca(s) = (ca(s0),--.,ca(sm)) and let s = ci(s) =

(c1(s0),c1(s1), .-, c1(sm)). We claim that
D(mi,F(i),Ci;s(i)) C D(m,ﬁ7 c;s)

)

Indeed, for any ¢ = 1,2, any n =10,1,...,m and any f € F#f we have
ci(sW) + f(sgzl, - s(()i)) = ci(es—i(sn)) + f(e3—i(Sn—1,- .-, 0)) (4.9)

Since ¢; oc3_; = c and for f € F#Li) we have focs_; € F,, we deduce that the element (4.9)

is in D(m, F e s) as desired. O

Proof of Theorem 4.12. Let A be a Asrich set and consider an arbitrary finite partition
A=A U---UA,. Assume none of the A; is A-large. Then for each i € {1,...,r} there
exists a shape \; € A; such that A; does not contain an (m, ﬁ, c¢)-set of shape \;.

Applying Lemma 4.29 r — 1 times, one can find a shape A € A; that contains each of
the shapes A1, ..., A,. Therefore, none of the A; can contain an (m, ﬁ, c)-set of shape A.

It follows from Theorem 4.15 that there exists a shape (M  H, C) € Ay such that any
partition of an (M, H, C')-set into r cells contains a (m, F, ¢)-set in a single cell. On the one
hand, because A was assumed to be As-large, it will contain an (M, H ,C)-set. On the other
hand, this implies that some A; contains an (m, F ,¢)-set, contradicting the construction

above. This contradiction implies that some A; must be A;-large. ]

Theorems 4.15 and 4.12 deal only with shapes (m, F, ¢) where each component F; of F
is a set of homomorphisms. It is not clear if the methods used to prove them can be adapted

to more general cliques, such as those where the F; are allowed to contain polynomial maps.

4.4 Applications to systems of equations in commutative semigroups

In this section we derive some corollaries of our results that pertain to partition regularity

of homogeneous systems of equations. In particular we show that the sufficient condition
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in Rado’s theorem, when appropriately formulated, applies to any countable commutative

semigroup. Our departure point is Rado’s theorem itself.

Definition 4.30. Let d,k € N, let A be a k x d matrix with integer coefficients and let
c1,...,¢q € ZF be the columns of A. We say that A satisfies the columns condition if there
exist m € N and integers 0 = dg < d; < ds < -+ < dyp, < dpm41 = d such that for every
0 < j < m, the sum

Cdj-‘rl + Cdj+2 + -+ Cdj+1

is in the linear span (over Q) of the set {c¢; : i < d;} (with the understanding that the only

vector in the linear span of the empty set is 0).

Theorem 4.31 (Rado [Rad33]). Let d,k € N and let A be a k x d matriz with integer
entries. Then for any finite coloring of N there erists x = (x1,...,24) € N¢ with all
coordinates in the same color and Ax = 0 if and only if A satisfies the columns condition

(possibly after some permutation of the columns of A).

The ‘if’ direction of Rado’s theorem follows directly from Deuber’s Theorem 1.11. The
idea is that the columns condition implies the existence of a triple (m, p,c) € N3 such that
any (m, p, c)-set contains a solution to Ax = 0.

More precisely, using the columns condition one can find a d x (m + 1) matrix B such
that AB = 0 and, for any s € N”t! the entries of the vector Bs are contained in the
(m,p,c)-set D(m,p,c;s) for some ¢,p € N that only depend on A. Then, for any finite
coloring of N one can find s € N™*! such that D(m,p,c;s) is monochromatic, and in
particular, all coordinates of Bs are monochromatic. Since AB = 0, also A(Bs) = 0. The
details of this deduction can be found, for instance, in [GRS90].

We now turn to linear systems of equations in countable commutative semigroups and

establish an analogue of the columns condition in this setting.

Definition 4.32. Let G be a countable commutative semigroup with identity 0, let k,d € N
and let A : G¢ — G* be a homomorphism. For each i = 1,...,d let ¢; : G — G* be the
map defined by ¢;(x) = A(0,...,0,2,0,...,0),where the x appears in the i-th position.
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We say that A satisfies the columns condition if there exist ¢ € End(G), m € N and

0=dy<di <- - <dmy1 =dsuch that
1. The composition (c¢; + c2 + - -+ + ¢4, ) © ¢ is the zero map;

2. For each 1 <t < m there are fl(t), ey (gf) € End(G) such that
(Cdyg1 + - +cg,)oc+ (cl o fl(t) +---+cg 0 fc(l?) =0 (4.10)

This definition can be seen as a direct extension of Definition 4.30. Indeed, when G = Z,
the only homomorphisms are multiplication by a fixed integer and equation (4.10) expresses
the fact the sum cg, 41 + -+ + cq,,, is a linear combination of cy,...,cq,.

The next proposition is an extension of the ‘if’ part of Rado’s theorem to countable

commutative semigroups.

Proposition 4.33. Let G be a countable commutative semigroup with identity 0, let k,d € N
and let A : G* — G* be a homomorphism which satisfies the columns condition for some
¢ € End(G) that is either in the center of End(G) or is IP-regular. Then for any finite
coloring of G there exists x = (x1,...,xq) with all entries in the same color such that

A(x) =0.

Proof. Let m € Nand ¢ € End(G) be given by the columns condition. Foreach j =1,...,m

let

J
F‘j = {f : (80, .. .,Sj_l) — Zfi(m_g)(Sg) : dm—j <1< dm+1_j}

and let F = (F1,...,Fy). Assume we are given a finite coloring of G. Appealing to either
Theorem 4.15 or Theorem 4.23 (according to whether c¢ is in the center of End(G) or IP-
regular) we can find s € G™*! such that the (m, F, c)-set D(m, F e s) is monochromatic.
Foreachi=1,...,d,let j € {0,...,m} be such that d,,—j < i < dy,+1—; (and observe that

j is uniquely determined). Let
Jj—1 .
zi= 3 f" 7 (s) + elsy)
=0
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Observe that x; € D(m, F,c; s) and hence all the entries of the vector x = (x1,...,14) € G¢
are of the same color. Finally we need to check that A(x) = 0. Let ¢1,...,cq be as in

Definition 4.32 and observe that each ¢; : G — G¥ is a homomorphism. We have

d m dmfj+1
Ax) = ch(xl) = Z Z ci(z;)
i=1 =0 i=dy_j+1

j—1
=Y > XA 0+ ls))

§=0i=dp,_;+1 £=0

m  dm—jt1 m  dm—j+1 j—1 ,
= 3 Y (@) +Y Y Yo s
=0 i=dp,— j+1 §=0i=dp—;+1£=0

m dm—e41 m—~0—1 dm—jt1

= > | > (woo)+ > (cio fi(m_e))] (se)
j

=0 _i:dm,g+l j=0 i=dm7j+1

0 i=d¢+1

m [ [ desr dy .
= Z Z ci oc—i—ZciOfi() (s¢)
t=0 | i=1
=0
where the last equality follows from the columns conditions. O

While Proposition 4.33 provides a quite satisfactory extension of the sufficient condition
in Rado’s theorem to a general seting, it is not even clear how to formulate the necessary

condition.

Problem 4.34. Let G be a countable commutative cancelative semigroup, let k,d € N and
let A: G = G* be a homomorphism. Give necessary and sufficient conditions for A so
that for any finite partition of G there exists a non-zero x = (x1,...,xq) with all entries in

the same cell of the partition and such that A(x) = 0.

We conclude by remarking that an analogue of the columns condition can be concocted
for polynomial equations in such a way that an analogue of Proposition 4.33 holds, but the

condition is cumbersome and so it appears to be of little practical value.
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CHAPTER 5

PATTERNS {z +y,zy} IN LARGE SETS OF COUNTABLE FIELDS

In this chapter we present work from [BM16a] and [BM16a] on the presence (and abundance)

of {z + y,zy} patterns in large subsets of countable fields.

5.1 Introduction

Theorem 4.2, stated in the previous section, is a polynomial extension of Deuber’s theo-
rem, which in turn characterizes the linear Ramsey families in N. However, as mentioned
above, not every polynomial Ramsey family is included in the (m, F , ¢)-sets which appear
in Theorem 4.2. One reason for this is that Theorem 4.2 was obtained as the joint extension
of the polynomial van der Waerden theorem and the (linear) Folkman’s theorem. Recall-
ing that the classical Deuber’s theorem is itself the outcome of combining the (linear) van
der Waerden’s theorem with Folkman’s theorem, perhaps in order to obtain every polyno-
mial Ramsey family one has to combine the polynomial van der Waerden’s theorem with a
polynomial version of Folkman’s theorem.

Unfortunately, it is not clear what a polynomial version of Folkman’s theorem would
look like. One option was suggested in the book [GRS90] of Graham, Rothschild and

Spencer in the late 1970’s:

Conjecture 5.1 ([GRS90, end of Section 3.4]). For every finite coloring of N and every
m € N there exists a color C and a set A C N with |A| = m such that FS(A)UFP(A) C C,
where we denote by FP(A) the finite product set, i.e., the analogue of FS(A) for the

multiplicative semigroup structure (N, x).
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We can state Conjecture 5.1 in the language of Ramsey families as saying that for every
m € N the family {Sa: @ # A C{l,..., m}}U{Psa:2 # A C{l,...,m}} is Ramsey in
N, where for any non-empty A C {1,...,m} the functions S4, P4 : N™ — N are defined as

SA:(xl,...,xm)Hin and PA:(xl,...,xm)HH:pi
i€A i€A

The case m = 2 of Conjecture 5.1 is precisely Conjecture 1.4 from the introduction
and corresponds to a polynomial version of Schur’s theorem. As even the case m = 2 is
still open, it is possible that Conjecture 5.1 will be very hard to solve. On the other hand,
Conjecture 5.1 is only a special case of Problem 1.12.

Very recently we have established a weaker version of Conjecture 1.4 (see Theorem 1.5).
In this chapter we study certain density analogues of this kind of questions in countable
fields and certain subrings. Besides its intrinsic interest, the ideas and techniques developed
in this chapter also paved the way for the proof of Theorem 1.5 in [Mor]| (presented in the

next chapter).

{z +y,zy} patterns in large subsets of countable fields

Not every set of positive (additive) upper density in N contains a configuration {z + y, zy}.
Indeed no such pair can consist solely of odd numbers and in fact there are sets A C
N which are simultaneously thick with respect to addition and to multiplication (hence
having density one with respect to suitable Folner sequences), and yet contain no non-trivial
configurations {x + y,zy} (see Theorem 5.35 below). However, as we saw in Chapter 3,
the affine structures of N and of Q are significantly different: the affine semigroup Ay
of N is non-amenable, while Ag is a solvable (hence amenable) group. In particular, Q
possesses double Fglner sequences (see Proposition 3.6) and hence there are finitely additive
probability measures on all subsets of QQ which are invariant under any affine transformation.

We show that any large set in Q with respect to an affinely invariant mean contains the
sought-after configurations, which leads to a partition result involving three-element sets
having the form {z,y + z,yz}. In fact, the ergodic method that we employ works equally
well in the framework of arbitrary countable fields.

81



Theorem 5.2. Let K be a countable field, let (Fn)nen be a double Folner sequence in K
and let E C K be such that J(FN)(E) > 0. Then there are infinitely many pairs x,y € K*
with  # y such that

{r+yzy} CE (5.1)

A precise formulation of how large is the set of pairs (z,y) that satisfy equation (5.1)
is given by Theorem 5.10 below. In view of the correspondence principle (Theorem 3.24 in
Chapter 3), Theorem 5.2 can be easily derived from the following ergodic result, which can

be seen as an affine version of Khintchine’s recurrence theorem.

Corollary 5.3. Let K be an infinite countable field, let (X, B, p, (Ty)gear) be a probability

measure preserving system and let B € B. Then, for any § € (0,1), the set
R(B,8) = {u € K : p(T;  BNT;!B) > ou(B)*} (5.2)
s affinely syndetic.

It is not hard to see that the quantity u(B)? in (5.2) is the largest possible (consider
for example the case when the action of Ay is strongly mixing).
Corollary 5.3 is in turn derived from the following analogue of von Neumann’s mean

ergodic theorem:

Theorem 5.4. Let K be an infinite countable field, let (Ug)gea, be a unitary representation
of Ak on a Hilbert space H, let [ = {f € H: (Vg € Ak) Ugf = [} be the invariant subspace
and let P : H — I be the orthogonal projection onto I. Then for any f € H and any double

Folner sequence (Fn)nen in K we have

. 1
lim ——
N—oo ’FN|

S Usiya_.f = Pf (5.3)

ueFN

Employing a method developed by Bergelson in [Ber86] we can then quickly deduce

from Corollary 5.3 the following partition statement:

Theorem 5.5 (see Theorem 5.18 for a more precise formulation). Let K be a countable
field. Given a finite coloring K = |JC;, there exists a color C; and z,y € K such that
{z,z +y,zy} C C;.
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We remark that it follows from Theorem 5.18 below that  and y can in fact be chosen
from outside any prescribed finite set.

When trying to obtain analogues of Corollary 5.3 or Theorem 5.4 for Z or other rings
one runs into serious difficulties, the main problem being the lack of amenability of the affine
semigroup. Therefore it is a priori not clear what kind of statement similar to Theorem 5.4
can be formulated (and proved) if one replaces fields by more general rings. In particular,
one would like to know if the corresponding set R(B,d) from (5.2) is non-empty (or indeed
affinely syndetic) for any measure preserving action of the affine semigroup Az of Z.

We developed an alternative approach to obtaining Corollary 5.3 which does not rely
on the existence of a double Fglner sequence. This approach, based on convergence along
ultrafilters, not only allows one to a have reasonable analogue of Theorem 5.4 to actions of
affine semigroups of general LID’s, but also leads to a strong generalization of Corollary 5.3
which guarantees that the sets R(B,d) are not only affinely syndetic but actually possess

the filter property.

Theorem 5.6. Let R be an LID, let t € N and, for each i = 1,....t, let (4, p;) be a
probability space, let (Tg(i))geAR be a measure preserving action of the affine semigroup Agr
of K on (4, ;) and let B; C §; be a measurable set with positive measure. Let § € (0,1)
and let R(B;, 6) be defined as in equation (5.2) with respect to the action (Téi))geAR. Then

the intersection

R(B1,0)N...NR(By, ) (5.4)
is affinely syndetic (and, in particular, nonempty).

Observe that, in general, affinely syndetic sets do not have the finite intersection prop-

erty. For example, the subsets of rational numbers defined by

nez nez

are both additively (hence affinely) syndetic, but have empty intersection.

Remark 5.7. To appreciate the power of the ultrafilter approach, one should note that the
Cesdaro convergence results established in [BM16a] imply only the affine syndeticity of the
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intersections

R(B1,0) N...NR(B,0) (5.5)

of return sets R(B;,0), rather than the affine syndeticity of the intersection of the ‘optimal’
return sets R(B;, ), as in (5.4).

The filter property achieved in Theorem 5.6 is deduced from the fact that the sets of
the form R(B,d) are DC* (see Definition 3.11):

Theorem 5.8. Let R be an LID, let (2, i) be a probability space, let (Tg)gea, be a measure

preserving action of Ar on , let B C € be a measurable set and let € > 0. Then the set
{ueR: (A" BNM;'B) > u(B)* - ¢}
is DC™* and, in particular, affinely syndetic.

This in turn allows us to obtain, as a corollary, the following analogue of formula (5.3)
for measure preserving actions (7y)ge 4, of the affine semigroup of an LID and a ultrafilter

p € G (see Theorem 5.19 below for a more precise formulation):
. -1 -1 2
p-limp(Ty BN Ty, B) > u(B)

In view of Theorem 5.8 we can now extend Theorem 5.2 to a more general setting, in
a sense halfway towards a proof that the family {x + vy, zy} is Ramsey in N. The following

theorem lists some special cases of a more general Theorem 5.32, to be found in Chapter 5:

Theorem 5.9.

1. For any finite partition Q = C1 U --- U C,. of the rational numbers, there exists a cell

i€{l,...,r} and many' z € Q, n € N such that {x +n,axn} C C;.

2. More generally, if K is a number field and Ok is its ring of integers, for any finite
partition K = C1U---UC,., there exists a celli € {1,...,r} and manyz € K, n € O

such that {x +n,zn} C C;.

In Theorem 5.32 we describe more precisely how large is the set of such z and n.
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3. Let F be a finite field, let K denote the field of rational functions (i.e. quotients of
polynomials) over F and let ﬁ[:ﬂ denote the ring of polynomials. Then for any finite
partition K = Cy U --- U C,, there exists a cell i € {1,...,r} and many f € K,

g € Fla] such that {f + g, fg} C Ci.

5.2 An affine Khintchine theorem

The following is a more precise version of Theorem 5.2:

Theorem 5.10. Let K be a countable field and let E C K be such that J(LN)(E) > 0 for
some double Folner sequence (Ly)nen. Then for each € > 0 there is a set D C K* such

that for every double Foplner sequence (Fn)Nen

and for all w € D we have

A (B =) N (B/u) > diz.,)(E) ¢

In this section we derive Theorem 5.10 from ergodic results concerning actions of the
affine groups Ak of a groups. The proof of the ergodic results will be given in Section 5.3.

We begin with the following analogue of the mean ergodic theorem for affine actions.

Theorem 5.11. Let (2,58, 1) be a probability space and suppose that Ax acts on Q by
measure preserving transformations. Let (Fyn) be a double Fplner sequence on K. Then for
each B € B we have?

" w(A_uBN M, B) > u(B)?

ueF N

lim —
N%o |Fy]

and, in particular the limit exists.

In the case when the action of Ak is ergodic, we can replace one of the sets B with a

potentially distinct set C'. This is the content of the next theorem.

2By slight abuse of language we use the same symbol to denote the elements (such as My, and A_,)
of Ak and the measure preserving transformation they induce on .
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Theorem 5.12. Let (2,8, 1) be a probability space and suppose that A acts ergodically
on Q by measure preserving transformations. Let (Fy) be a double Folner sequence on K.
Then for any B,C € B we have

1
lim ——

. > wAuBNMy,C) = pu(B)u(C)

ueFyN

and, in particular, the limit exists.

Remark 5.13. We note that Theorem 5.12 fails without ergodicity. Indeed, take the nor-
malized disjoint union of two copies of the same measure preserving system. Choosing B

to be one of the copies and C' the other we get
A_yBNM,;,C = forallu e K*

We can extract some quantitative bounds from Theorems 5.11 and 5.12. This is sum-

marized in the next corollary (which is an enhanced version of Corollary 5.3).

Corollary 5.14. Let (2, B, 1) be a probability space and suppose that Ax acts on Q by
measure preserving transformations. Let (F) be a double Fplner sequence on K, let B € B

and let € > 0. Then we have

g
=+ u(B) - u(B)?

d(Fy) ({U € K*: u(A_BN M ;,B) > u(B)* - €}) >
Moreover, if the action of Ax is ergodic and B,C € B, the set

D, = {u € K*: u(A_yB N My, C) > u(B)u(C) — g}

satisfies

e €
d(ry)(De) 2 max (5 +u(B)(1 = p(C)) e+ u(C)(1 - u(B))> >0

Corollary 5.14 will be proved in Section 5.3. We will use it now, together with the

correspondence principle, to deduce Theorem 5.10.

Proof of Theorem 5.10. Let X = K, let G = Ak and let (Gy) = (Ln). Applying the

correspondence principle (Theorem 3.24), we obtain, for each E C K, a measure preserving
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action (Ty)gea, of Ag on a probability space (€2, B,u), a set B € B such that u(B) =
(1) (E), and for all u € K* we have d(p,)(A_wE N My;,E) > u(Ta_,BN Ty, B). To
simplify notation we will denote the measure preserving transformations T4_, and Ty, Ju
on Q by just A_, and M, ,. Also, recalling that A_, £ = E —u and M, ,,E = E/u we can

rewrite the previous equation as

J(LN)(E —unNE/u) > p(A-,BN Ml/uB) Yu e K*

Now assume that d(y,)(£) > 0 and let € > 0. Let
D, :={u€ K* :d(E—u)N(E/u) >d,(E)*—¢c}
By Corollary 5.14 we have, for any double Falner sequence (Fn)nen,

d(FN)(Ds) > dipy) ({u € K*: p(A_yBNM,,,B) > 1(B)? - 5})
€

=t uB) - u(B)?

3
e+ d1y)(E) = dpp)(E)?

5.3 Proof of the affine ergodic theorem

In this section we will prove Theorems 5.11 and 5.12 and Corollary 5.14. Throughout this
section let K be a countable field, let (€2, B, 1) be a probability space, let (Ty)gea, be a
measure preserving action of Ax on Q and let (Fv) be a double Fglner sequence on K.

Let H = L?(Q, ) and let (Uy)ge 4, be the unitary Koopman representation of Ag (this
means that (Uyf)(z) = f(g7'x)). By a slight abuse of notation we will write 4, f instead
of Ua, f and M, f instead of Uy, f.

Let P4 be the orthogonal projection from H onto the subspace of vectors which are
fixed under the action of the additive subgroup S4 and let Py; be the orthogonal projection
from H onto the subspace of vectors which are fixed under the action of the multiplicative

subgroup Syy.
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We will show that the orthogonal projections P4 and Pj; commute, which can be
surprising considering that the subgroups S4 and Sjp; do not. The reason for this is that

for each k € K*, the map My : K — K is an isomorphism of the additive group.
Lemma 5.15. For any f € H we have
PaPyf = PuPaf

Proof. We first prove that for any k € K*, the projection P4 commutes with M. For this

we will use Theorem 2.50, Lemma 3.8 and equation (3.1):

M P = M| lim A, = lim M A,
k Af (N—)oo ’FN| uezF:N f) N—oo |FN| UGEF:N k f
dm IFNI > ApuMyf = i \F7| > AuMyf = PAMf

u€F N u€kFN

Now we can conclude the result:

N—o00 ‘FN’ u€Fy uEFy

Py Paof = hm > MyPsf =Py ( lim IFN\ > M, f) = PoPyf
O

Lemma 5.15 implies that Py; P4 f is invariant under both S, and Sjs. Since those two
subgroups generate Ay, this means that Py; P4 is the orthogonal projection onto the space
of functions invariant under Ag.

Let P: H — H be the orthogonal projection onto the space of functions invariant under
the action of the group Ax. We have P = PoPy; = Py Py.

We can now prove the Hilbert space version of the ergodic theorem:

Theorem 5.4. Let K be an infinite countable field, let (Ug)gea, be a unitary representation
of Ak on a Hilbert space H, let [ = {f € H: (Vg € Ak) Ugf = [} be the invariant subspace
and let P : H — I be the orthogonal projection onto I. Then for any f € H and any double

Folner sequence (Fn)nen in K we have

lim > Umea_f=Pf

N—o0 |FN| wEFy
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In particular, the limit exists.

Proof. We assume first that Pof = 0. For v € K*, let a, = M,A_,f. Then for each

b € K* we have

(aup, au) = (MuwA-wf, MyA_uf)
= (MyA_wf, A—uf)
= (A_wf, MypA_uf)
= (A_wf, A_uppMijpf)
= (A_yp-1m)f, Mipf)

where we used equation (3.1) and the fact that the operators are unitary. Now if b # +1

then b — 1 = -1

(——FN> is again a double Fglner
sequence on K, by Lemma 3.8. Thus, applying Theorem 2.50 we get (keeping b # +1 fixed)

Jim IFNI > {aw au) = <A}g}100 Fyl > A up-) f,M1/bf>

ueFy ueFn

. 1
= <z\}£noo\FN] Z AufaMl/bf>

= (Paf.Mipf) =0

Thus it follows from Proposition 2.53 that

lim MA_,f=0
N—oo ’FN| uezl;N

Now, for a general f € H, we can write f = fi + fo, where fi = Paf and fo = f — Paf

satisfies P4 fo = 0. Note that f; is invariant under A,. Therefore

lim —— M, A_ lim M,A_
N—oo [Fiy| u;jv wA-uf N-oo |Fy| u;:N wA-ufi
= lim —— M,
N—oo |FN‘ uEXF:N Ufl
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Remark 5.16. Theorem 5.4 can be interpreted as an ergodic theorem along a sparse subset

of Ak (namely the subset {M,A_, :u € K*}).

Proof of Theorem 5.11. Let B € B. By Theorem 5.4 applied to the characteristic function

1p of B we get that

I (A_,BNM,,,B) = li A_u 1M, 1pd
N |FN\UEEF:N " M) N |FNU§/ el
— 1 MuA_y15)15d
NS |FN\U§ / B)Lpdy
_ /Q(PlB)lgdu

We can use the Cauchy-Schwartz inequality with the functions P1g and the constant func-

tion 1, and the trivial observation that P1 = 1, to get
| (PLoY Lyt = [ PLaIR = (PLp. 1) = (L, P12 = (15, 1)? = u(B)?
Putting everything together we obtain

lim (A_ BN M > u(B)?

O]

Proof of Theorem 5.12. Let B,C € B. By Theorem 5.4 applied to the characteristic func-

tion 15 of B we get that

lim (A_uBN M, ,C) = lim /A WMy led
N IFNI HEEF:N/J 1/uC) N IFN\ UEEF: My uloap
= lim / (M,A_,1B)1cd
N |FN|U§ 5)lody

_ /Q(Plg)lcdu

Since the action of Ag is ergodic, P1p = u(B), and hence

li o 3 (AL B M) = w(B) [ 1odp = w(B)u(C)
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Proof of Corollary 5.14. Let B,C C B be arbitrary and observe that

For each € > 0 let D, be the set D, := {u € K : u(A_,B N M ;,B) > n(B)? —€}.

Now let (Fy)nen be a subsequence of (Fy)yen such that

Thus d(py)(De) = d(FN)(DE) = J(FN)(DE)' By Theorem 5.11, we now have

p(BY = lm 3 p(ALBOMy,B)

ueFn

= lim —— Y u(A_,BnNM,;,B)

UEFN

1
= lim — ( Z M(A_HB N Ml/uB) + Z ,U(A—uB N Ml/uB>)
ueFNND. ueF’N\DE

< M(B)UZ(FN)(DE) + (u(B)? —¢)(1 - d () (De))

= M(B)Q(FN)(DE) + (N(B)Z - 5) (1 - d(FN)(Ds))

From this we conclude that d(p,y(D:) > ¢/ (5 + u(B)(1 - u(B)))

Now assume that the action of A is ergodic. Note that trivially u(A—, BN M, ,,C) <
(M ;,C) = pu(C). For each ¢ > 0 let D. be the set D :={u € K : u(A_,B N M,,,C) >
W(B)u(C) — ).

Now let (FN) NeN be a subsequence of (Fy)nen such that

BT |D€ N FN|
dipy)(De) = A}gnoo W
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Thus d(py) (D) = d(p,)(De) = d( (D). By Theorem 5.12 we now have

1
B)u(C) = lim — A_,BnNM,C
uBWC) = Jim e UEZFN ( 1/uC)
1
= lim — u(A_yB N My,,C)
N—o0 |FN’ ug;zv /
. 1
= ]\}gnoo |F ’ Z “(AfuB N Ml/uc) + Z /L(AfuB N Ml/uc))
N1 \uefynp. u€FN\De

< M(C)J(FN)(Ds) + (u(B)u(C) —¢) (1 - Q(FN)(DE))
= wWC)d(py)(De) + ((B)u(C) — &) (1 — d(py)(De))

From this we conclude that d(g,(D:) > ¢/ (z-: +p(C)(1— ,LL(B))) Switching the roles of B

and C we obtain Equation (5.6). O

Remark 5.17. Note that the lower bound on dp,(D:) does not depend on the set B, only

on the measure u(B). Moreover, it does not depend on the double Folner sequence (Fy).

5.4 An application of the coloring trick

In this section we give a proof of Theorem 5.5. We start by giving a more precise statement:

Theorem 5.18. For any finite coloring K = |J C; there exists a color C;, a subset D C K
satisfying J(FN)(D) > 0 and, for each w € D, there is a set D, C K also satisfying

J(FN)(DU) > 0 such that for any v € D,, we have {u,u+ v,uv} C C;.

The proof of Theorem 5.18 uses the fact that sets of recurrence (cf. Definition 2.51) are
partition regular (Lemma 2.52). For other similar applications of this phenomenon see for

instance [Ber86], the discussion before Question 11 in [Ber96] and Theorem 0.4 in [BM96].

Proof of Theorem 5.18. Let K = C7 U Cy U ... U Cys be a finite partition of K. Assume
without loss of generality that, for some r < 7/, the upper density J( Fy)(Ci) is positive for
i=1,...,r and (Z(FN)(Ci) =0fori=r+1,..7.

For a set C C K and each u € C define the set D,(C) = (C — u) N (C/u). Let
D(C) = {u € C :d(py)(Du(C)) > O}. We want to show that for some i = 1,..., we have
d(ry) (D(C7)) > 0.
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If for some 1 < i < r we have d(p,)(D(C;)) = 0 but D(C;) # @, we can consider the

more refined coloring obtained by distinguish D(C;) and C; \ D(C;). Since
D(Ci\ D(Cy)) € (Ci\ D(Cy)) N D(C;)

we conclude that D(C; \ D(C;)) = @. Thus, without loss of generality, we can assume
that either D(C;) = & or J( Fn)(D(C;)) > 0. Therefore it suffices to show that for some
i=1,...,r we have D(C;) # @.

For each i = 1,...,r let R; = {MyA_, : uw € C;} C Ax and let R = Ry U ... UR,.
We claim that R is a set of recurrence. Indeed, given any probability preserving action
(Q, 1, (Ty) ge Ay ) of A and any measurable set B C  with positive measure, by Theorem
5.11 we find that the set {u € K* : u(A_,B N M, B) > 0} has positive upper density. In
particular, for some u € C1U...UC, we have that u(M,A_,BNB) = u(A_,BNM,,,B) > 0.
Since M, A_, € R we conclude that R is a set of recurrence.

By Lemma 2.52 we conclude that for some i = 1,...,r the set R; is a set of recurrence.
We claim that D(C;) # @.

To see this, apply the correspondence principle (Theorem 3.24) with X = K, G = Ay,
Gn = Fn and E = C; to find a probability preserving action (7,)gea, of Ax on some

probability space (€2, 1) and a measurable set B C ( satisfying pu(B) = J( Fy)(Ci) and
d_(FN) (A_UCZ N Ml/ucz> > u (TAﬂLB N TMl/uB)
for all u € K*. Since R; is a set of recurrence, there is some u € C; such that

0 < p(Taua ,BNB)=p(Ta BT, B)

< J(FN) (A_uCZ N Ml/uCZ) = d_(FN)(Du(CZ))

We conclude that u € D(C;), hence J(FN)(Di) > 0.
Let D = D(C;) C C; and for each u € D let D,, = D,(C;). Now let v € D,,. Then we

have u + v € C; and uv € C;. We conclude that {u,u + v,uv} C C; as desired. O
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5.5 Finite intersection property of sets of return times

In this section we study isometric anti-representations® (Ug)geay of the affine semigroup Ag
of a ring R on a Hilbert space H (this means that (Uy¢, Ugt) = (¢,v) and Uy(Up¢) = Upgd
for any g, h € Ar and ¢,9 € H).

Recall that if G is a semigroup and (Uy)geq is an isometric (anti-)representation of G
on a Hilbert space H, then a vector ¢ € H is called compact if the orbit {Usp: g € G} CH
is pre-compact in the norm topology. The set of compact vectors forms a closed subspace.

When G is the additive sub-semigroup S4 of the affine semigroup Ag, we denote the
orthogonal projection onto the space of compact vectors by V4 and when G is the multi-
plicative sub-semigroup Sy, of the affine semigroup Ag, we denote the orthogonal projection
onto the space of compact vectors by Vjs. Our main ergodic-theoretic result is the following
analogue of Theorem 5.4, with Cesaro averages (which are unavailable in our current situ-

ation) replaced with limits along ultrafilters p € G = AMZ N MMZ (see Definition 3.11).

Theorem 5.19. Let R be an LID (see Definition 3.1), let H be a Hilbert space and let
(Ug)geAy be an isometric anti-representation of Ar on H. Then, for any ¢, € H and

p € G (see Definition 3.11) we have
p- 111511<Au¢a Muw> = <VA¢7 VM¢>
In this section we will always work under the assumptions of Theorem 5.19.

Projection onto the space of compact vectors

We have the following result:

Lemma 5.20. If p € G (see Definition 3.11) and ¢ € H then

Vo =p- liin My, in the topology of weak convergence

3We deal here with anti-representations instead of (a priori more natural) representations because a
measure preserving action (Ty)seq of a non-commutative semigroup G induces a natural anti-representation
of G by isometries on the corresponding L? space. Of course, the results obtained in this section hold true
for isometric representations as well.
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If p e AMZ and k € R* then
Vagp =p- 1111}1 Apu® in the topology of weak convergence.

Proof. Since p € MMZ, the first equality follows* from Corollary 4.6 on [Ber03]. By the
same corollary we have that V¢ = ¢- thLn A, ¢ for every additive minimal idempotent ¢.
It follows from Lemma 3.16 that p-lim Ag,¢ = kp-lim A, ¢. In view of Lemma 3.15 we
u u

have that kp € AMZ. Since the map ¢ — ¢-lim A, ¢ is continuous we conclude that
u

p-lim Agy¢ = kp-lim Ay¢ = Vag

O
Lemma 5.21. For every ¢ € H we have VaViod = VarVao.
Proof. Let p € G. For each k € R*, it follows from Lemma 5.20 that
MyVag = M, (p-lim A,) = p-lim My Ay6 = p-lm Ag, Myg = VaMyo
Therefore
VarVaf = p-im MiVad = p-lim Vadlio = Va (p-lim My ) = VaVio
O

In view of Lemma 5.21, the operator V := V4 V), is an orthogonal projection. This gives
the following simple corollary of Lemma 5.21 which will be needed in the proof of Theorem

5.8 below.

Corollary 5.22. Let ¢, € H and assume that Ugp = 1 for every g € Ag. Then

(o, ) < W) - (Vag, Vo)

“In [Ber03] the results are stated and proved for groups only, but it is easy to check that the proofs work
for discrete semigroups as well (as is observed in the first paragraph after the remark following Theorem 4.1
in [Ber03]).
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Proof. We have

1012 - (Vad, Vard) = [[611 - (Vb, 6) =[] - [V
> (Vo) = |6, V) |* = (6, 4)]

2
where the inequality follows from Cauchy-Schwarz inequality. O

Dealing with V¢

The scheme of the proof of Theorem 5.19 is as follows: first we decompose ¢ = V¢ +
¢+ (where ¢~ = ¢ — Va¢) into its ‘additively compact’ and ‘additively weak mixing’
components. Observe that, since V4 is an orthogonal projection, V4(Va¢) = Va¢ and
Va¢t = 0. The two main steps are to show that p-lim, (A, Vad, M) = (Vag, Vash) and

that p-lim, (A, Vagt, My1) = 0. In this subsection we deal with the first step.

Lemma 5.23. Let ¢ € H be additively compact (i.e. such that Va¢ = ¢). Then for any
peG
p-lim [Aué — 6l| = 0

In other words, for all € > 0 the set S :={u € K : ||Ay¢ — ¢|| < e} is DC*.

Proof. From the definition of V4, the orbit closure X = m of ¢ is compact.
Hence it follows from Lemma 2.55 (applied to the system (X, (Ay)ucr)) that S intersects
non-trivially every IPg set in (R,+). Invoking Theorem 2.29 it follows that S intersects
every piecewise syndetic set in (R*, x). Since every DC set is central (and hence piecewise

syndetic, according to Corollary 2.33) in (R*, x), it follows that S is DC*. O
Lemma 5.24. For allp € G and ¢, € H we have
p- (A, (Vag), Muth) = (Vad, Var)

Proof. We will assume, without loss of generality, that ||¢]|, ||| < 1. In view of Lemma

5.20 we have

p-1m(Vag, M) = (Vad, (p-lim M) ) = (Vag, Vare))
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Therefore, for every € > 0, the set

belongs to p.
Applying Lemma 5.23 with V¢ we get that the set So :={u € R: ||[A,Vap — Vao| <

£/2} is also in p. Using the Cauchy-Schwarz inequality we have that for any u € Sy

’<VA¢7 Mlﬂb) - <AuVA¢7 Mu¢>‘ < g

Finally let S := 51 NSy € p and let v € S. We conclude that

’<AUVA¢7 Mu¢> - <VA¢7 VM¢>’ <e

which finishes the proof. O

Dealing with ¢~ when R is a field

We now turn our attention to the weak mixing component ¢ := ¢ — V4. Dealing with
this component in the general case requires some technical steps which obscure the main
ideas. In order to clarify these ideas we restrict our attention in this subsection to the case
where R is a field; the general case is treated in the next subsection. (Of course the results
of this subsection also follow logically from the results in the next one.)

We will use the following version of the van der Corput trick.

Proposition 5.25 (cf. [BMO07, Theorem 2.3]). Let p € G, let H be a Hilbert space, let
(ay)uer* be a bounded sequence in H indexed by R*. pr-li£n<abu,au> =0 forallb in a

co-finite subset of R* then p-lima, = 0 in the weak topology of H.
u

Lemma 5.26. Let K be a field, let H be a Hilbert space, let (Ug)gea, be a unitary anti-
representation of Ax on H and let ¢, v € H, where we assume that Va¢- = 0. Then, for
all p € G we have

p- liQ?(Au(bL, Mu¢> =0
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Proof. Observe that, since we deal with an anti-representation, the distributive law (see
(3.1)) takes the form
Ay M, = MyAy, (5.7)

for any v € K and u € K*. Let a, = Ml/uAugbL. Then for all b € K \ {—1,0,1}, using

(5.7) and the fact that isometries preserve scalar products we have

<aub7au> = <M1/ubAub¢l7Ml/uAu¢J_> = <Au(b71/b)¢LaMb¢L>
Therefore, it follows from Lemma 5.20 that for every p € G we have
p-lim{ayp, au) = <P-1131Au(b_1/b)¢L,Mb¢L> = (Vagt, Myp™) =0
By Proposition 5.25 we conclude that p-lim M; /uAung‘ =p-lima, = 0. Hence we have
u u

p—h&n(AuqﬁL,Mu@Z)) = p‘hin<M1/uAu¢va>

= (p-lim My, Ay, ) = 0

Dealing with ¢* when R is a general LID

In this subsection we extend the scope of Lemma 5.26 from the previous sub-section to the

case when we have a general LID (not necessarily a field). Namely, we will prove:

Lemma 5.27. Assume R is an LID, let H be a Hilbert space, let (Ug)gca, be an isometric
anti-representation of Ag on H and let ¢, € H. Assume that Vi~ = 0. Then, for all
p € G we have

p-lim(Au¢, M) =0

In the proof of this lemma we will need a few facts about isometric anti-representations
of Ar. First observe that, unlike the case when R is a field, M, is not necessarily invertible.
Thus its adjoint M, (defined so that (M,¢,v) = (¢, ML) for all ¢, € H) may not be in
Apr. However, since A,, is invertible (and hence unitary) we have the following distributivity

relation:
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Lemma 5.28. Under the assumptions of Lemma 5.27 we have
ApMI = MTFA,
Proof. We have, for any ¢,9 € H

(A ML o, ) = (¢, MyA_ o)) = (¢, A_y Myb) = (MI Ay, ).

This implies the identity in question. O

Another difficulty which is present in our current context is the fact that the composition
M, M is not necessarily the identity map. The following lemma allows us to circumvent

this difficulty when R is an LID.

Lemma 5.29. Under the assumptions of Lemma 5.27, there exists an orthogonal projection

P :H — H such that for every ¢ € H we have
p-lim |M,MT¢ — Pl =0

Proof. Let P, = M,MZ. Since M, is an isometry, P, is the orthogonal projection onto the
image of M,. Observe that, in particular, the image of P, ,, is contained in the image of
each P, 1=1,2.

Let {r1,rg,...} be an arbitrary enumeration of the elements of R* and let u,, = []i; ;.
Let S, be the image of M, , so that P, is the orthogonal projection onto S,,. Note that
Sn+1 C Sp. Let S =, Sy and let P : H — S be the orthogonal projection. Let Ey be an
orthonormal basis for S and, for each n > 1 let E,, be an orthonormal basis for Snﬂ(SnH)L.
Thus E = {J,,>¢ By is an orthonormal basis for H. Write ¢ in terms of the basis F as
¢ =Y 050 Yeek, Cee- For a fixed € > 0 let m € N be such that 3,5, Y .cp, |ce|* < 2.

Next, let u be in the ideal u,, R. We have that the image of P, is contained in the image

of P, ,so P h € S, and hence

P,p = Zcee—i— Z Z cce = P+ Z Z Ce€

e€Ey n=meeck, n=meeck,

Therefore ||P,¢ — P¢|| < . Since the ideal u,, R has finite index as an additive group,

it follows from Lemma 3.13 that it belongs to p. We conclude that p-lim M, MT¢ =

p-lim P,¢ = P¢ in the strong topology, as desired. O
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Finally, we need a strengthening of Lemma 5.20.

Definition 5.30. Let R be an integral domain, let b € R and let p € SR. Assume that
bR € p. Given a sequence (x,)ycr in a compact space X we define p-lim,, z, /b to be the

point x € X such that for every neighborhood U of z, the set {u € bR : z,, € U} € p.

Lemma 5.31. Let R be an LID, let p € G and let k,b € R*. For any unitary anti-
representation (Ug)gea, of the semigroup Ar on a Hilbert space H and any ¢ € H we
have

p- lilltn Apup® = Vad in the weak topology

Proof. First observe that the p-lim is well defined since the ideal bR has finite index in R,
p belongs to the closure AMZ of the additive minimal idempotents and hence, in view of
Lemma 3.13, bR € p.

It follows from Lemma 3.16 that p-lim, Ay, ¢ = kp-lim, A, /,¢. Since, in view of
Lemma 3.15, kp € AMZI, we can and will assume that k = 1. Next, let ¢ = b~ 'p be the
ultrafilter defined so that £ € ¢ <= bFE € p. It follows from Lemma 3.15 that ¢ € AMT.

Therefore, it follows from Lemma 5.20 that for any » € H and ¢ > 0 the set
E={u€R:|[(Ap—Vap,¥)| <e}€q

We conclude that

bE = {u € bR : [(Ay ¢ — Vag, )| <e} €p

We can now give a proof of Lemma 5.27:

Proof of Lemma 5.27. Denoting by M the adjoint of M,, we can write (A,¢", M) =
(MT A,¢t, ), so the lemma will follow if we show that p-lim M A,¢" = 0 (in the weak
topology). To do this we will use the van der Corput trick (Proposition 5.25), and so it

suffices to show that

p_ngmMg;Aub&, MIA oty =0  VYbe R\ {-1,0,1} (5.8)
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Since the operator A, is unitary we can rewrite the inner product in (5.8) as
(M Ao, My Aug™) = (A MM Aud™, ¢7).

By (5.7) we have A_, M, = M, A_,2 (recall this is an anti-representation). Also, assuming

that u € bR and evoking Lemma 5.28 we conclude that
(M Auwd™, My Aud™) = (MuMyg Ay —upp @™ &) = (Aupuppd™ MyMa M ¢7)

By Lemma 5.31 we have that p-lim Aub_u/bqu = V¢t = 0 in the weak topology.
By Lemma 5.29 we have that p-lim, M, M, M ¢* exists in the strong topology. Thus
we conclude that p—lim(Aub,u/b)qbl, MyM, MT¢+) = 0, which gives (5.8) and finishes the
proof. O

Proofs of 5.19 and some corollaries

We have now gathered all the ingredients necessary to prove Theorem 5.19:

Proof of Theorem 5.19. Let ¢+ = ¢ — Va, so that Va¢p+ = 0. Using Lemmas 5.24 and

5.27 we deduce that

b- hm<Au¢7 Mui/)) =p- hm<AuVA¢a Mu¢> + <AU¢L7 Mu¢> = <VA¢)’ VMI/)>

As a corollary we now deduce Theorem 5.8.

Proof of Theorem 5.8. Let R be an LID, let (§2, ) be a probability space, let (Ty)geca, be
a measure preserving action of Ag on Q, let B C €2 be a measurable set and let £ > 0. We

need to show that the set
R(B,¢) := {u € R:u(A,'BN M, 'B) > u(B)* - 5}

is DC*.

101



Let H = L?(Q, ) and, for each g € Ag, define the operator (Uy¢)(z) = ¢(T,z). Observe
that UyUp, = Upg, so this induces an isometric anti-representation (Uy)gc 4, of Agr in H.

Let B C Q. Observe that
1Tg_13(a:) =1 << TyweB < 1g(Tyax) =1 <= Uylp(z) =1

Therefore u(A;'BN M, 'B) = Jo Aulp - My1pdp = (Aylp, Mylp). It follows from Theo-

rem 5.19 that for any € > 0 the set
{ue R: (A5, M,15) > (Valp, Vilp) — ¢}
is DC*. Finally, it follows from Corollary 5.22 (applied with ¢ = 15 and 1) = 1) that
(Valp, Vilg) > u(B)>.
O

Observe that Theorem 5.6 easily follows from Theorem 5.8. Indeed, given p € G it
follows from the definition of DC* sets and Theorem 5.8 that R(B;,d) € p for every i.
Therefore also the intersection R = R(B1,d) N--- N R(By, §) belongs to p. Since p € G was
arbitrary, it follows that R is itself a DC* set. Finally, Remark 3.23 implies that R must
be affinely syndetic.

We now present the main combinatorial corollary of Theorem 5.8:

Theorem 5.32. Let K be a countable field and let R C K be a sub-ring which is a LID.
Let E C K with J(FN)(E) > 0 for some double Folner sequence (Fy) and let € > 0. Then

the set
{u €R: CZ(FN)((E —u)N(E/u)) > J(FN)(E)Q — 5} (5.9)

is DC* and, in particular, affinely syndetic in R.

Proof. Using the correspondence principle (Theorem 2.8 in [BM16a]) one can construct a
measure preserving action (T)4e 4, of Ag on a probability space (2, B, 1) and a set B € B

such that p(B) = d(p,)(E) and, for each u € K*

dipyy (B —u) N (E/u)) > p(A;' BN M, ' B)
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The result now follows from Theorem 5.8. O

One can deduce parts (2) and (3) of Theorem 5.9 from Theorem 5.32 using the fact
that for any finite partition of a countable field, one of the cells of the partition has positive
upper density with respect to a double Fglner sequence. Then using that cell C; of the
partition as F, for any element n of the (non-empty) set defined in (5.9) and for any z in
the (non-empty) intersection (C; —n) N (C;/n) we have {x +n,zn} C C;.

To deduce part (1) of Theorem 5.9, one needs an additional fact:

Proposition 5.33. The subset N of the ring Z belongs to every non-principal multiplicative

idempotent.

Proof. Let p € BZ be a non-principal multiplicative idempotent. Assume, for the sake
of a contradiction, that N ¢ p. Then —N € p = pp, which by definition implies that

{ne€Z*: —N/n € p} € p. Observe that

N ifne-N
—N/n={a€Z":an € —N} =
—-N ifneN
Therefore {n € Z* : =N/n € p} = N ¢ p, which is the desired contradiction. O

To deduce part (1) of Theorem 5.9 one applies Theorem 5.32 with K = Q, R = Z and
FE being a cell of the partition with positive upper density with respect to a double Fglner
sequence. The set S defined by (5.9) is DC* in Z, which means that for any p € G we
have S € p. Since any p € G is a non-principal multiplicative idempotent, it follows from
Proposition 5.33 that also N € p, and therefore SN N € p and hence is non-empty. For any
n in that intersection the set (E —n) N (E/n) is non-empty and any z in this intersection

yields {z +n,an} C E.

5.6 Notions of largeness and configurations {zy,z +y} in N

In this section we discuss notions of largeness which guarantee the presence of configurations

of the form {z + y,zy}. In the next chapter we will show that for any finite partition of
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the natural numbers, one of the cells of the partition must contain such a configuration
(and indeed significantly more general configurations), however there is no analogue of
Theorem 2.23 in the affine setting and hence it is not clear which notion(s) of largeness
imply the existence of such a configuration (we are being purposefully vague about the
term "notion of largeness" to accommodate any potential candidate). The understanding
of which notions of largeness imply the presence of {x + y,zy} patterns would likely lead
to new results on partition regularity of other configurations, for instance by combining it
with procedures similar to those employed in Section 5.4.

It is a trivial observation that the set of odd numbers in N or in Z does not contain
pairs {z + y,zy}. Therefore, additively syndetic sets (i.e. sets which are syndetic with
respect to the additive semigroup) do not contain, in general, configurations {z +y, zy}. It
is thus somewhat surprising that multiplicatively syndetic subsets in any integral domain

do contain such patterns:

Theorem 5.34. Let R be an infinite countable integral domain and let S C R* be multi-
plicatively syndetic (i.e. syndetic as a subset of the semigroup (R*,-)). Then S contains

(many) pairs of the form {x +y,zy}.

Proof. Let F C R* be a finite set such that R* = (J,cp S/n (the existence of such F' is
equivalent, by definition, to the statement that S is multiplicatively syndetic). Thus R* is
finitely partitioned into multiplicative shifts of S and hence there exist (many) a,b € R*
such that a + bF C S 5. Since ab € R* = J,,cp S/n, there exist some n € F such that

abn € S. We conclude that {a 4 bn,a(bn)} C S as desired. O

While it is not hard to see that there exist partitions of N or Z with none of the cells
of the partition being multiplicatively syndetic, it is a classical fact that for any finite
partition of a semigroup, one of the cells is piecewise syndetic. One could then hope
that any multiplicatively piecewise syndetic subset of R* contains a pattern {z + y,zy}.

Unfortunately, the next example refutes this assertion.

5This can be easily proved with the help of the Hales-Jewett theorem. Alternatively, one may combine
Proposition 2.39 with Lemma 2.22.
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Theorem 5.35. There exists a set E C N which is additively thick and multiplicatively
thick (and so, in particular, E is a multiplicatively piecewise syndetic subset of N) but does

not contain a pair {x +y,zy} with x,y > 2.

Proof. Let (pn) be a sequence of primes such that p; = 5 and, for each N € N, we have

pN+1 > 4(Npy)* For each N € N, let
Eon_1 = pn|[1, N] and Fon = [(Npn)? +1,2(Npn)? — 3]

where we use the notation [a,b] to denote the set {a,a + 1,...,b}. Let E = JEN. It
follows directly from the construction that E is additively thick as a subset of either N or
Z and is multiplicatively thick as a subset of N. Moreover, E U (—FE) is a multiplicatively
thick subset of Z*. Since N is a multiplicatively syndetic subset of Z*, it follows that E is
a multiplicative piecewise syndetic subset of Z*.

We first show that no set Eoy contains a pair {x+y,zy}: assume that a = x+y € Ean
and z,y > 2. Let b= zy. Then b > 2(a — 2) > 2[(Npn)? + 1 —2] = 2(Npn)? — 2, 50 b is
too large to be in Eay.

Next we show that no set Esxn_1 contains such a pair. Assume zy € FEon_1, say
xy = npn, then without loss of generality we have x = pyd and y = n/d for some divisor
d of n. But then x + y < py(d + 1) because n/d < N < py. Hence x +y ¢ Fon_1.

For each N € N we have (max Eoy_1)? = (Npn)? < (Npy)? + 1 = min Eoy and
(max Ean)? = (2(Npn)? — 3)? < 4(Npy)* < pny1 = min Ean 1. Fix a pair 2,y € N with
both x,y > 2, let a = zy and b = = + y. We observe that b < a < (b/2)2.

Ifbe E,say b € E,, then minE, < b < a < (b/2)? < [(max E,)/2)? < min E,, 41 so
a can not be in E,, for any m # n. Since we already showed that a ¢ E, (otherwise E,

would contain {b,a} = {x+y,zy}), we conclude that a ¢ E and this finishes the proof. [

We observe that the complement £ = N\ F of the set constructed in Theorem 5.35 is
also rather large. In particular d(E) = 1, where, as usual, for a subset S C N, d(S) denotes
its upper density (see (2.3)). The next result shows that sets having upper density 1 are
large not only additively, but also multiplicatively.
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Theorem 5.36. Let E C N satisfy d(E) = 1. Then E is affinely thick.

Proof. Since d is the upper density with respect to an additive Fglner sequence, it is not
hard to see that d((E —n) N E) = 1 for any n € N. We claim that also d((E/n) N E) =1
for any n € N.

Assuming the claim for now, let F' = {¢1,...,9x} C Ay be an arbitrary finite set. We
can write each g; as the map ¢; : * — a;z + b;. Let Ey = E and, for each i = 1,... k, let
A; = ((Biz1 —bi)NE;—q) and E; = ((4;/a;) N A;). Tt follows by induction that each of the
sets Fj;, A; satisfies d(E;) = d(A;) = 1. Take z € Ej, we will show that g;(z) € E for every
i. Indeed, z € By, C E; = ((Ai/ai) N A;), so ajxz € A; = ((Ei—1 — b)) N E;_1) and hence
a;x + b; = gi(z) € E;—1 C E as desired.

Now we prove the claim. We will write [1,z] to denote the set {1,2,..., x|}, where
|| is the largest integer no bigger than z.

Let n € N and take £ > 0 arbitrary. For some arbitrarily large N € N we have

eN
EN(1,N 1-— | N=N—-—
ENLN) > (1- ) =

This implies that

>7_7

]nEﬁ[l,N]|:‘Eﬂ[ H JZ ZJZ

Using the general fact that [ X UY |+ | X NY| = |X|+|Y]| we deduce that nENEN[1, N] =
(nEN[1,N])N(EnN][1,N]) has cardinality

nENENLN]| = |[EN[LN]|+[nEN[LN]| = |(nEN[L,N])U(EN]LN)
> NN NNy
- 2n n 2n
= —(1-¢)

Dividing by n (and observing that every number in the intersection nE N E N [1, N] is

divisible by n) we deduce that

|[EN(E/n)N[1,N/n]|=[nENEN[1,N]| >

3\2

(1-¢)

As N can be taken arbitrarily large and ¢ arbitrarily small we conclude that d(EN(E/n)) =
1, proving the claim. O
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It is clear that, for any y € N, any affinely thick set contains configurations of the form
{z + y,zy}. This observation applies, in particular, to the complement E of the set E
constructed in Theorem 5.35.

Recall now the notion of DC set (see Definition 3.11) and observe that for any finite
partition of N one of the cells is a DC' set. It follows from Corollary 2.33 that any DC' set is
both additively piecewise syndetic and multiplicatively piecewise syndetic. For a partition
of N into two cells, one has the following dichotomy: either one of the cells has upper density
1 (in which case Theorem 5.36 assures us that it contains configurations {x + y,zy}) or
both cells have positive lower density. In view of this observation we make the following

conjecture:

Conjecture 5.37. Let £ C N be additively and multiplicatively piecewise syndetic and have

positive lower density. Then E contains many configurations of the form {x + y, zy}.

While Conjecture 5.37 implies that for any partition of N into two cells, one of the cells
contains many configurations {x + y, zy}, the property of having positive lower density is
not stable under partitions. Indeed it is not hard to construct a partition of N into two sets,
both with 0 lower density. However, for any finite partition of a DC set, one of the cells is
still a DC set. Observe that the example E constructed in the proof of the Theorem 5.35
can be split into two sets £ = E4 U Ejy such that E4 is additively thick, but has density
0 with respect to any multiplicative Fglner sequence, and Fj; is multiplicatively thick but
has density 0 with respect to any additive Fglner sequence. Therefore E is very far from

being a DC set. This observation leads to the following conjecture:
Conjecture 5.38. Fvery DC set in N contains a configuration {x + y,zy}.

Observe that Conjecture 5.38 is a strengthening of the fact (implied by Theorem 1.5)
that any finite coloring of N yields a monochromatic pair {z + y,zy}. Assuming Conjec-
ture 5.38 is true, the additional knowledge it provides, potentially coupled with a coloring

trick similar to the one used in Section 5.4, may allow one to solve Conjecture 1.4.

107



5.7 Some concluding remarks

Iterating Theorem 5.10 one can obtain more complex configurations. For instance, if £ C

K* is such that d(p,(F) > 0, then there exist x,y € K* such that

diry) (B =2)n(B/) = y) 0 ((E-2)n(B/2)/y)) =

dipyy (E—z—y) N (E/x—y) N ((E—=2)/y) N (E/(zy)) > 0

In particular there exist z,y,z € K* such that {z +y + =, (2 + y)z, 2y + =, zyz} C E.

Iterating once more we get z,vy, z,t € K* such that

(t+2)+y)+o (E+2)+y) xz (E+z)xy)+z ((E+2)xy) xa B
(Exz)+y)+o ((Exz)+y)xz ((Exz)xy)+z ((Exz)xy)xz
More generally, for each k € N, applying k times Theorem 5.10 we find, for a given set

E C K* with J(FN)(E) > 0, a finite sequence xg, 2, ..., £} such that

(...(((xoolxl)02562)033:3)...)oka:kGE

for each of the 2F possible choices of operations o; € {+, x}. Note that the sequence
xo, ..., £ depends on k, so we do not necessarily have an infinite sequence xg, x1, ... which
works for every k (in the same way that we have arbitrarily long arithmetic progressions
on a set of positive density but not an infinite arithmetic progression).

This pattern obtained by iteration should be compared with the (less general) patterns
obtained below in Theorem 6.2 (if one restricts the functions involved to be projections on
some coordinate). We remark that such an iterative procedure is not available in the setting
of Theorem 6.2 because of the lack of a notion of largeness responsible for the presence of

the monochromatic patterns.

Note that the stipulation about arbitrarily ‘large’ in Theorem 5.5 is essential since we want

to avoid the case when the configuration {z + y,zy} degenerates to a singleton. To better

explain this point, let x € K, x # 1 and let y = -%=. Then 2y = = + y and hence the

r—1
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configuration {x + y, xy} is rather trivial. We just showed that for any finite coloring of K
there are infinitely many (trivial) monochromatic configurations of the form {z + y, zy}.
Note that our Theorem 5.18 is much stronger than this statement, not only because we have
configurations with 3 terms {x,z + y, zy}, but also because for each of "many" x (indeed
an affinely syndetic set of x’s) there exist "many" y (indeed an affinely syndetic set of y’s)

such that {z,z + y, zy} is monochromatic.

Our main ergodic result (Theorem 5.11) raises the question of whether, under the same
assumptions, one has a triple intersection of positive measure u(B N A_,B N M, /uB) >0
for some v € K*. This would imply that, given any set £ C K with J( Fy)(E) > 0, one can
find u,y € K* such that {y,y + u,yu} C E. Using the methods of Section 5.4, one could

then show that for every finite coloring of K, one color contains a configuration of the form

{u,y,y + u,yu}.

On the other hand, not every set £ C K with ci( Fy)(£) > 0 contains a configuration
{u,y,y+u,yu}. In fact, in every abelian group there exists a syndetic set (hence of positive
density for any Folner sequence) not containing a configuration of the form {w,y,y + u}.
Indeed, let G be an abelian group and let y : G — R/Z be a non-principal character
(a non-zero homomorphism; it exists by Pontryagin duality). Then the set E := {g € G :
x(g) € [1/3,2/3)} has no triple {u, y, y+u}. However it is syndetic because the intersection
[1/3,2/3) N x(G) is syndetic in the group x(G). (This is true and easy to check with x(G)

replaced by any subgroup of R/Z.)
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CHAPTER 6

POLYNOMIAL RAMSEY FAMILIES IN LIDS

In this chapter we present recent work from [Mor] on polynomial Ramsey families in LID

rings. Our main result is Theorem 6.2 below.

6.1 Introduction

Very recently we established in [Mor] that the family {z + y,zy} is Ramsey in N, settling
an old open problem and establishing an important step towards solving Conjecture 1.4 or

even Conjecture 5.1. More generally, we obtain the following.

Theorem 6.1. Let s € N and, for eachi =1,...,s, let F; be a finite set of functions N* — N
such that for all f € F; and any x1,...,x;—1 € N, the function x — f(x1,...,z;-1,2) is a

polynomial with O constant term. Then the family
{IEO"-IES}U{330-".’13]'+f(l‘j+1,...,$i) 0<j<i<s, f€ Fifj}
is Ramsey in N.

In particular, taking s = 1 and F} = {z — 0,2 — x} consisting only of the zero function
and the identity function, we obtain Theorem 1.5.

Our method from [Mor| works equally well in the scope of general LID rings.

Theorem 6.2. Let R be a LID, let s € N and, for each i = 1,...,s, let F; be a finite
set of functions R® — R such that for all f € F; and any z1,...,2;_1 € R, the function

x> f(x1,...,25-1,2) is a polynomial with O constant term. Then the family

{xo--~xS}U{x0-~-xj—|—f(a:j+1,...,xi):0§j<i§3,f€Fi_j}
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is Ramsey in R.

As an illustration of the applications of Theorem 6.2, setting s = 5 in Theorem 6.2
and letting each F; consist only of the function f; : (x1,...,2;) — 21 ---x;, we obtain the

following (aesthetically pleasing) Ramsey family.
Example 6.3. The following family is Ramsey:

X
Ty, rT+y
TYZ, T +yz, Ty + 2

xyzt, T + yzt, xy + zt, zyz +1

ryztw, x4+ yztw, zy—+ ztw, zyz+tw xyzt+w

Theorem 6.1 can also be used to obtain new partition regular equations:

Corollary 6.4. Let k € N and ¢1,...,cx € Z\ {0} be such that ¢y +---+cx = 0. Then for
any finite coloring of N there exist pairwise distinct ag,...,ar € N, all of the same color,
such that

cla% +---+ ckai = ayp.
In particular, setting k = 2 and ¢; = 1, ¢cg = —1, we deduce:

Corollary 6.5. For any finite coloring of N there exists a solution a,b,c of the equation

a’® — b = c with all a,b and c of the same color.

Note that the similar equation a? —b = c is not partition regular (cf. [CGS12, Theorem

3]).
Our proof of Theorem 6.2 proceeds by first transferring the problem to the language of

topological dynamics using the correspondence principle (Theorem 3.25). We are then left

to prove the following:

Theorem 6.6. Let (X, (Ty)gca,) be an Ag-topological system with a dense set of additively

minimal points, and assume that each map Ty : X — X is open and injective. Let s € N
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and, for each i = 1,...,s, let F; be a finite set of functions R® — R such that for all
f € F; and any x1,...,x,—1 € R, the function x — f(x1,...,2;—1,x) is a polynomial with
0 constant term. Then for any open cover U of X there exists an open set U € U in that
cover and infinitely many s-tuples x1,...,xs € R such that
un ﬂ ﬂ ijJrl"‘stf(ijrlw-’zi)U # O
0<j<i<s feF;_;

The proof of Theorem 6.6 uses ideas developed in [BM16a] and presented in Chapter 5
together with a “complexity reduction” method inspired by [BL96].

The proof of Theorem 6.2 can be made elementary; to illustrate this, we present in
Section 6.4 a short and purely combinatorial proof of Theorem 6.1 which is independent from
the rest of this chapter. While strictly speaking Theorem 6.2 does not directly apply to N
(since N is not a ring and hence not a full-fledged LID) the same proofs apply simultaneously
to Theorems 6.1 and 6.2. To avoid repetition, we chose to present a dynamical proof of
Theorem 6.2 and a combinatorial proof of Theorem 6.1, but of course one can also obtain
a dynamical proof of Theorem 6.1, as was done in [Mor], as well as a combinatorial proof

of Theorem 6.2 (in [Mor]| we only a combinatorial proof of the special case Theorem 1.5).

6.2 Reducing Theorem 6.2 to a dynamical statement

In this section we reduce Theorem 6.2 to its dynamical formulation, Theorem 6.6.
The proof of Theorem 6.6 is presented in Section 6.3. In order to derive Theorem 6.2
from its topological counterpart we will make use of the affine topological correspondence

principle, Theorem 3.25.

Proof of Theorem 6.2. Let s € N and, for each ¢ = 1,...,s, let F; be a finite set of
functions R — R such that for all f € F; and any z1,...,2i—1 € R, the function
x — f(x1,...,zi-1,2) is a polynomial with 0 constant term. Let R = C; U ---UC,
be a finite coloring of R. We need to show that there exists a color C' € {Cy,...,C,}
and (infinitely many) s + 1-tuples zg,...,zs € R such that zy---zs € C and, for every
0<j<i<sand f e F_j, we have x1---x; + f(zjq1,...,25) € C.
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We append to F the zero function f : R® — {Ogr} if necessary. Invoking Theorem 3.25
and then Theorem 6.6, we find a color C' and (infinitely many) s-tuples x1,...,xs € N such
that the intersection

cn () () MayyeAfayinanC (6.1)

0<j<i<s feF;_,
is non-empty. Take z in the intersection (6.1) and observe that x € x1---2,C (letting
j=0,i=sand f =0). Therefore z¢ := z/(x1 ---x5) € C (and in particular is an integer).

Finally, for 0 < j <i < sand f € F;_;, we have z € zj41-- xs(C — f(Tj1,...,24)),

SO xo---xj+f(xj+1,...,xi) :x/(xj+1-~xs)—i—f(xjﬂ,...,xi) eC. O

6.3 Proof of Theorem 6.6

We will make use of a version of the polynomial van der Waerden theorem of Bergelson and
Leibman in general abelian groups (Corollary 2.44).

We recall that the proof of the polynomial van der Waerden theorem in [BL96] is derived
from a topological statement. While this topological statement (namely, [BL96, Theorem
C]) is only proved for metrizable spaces, it is remarked in [BL96, Proposition 1.10] that the
result holds in the non-metrizable setting, either by running a similar proof or by applying
the combinatorial version of polynomial van der Waerden directly. We use the second
approach to derive the following corollary, which is a dynamical version of Corollary 2.44

in the form we will use.

Corollary 6.7. Let R be a LID, let (X, (Tg)geay) be an Ar-topological dynamical system,
and assume that X contains a dense set of additively minimal points. Let F C Rx] be a
finite set such that p(0) = 0 for all p € F. Then for any nonempty open set U C X there

exists n € R such that

M AU # 2

peEF
Proof. Let y € U be an additively minimal point, and let Y = {A,y : n € R} be its additive

orbit closure. Since (Y, (A, )ner) is a minimal topological system, the union J,, A,U covers
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Y, and by compactness there exists » € N and ni,...,n, € R such that the finite union
Ui—1 An, U covers Y. We define a coloring x : R — {1,...,7} of R by letting x(n) be such
that Apy € A, U.

We invoke Corollary 2.44 (with —F') to find some ¢ € {1,...,r} and x,n € R such that

x(z — p(n)) =t for every p € F. In other words, A y € Ay, U for all p € F and hence

z—p(n)

Az—ny € Apnyu for every p € F'. We conclude that
Aa:—nty € m Ap(n)U7
peEF

proving the intersection to be non-empty. O

Outline of the proof

There are two main ingredients in the proof of Theorem 6.6. One is a “complexity reduction”
technique similar to the one used by Bergelson and Leibman in [BL96] to prove the poly-
nomial van der Waerden theorem (and also used in [BM16¢, Lemma 8.5]). The other main
ingredient is a fact about the algebraic behaviour of the expression g : n+— M, Ag,) € Ag
discovered (and explored) in [BM16a] and [BM16b], namely that the “multiplicative deriva-
tive” n +— g(nm)g(n)~! becomes a purely additive expression whenever f is a polynomial.
This fact is also the heart of Theorem 5.4 and Theorem 5.19 above.

Before we delve into the full details of the proof of Theorem 6.6 in the next subsection,
we explain the main steps of the proof in the special case when R =7, s =1 and F} is a
singleton consisting only of the map x — —xz. In other words, we will show that for any
finite cover of a nice Az-topological system X, there is a set U in the cover and some y € Z
such that U N MyA_,U # & (after applying the correspondence principle this special case
corresponds essentially to Theorem 1.5).

The idea is to construct a sequence (B,,) of non-empty open sets of X, each contained

inside some member U, of the open cover, such that

Vn<m, Jy=y(n,m)ez", MyA_yB, D Byp,. (6.2)
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—y3y2ys

Figure 6.1: Construction of the sequence (B;,)

Assuming we construct such sequence, since the open cover is finite we can find n < m for
which both B,, and B,, are contained inside the same member U of the open cover; it then
follows from (6.2) that U N M, A_,U # @, finishing the proof.

The construction of the sequence (B,,) is natural and is illustrated by Figure 6.1: starting
with an arbitrary non-empty open set By, we find some y; such that By N A_,, By # @
(such y; exists since By contains some additively minimal points), and then we “push”
that intersection by M, to create By := My, (Bo N A_y, By). In particular, (6.2) holds for
n = 0,m = 1 with y = y;. For the next step, we start similarly: assume ys € Z is such
that By NA_,,B; # @. As long as we take By C M,,(B1 N A_,,B1), we will indeed have
By ¢ My, A_,,B; (and hence (6.2) holds for n = 1 and m = 2). Next we need to force By
to satisfy (6.2) for n = 0 and m = 2. Since we know how to control the “multiplicative
derivative” of the expression M,A_,, we seek to obtain (6.2) with y(0,2) = y1y2; in other

words, we want Bo C My, 4, A_y, 4, Bo. Putting both conditions together, we are left to find
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y2 € N so that
M,, (B1N A*yQBl) a My1y2A*y1yQBO # 9.

Applying Mygl it suffices to make B1NA_y, B1NM,, A_y, 4, Bo # 9. Using the distributivity

law (3.1), we have that My, A_, ,, = A M,,, and since M,, By D M, we see that it is

—y3y2

sufficient to find yo € N such that
BN AnyBl N AfyfygBl 75 .

The existence of such a ys € Z is a consequence of Corollary 6.7, so setting By :=
My,(BiNA_,BiN Ay, Bj) we have successfully constructed By and yo satisfying (6.2)
whenever n < 2.

Proceeding in this fashion we can construct the sequence B,,, each time invoking Corol-

lary 6.7 to choose y,, € Z so that

B, = Myn (Bn—l N A—yan—l N A_yr%— B,_1N---N A_y%”yi_lyan_l)

1Yn

is non-empty. One can see, using the distributivity law (3.1), that (6.2) indeed holds with

y(n,m) = yYny1- - Ym. For instance, to see why My,y.y, A—yoysy. B1 D Ba, observe that

My2y3y4A—y2y3y4Bl = My4A MysMyzBl - My4A B3 C By.

—y2y2ys —y2y3ys

Proof of Theorem 6.6

Let (X, (Ty)geay) be an Ag-topological system with a dense set of additively minimal
points and assume that each map 7, : X — X is open and injective. Let s € N and, for
each i = 1,...,s, let F; be a finite set of functions R — R such that for all f € F; and
any ri,...,x;—1 € R, the function x — f(x1,...,2z;-1,2) is a polynomial with 0 constant
term. Let U be an open cover of X. We need to find U € U and infinitely many s-tuples
Z1,...,Ts € R such that

un () [ MeeacAfa el # 9. (6.3)

0<j<i<s feF;_;
Since X is compact, we can find a finite subcover Uy, ..., U, of U with each U; # &.
We will construct, inductively, four sequences:
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o (tn)n>o0 in {1,...,7},

e (Yn)n>1 in R injective,

e (By)n>0 of non-empty open subsets of X,
o (Dy,)n>1 of non-empty open subsets of X,

such that B,, C Uy, (the set D,, corresponds to the smaller circle inside B,,_; in Figure 6.1).
It will be convenient to denote by y(m,n) € R the product y(m,n) := Ym+1Ym+2 - - - Yn for
any 0 < m < n, with the convention that the (empty) product y(n,n) equals 1.
Initiate tp = 1 and By = U;. Using Corollary 6.7 we find y; € R such that
Dy :=BoN () ApBo # 2.
fer
Since Uy,...,U, forms an open cover of X and M, : X — X is an open map, we can
find t; € {1,...,r} such that By := M,, D1 N Uy, is open and nonempty. Next we invoke

Corollary 6.7 again to find y» € R such that

Dy := BN ( n Af(yz)B1 mAylf(ylw)Bl) N ( m Aylf(yl,yz)Bl) # 2.

fer fer
We then choose ta € {1,...,7} such that By := M,y,Dy N Uy, # @. The third step of the
iteration becomes a little more complicated. Using Corollary 6.7 one more time we find

y3 € R such that

D3 := By N ( ﬂ Af(ys) B2 N Ay, f(yays) B2 N Ayly2f(yly2y3))
fer

N ( ﬂ Ay2f(y2,y3)B2 N Ay1yzf(yly27y3)B2 N Ay1y2f(y17y2y3)B2)
fer

n ﬂ Ay i1 92w B2 | # 9.
feFs
We then choose t3 € {1,...,r} such that Bs := M,,Ds N Uy, # .
In general, for n > 2, assume that (t,)"_, (ym)"y, (Bm)"ZY and (D)™} have

been constructed. For each i € {1,...,s} and each f € F;, we define the collection G, (f)
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of all functions g : R — R of the form

gz y(m17n - 1)f(y(m17m2)7 y(m27m3)7 ey y(m’ban - 1) : Z)
for any choice 0 < mj < mg < -+ < m; < n. If i > n then we set G,,(f) to be empty.
Observe that each g € G,,(f) is a polynomial satisfying g(0) = 0.
Invoking Corollary 6.7, we can find y, € R satisfying

Dp:=B,an () (] () AgnBn1# 2. (6.4)
i=1 fEF; geGin(f)

Let t, € {1,...,7} be such that the intersection B, := M, D, NU;, # @ (observe that
B,, is open because M, is an open map). This finishes the construction of y,, t,, Dy,
B,,. It is immediate from the construction that B, C U, for every n > 0. Moreover,

B, c My, D, C My, B,_1. Iterating this observation we obtain

vm < mn, B, C My(m,n)Bm‘ (6.5)
Since the sequence (,)n>0 takes only finitely many values, there exists ¢t € {1,...,r}
and infinitely many tuples of natural numbers ng < --- < ng such that ¢,, = t. For each

i€ {l,...,s}, let z; = y(ni—1,n;). We claim that (6.3) is satisfied with U = U, and with
this choice of z;. We will show that the intersection in (6.3) is non-empty by proving that

it contains By,. Since B,; C Uy for every j € {0,...,s}, it suffices to show that

VO<j<i<s, Vfe€Fi;  Bn, CM, Afta, B, (6.6)

G170 Ts

Now fix 0 < j <i < sand f € F;_j. Observe that there exists some g € Gy, (f) such that

y(nj,ni —1)f(xjt1,...,2) = g(yn,). Using (6.5), we conclude

B, C M

y(ni,ns)Bm‘ - My

(ni,ns) Myni Dnl

using (6.4) C My(ni—l,ns)(Ag(yni)Bnifl)

using (65) (- My(nifl,ns)Ag(yni)My(nj,mfl)an

using (3.1) = My(ni,lms)My(nj,nifl)Ag(yni)/y(njvnfl)B”j
= Mojpoa i Af@gienw) By

This proves (6.6) and finishes the proof of Theorem 6.6.
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6.4 An elementary proof

In this section we present an elementary rendering of the above proof of Theorem 6.2. To
keep things slightly more concrete, we prove Theorem 6.1; the proof in this section can be
easily adapted to obtain Theorem 6.2 instead. We remark that, while this proof is short
and essentially self contained, it is, in essence, a combinatorial rephrasing of the dynamical
proof.

We will use the following strengthening of the polynomial van der Waerden’s theorem

which can be obtained by combining Theorem 1.3 with Theorem 2.23.

Theorem 6.8 (cf. [BHO1, Theorem 4.5]). Let E C N be piecewise syndetic, and let F C Z|x]

be finite. Then there exists n € N such that the intersection

En () (E- f(n)

fer

1s piecewise syndetic.

Proof of Theorem 6.1. Let s € N and, for each ¢ = 1,...,s, let F; be a finite set of
functions N° — N such that for all f € F; and any x1,...,2;—1 € N, the function
x — f(z1,...,xi—1,2) is a polynomial with 0 constant term. Let r € N and let N =
C1 U---UC, be an arbitrary coloring of N. We need to find ¢ € {1,...,r} and (infinitely

many) Zg,Z1,...,Ts € N satisfying
{xg -z} U {:Uo-~-xj + f(zjq1,...,2):0<j<i<s, fe Fi_j} C C4. (6.7)
As above, we will construct inductively four sequences:
e an increasing sequence (yp)n>1 of natural numbers,
e two sequences (By,)n>0 and (Dy,),>1 of piecewise syndetic subsets of N,
e a sequence (ty)p>0 of colors in {1,...,7},

such that B, C Cy, for every n > 0.
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It will be convenient to denote by y(m,n) € N the product y(m,n) ‘= Ymt1Ym+2 - Un
for any 0 < m < n, with the convention that the (empty) product y(n,n) equals 1. Initiate
by choosing tg € {1,...,r} such that C}, is piecewise syndetic (using Lemma 2.22), and let
By := Cy,.

Assume now that n > 1 and that we have already defined (,,)™ %, (ym)™ 2, (Bm)" Y
and (D,,)"—}. For each i € {1,...,s} and each f € F;, we define the collection G,,(f) of

all functions g : N — N of the form

g:z—y(mi,n—1)f(y(mi,ma), y(ma,ms), ..., y(min—1)-2)

for any choice 0 < mj; < mg < -+ < m; < n. If i > n then we set G,,(f) to be empty.
Observe that each g € Gy, (f) is a polynomial with rational coefficients satisfying g(0) = 0.
We apply Theorem 6.8 to find y,, € N such that

Dui=Baat (N N (Bact - 9(0) (65)

i=1 feF; geGn(f)
is piecewise syndetic. Observe that y, D, is also piecewise syndetic, and therefore Lemma 2.22
provides some t,, € {1,...,r} such that B,, := vy, D,NCy,, is piecewise syndetic. This finishes
the construction of the sequences.

Note that B,, C y,D, C y,B,_1; iterating this fact we obtain
V0<m<n, B, C y(m,n)Bp,. (6.9)

Since the sequence (ty)n>0 takes only finitely many values, there exists t € {1,...,r}
and infinitely many tuples of natural numbers ng < --- < n, such that ¢,, = ¢. For each i €
{1,...,s}, let z; = y(n;—1,n;). Also, let £ € B,,_ be arbitrary and let zp := Z/(z122 - - - ).
Observe that, in view of (6.9), g € By, and in particular is an integer. Moreover, (6.9)
also implies that any initial product zg---z; € By;.

We claim that (6.7) is satisfied with this choice of ¢ and x;, which will finish the proof.
Since xg - - - x5 = & was chosen to belong to B, C C}, all that remains to prove is that for

every 0 < j <i < s andevery f € F;_y,

xo-"xj+f(:vj+1,...,xi) e Cy (6.10)
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Observe that there exists some g € Gy, (f) such that y(n;,n; — 1) f(zj11,...,2:) = g(Yn,)-

We have
Tjy1- '901'(960 eyt f<$j+17 cee 7xz)) = Zo' T+ ynig<yni)

€ B, + Yn,9(yn,)
C YniDny + Yn9(Yn,)
C Yn;Bn,—1
C  Yny(njni —1)B;
= Tjp1 2B
C xj1- Gy

Dividing by xj41 - - - x; we obtain precisely (6.10). O

Remark 6.9. As an alternative approach, one could replace piecewise syndetic sets with
sets having positive upper density and replace the polynomial van der Waerden’s theorem

with (a suitable form of) the polynomial Szemerédi’s theorem in [BM9G].

6.5 Applications to Ramsey theory

In this section we derive some corollaries of Theorem 6.1, by specifying values of s and sets
of functions F; of interest.

By letting s = 1 in Theorem 6.1 we obtain the following result:

Corollary 6.10. Let k € N and let f1,..., fx € Z[z] satisfy f¢(0) =0 for each £. Then for

any finite coloring of N there exist x,y € N such that the set
{zy, 2+ fi(y), - 2+ fu(y)}
is monochromatic.

Observe that by putting fi(y) = 0, the monochromatic configuration in the previous
corollary contains x.
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In a different direction, letting s be arbitrary but requiring each F; to consist of only

the zero function and the function f;(x1,...,2;) = x1 - - x; we deduce:

Corollary 6.11. For any s € N and any finite coloring of N, there exist xg,...,xs € N

such that the set

J J i
{ngzogjgs}u{nmg—i—ng:0§j<i§s}
/=0

(=0 (=j+1

18 monochromatic.

Observe that we do not require that each function f € F; in Theorem 6.1 be a polynomial
in all its variables (but only in the last variable). In particular, we obtain the following

examples:
Example 6.12. The following are Ramsey families:
1. {z,z+y,zy,xyz,x + z, 2 + 2Y};
2. {z,zy,zyz,x + f(y)z} for any function f: N — Z;
3. {z,zy, xyz, xyzt,x + 2¥, x + 7, x + f(y)t9®)} for any functions f,g: N — N.
Finally, we prove Corollary 6.4 from the introduction.

Corollary 6.4. Let k € N and c1,...,c; € Z\ {0} be such that ¢c; +---+ ¢, = 0. Then for
any finite coloring of N there exist pairwise distinct aq,...,ar € N, all of the same color,
such that

c1a? + -+ + cpai = ag. (6.11)

Proof. Consider the quadratic polynomials

k k-1
p(t) ="M+ 06)%,  qt) = coll+ ) + (1 + 2kt)2.
=1 =1

Both have rational coefficients and a root at ¢ = 0. On the other hand, the derivatives

k k—1
) =2> leg(L+0t), ¢ (t) =2 Leg(1+0t) + dkey(1 + 2kt)
/=1 /=1
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can not both vanish at ¢ = 0. Therefore at least one of these polynomials must have a
second root at some t € Q \ {0}. Assume p has a second root (an analogous argument
works in the alternative case). Letting d be the denominator of ¢ and u, = d(1+ ¢t) for each
¢=1,...,k, we now have pairwise distinct uy,...,u; € Z such that ciu? + --- + cku% =0.
We can also assume that ciu; + -+ + cpup # 0 by changing some nonzero uy into —uy if
necessary.

Let b = 2(cius + - - -+ cpug). Let x : N — {1,...,r} be an arbitrary finite coloring of N

and define a new coloring ¥ of N in r + b — 1 colors by:

} x (%) if n is divisible by b
X(n) =

r 4 (n mod b) otherwise

where n mod b € {0,1,...,b — 1} is the remainder of the division of n by b. Next apply
Corollary 6.10 to find z,y € N such that the set {z,zy,x + y,x + w1y,...,z + upy} is
monochromatic with respect to ¥.

Observe that, in view of the construction of the coloring ¥, all the numbers z, zy, x +y

share the same congruence class modulo b, which implies that both x and y are divisible by

b. We deduce that the set {x—by, x+;fly, e :Hgky} consists of integers and is monochromatic
with respect to x. Letting ag = 2¢ and a, = ¥ for £ = 1,...,k, we have the desired
relation (6.11). O
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