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Abstract

In this thesis, we study the growth of Sobolev norms of global solutions of solutions
to nonlinear Schrodinger type equations which we can’t bound from above by energy
conservation. The growth of such norms gives a quantitative estimate on the low-to-
high frequency cascade which can occur due to the nonlinear evolution. In our work,
we present two possible frequency decomposition methods which allow us to obtain
polynomial bounds on the high Sobolev norms of the solutions to the equations we are
considering. The first method is a high regularity version of the I-method previously
used by Colliander, Keel, Staffilani, Takaoka, and Tao and it allows us to treat a wide
range of equations, including the power type NLS equation and the Hartree equation
with sufficiently regular convolution potential, as well as the Gross-Pitaevskii equation
for dipolar quantum gases in the physically relevant 3D setting. The other method
is based on a rough cut-off in frequency and it allows us to bound the growth of
fractional Sobolev norms of the completely integrable defocusing cubic NLS on the
real line.
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Chapter 1

Introduction

1.1 (eneral setup

Nonlinear Dispersive Partial Differential Equations model nonlinear wave phenomena
which arise in various physical systems, such as the limiting dynamics of large Bose
systems [92, 103], shallow water waves [79], and geometric optics [103]. These are non-
linear evolution equations whose solutions spread out as waves in the spatial domain
if no boundary conditions are imposed. The most famous examples of nonlinear dis-
persive PDE are the Nonlinear Schrodinger equation (NLS), the Korteweg-de Vries
equation (KdV), and the Nonlinear wave equation (NLW). A key feature of these
equations is that they are Hamiltonian, and hence they possess an energy functional

which is formally conserved under their evolution.

The tools used to study nonlinear dispersive PDE come from harmonic analysis
and from Fourier analysis. If one studies the equations on periodic domains, one also
has to apply techniques from analytic number theory, as was first done in the work
of Bourgain [9]. All of these tools are primarily used in order to understand the dis-
persive properties of the linear part of the equation. These dispersive properties are
manifested through an appropriate class of spacetime estimates known as Strichartz
estimates, as we will recall below. A family of Strichartz estimates in the non-periodic

setting was first proved in the work of Strichartz [98], and the endpoint case was re-
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solved by Keel-Tao [69]. In the work of Bourgain [9], Strichartz estimates were proved
in the periodic setting. An appropriate use of Strichartz estimates and a fixed point ar-
gument allows one to obtain local well-posedness in the critical or sub-critical regime!.
In sub-critical regime, if one also has an a priori bound coming from conservation of
an energy functional, one can easily obtain global well-posedness. Key contribu-
tions to the study of the Cauchy problem for nonlinear dispersive PDE were made
by Ginibre-Velo [50, 51|, Lin-Strauss [81], Kato [67], Hayashi-Nakamitsu-Tsutsumi
[62], Cazenave-Weissler [29], Kenig-Ponce-Vega [72], and Bourgain [9]. These results
mostly concern the subcritical regime. There has also been a substantial amount of
work done in the critical regime. Global existence results were proved in the energy-
critical regime, by Struwe [102], Grillakis [57, 58], Shatah-Struwe [94], Kapitanski
[66], Bahouri-Shatah [3], Bahouri-Gérard [2], Bourgain [16], Nakanishi [88, 89], Tao
[105], Kenig-Merle [70], Ryckman-Visan [91], Visan [109], Colliander-Keel-Staffilani-
Takaoka-Tao [37], and in the mass-critical regime by Tao-Visan-Zhang [107], Killip-
Visan-Zhang [76], Killip-Tao-Visan [74], Dodson [43, 44, 43].

Our work has focused on studying the qualitative properties of global solutions
in the case of the NLS equation. The property that we want to understand is the
transfer of energy from low to high frequencies. More precisely, we want to start
out with initial data which are localized in frequency, and we want to see how fast
a substantial part of the frequency support can flow to the high frequencies under
the evolution of the NLS. As we will see below, one way to quantify this frequency

cascade is through the growth in time of the high Sobolev norms of a solution wu.

1.2 Statement of the problem

1.2.1 The NLS Cauchy problem

Given s > 1, we will consider the following general NLS Cauchy problem:

!The criticality of the equation is determined by scaling.
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iug + Au=K(u),z € X,t e R
(1.1)
u(z,0) = ®(z) € H*(X).

Here, u = u(x,t), X is a spatial domain, ¢ is the time variable, K is a nonlinearity,
and H®(X) is the Sobolev space of index s on X. We will not study the general

problem (1.1), but we will specialize to two possibilities in the spatial domain:
(i) X =T¢ (Periodic setting).
(i) X = R?¢ (Non-periodic setting).

We will restrict our attention to d < 3. For the nonlinearity K (u), we will typically

consider two main types:

(i) K(u) = |u/*u, for some k € N (Defocusing algebraic nonlinearity of degree

2k +1).
(i) K(u) = (V * |u]*)u, for some function V : X — R (Hartree nonlinearity).

Here % denotes convolution in the z-variable: f*g(z) = [y f(y)g(z — y)dy. We note
that the first nonlinearity is local, i.e its value at a point  depends only on the value
of u at z, whereas the second nonlinearity is non-local. Some K (u) we will consider

will be combinations and modifications of the algebraic and Hartree nonlinearities.

1.2.2 Conserved quantities

All the models we will consider will have conserved mass given by:

M(u(t)) = /X lu(z,t)|*dx. (1.2)
and conserved energy given by:
E(u(t)) = %/X \Vu(x,t)|*dz + /X P(u(x,t))dx. (1.3)

15



The part P(u(z,t)) depends on the nonlinearity. We note that P(u) = |*6+2 for

Sl
the algebraic nonlinearity of degree 2k + 1 and P(u) = $(V * [u|?)|u|? for the Hartree
nonlinearity. The first term in E(u(t)) is called the kinetic energy and the second
term is called the potential energy. In all of the models that we will be studying, the
potential energy will be non-negative. We call this type of problem defocusing. One

|?*~1y. For such

can also study the focusing in which the nonlinearity K(u) = —|u
problems, energy is non longer necessarily a non-negative quantity. In this work, we
will restrict our attention to the defocusing problem though.

The fact that mass and energy are conserved can be formally checked by differen-
tiating under the integral sign. A rigorous justification requires a density argument

which uses the well-posedness of the Cauchy problem. An overview of these ideas is

given in [106].

1.2.3 Global existence and a uniform bound

Existence of solutions to (1.1) locally in time can be shown by using a fixed point
argument [50, 81]. Since the initial data lies in H', one can use the conservation of
mass and energy, as well as the fact that the potential energy is non-negative, one can
deduce the existence of global solutions From the conservation of mass and energy
and the non-negativity of the potential energy, it follows that the H! norm of a global
solution is uniformly bounded in time [50, 51, 29, 9]. Namely, the following bound
holds:

[u(®)][mr < C(P). (1.4)

1.2.4 Low-to-high frequency cascade

We will be interested in obtaining bounds on the H*® norm of a solution. We recall

that:

[u(t)]

e = ( / e, 1)) F (15)
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Here = denotes the Fourier transform on X, and the domain of integration is R? when
X = R? and it is Z? when X = T?. If we combine Plancherel’s Theorem and the

conservation of mass (1.2), it follows that the quantity:

[NIE

([ fatera)® (16)

is constant in t. Hence, the area under the graph of the function & — |u(€,t)]? is

the same for all times ¢. By (1.5) and (1.6), it follows that the growth of ||u(t)|

He
for s > 1 gives us a quantitative estimate how much of the frequency support of u,
i.e. support of & — u(&,t), has shifted to the high frequencies, i.e to the set where
|€] > 1. The latter phenomenon is called the low-to-high frequency cascade or forward
cascade. We must note that it is not possible for the whole frequency support of u to
transfer to the high frequencies by (1.4). Hence, the growth of high Sobolev norms
effectively estimates how much a only a part of the frequency support of u has moved
to the high frequencies. We note that this problem sometimes also goes under the
name of weak turbulence or wave turbulence and it has been studied since the 1960s
in the physics literature [60, 82, 117], and in the mathematical literature [6, 7]. The
latter two papers were based on methods from probability theory. In the 1990s, the
problem was also studied numerically [83]. The aim of all of the mentioned works
is to obtain a statistical description of the forward cascade mechanism in weakly

interacting dispersive wave models.

1.3 Previously known results

Suppose that u is a solution of (1.1). One can immediately obtain exponential bounds
on the growth of Sobolev norms by iterating the local-in-time bounds coming from
the local well-posedness of the equation. The main reason is that the increment time
coming from local well-posedness is determined by the conserved quantities of the
equation. More precisely, one recalls from [9, 15, 106] that there exist § > 0 and

C > 1 depending only on the initial data such that for all times ty:
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[[ulto + 0)|| s < Cllulto)|l - (1.7)
We iterate (1.7) to obtain the exponential bound:
)15+ o e (18)

It is, however, possible to obtain polynomial bounds. This was achieved for other
nonlinear Schrodinger equations in [12, 27, 98, 99, 118]. The main idea in these papers
was to modify (1.7) to obtain an improved iteration bound by which there exists a
constant r € (0,1) depending on k, s and J§,C' > 0 depending also on the initial data

such that for all times t:

lu(to + )1z < llulto)llrs + Cllulto) 7" (1.9)

In [12], (1.9) is proved by the Fourier multiplier method, whereas in [98, 99], this
bound is proved by using fine multilinear estimates. The key to the latter approach
was in the use of smoothing estimates similar to those used in [73]. A slightly different
approach, based on the analysis from [22], is used to obtain the same iteration bound
in [27, 118].

One can show that (1.9) implies:

1
T

[u@)lzs Sso (14 [2])7- (1.10)

A slightly different approach to bounding ||u(t)]

g is given in [13]. In this work, one
considers the defocusing cubic NLS on R? and by an appropriate use of Strichartz
estimates, it is shown that, given ® € H'(R3), one obtains the following uniform

bound on the localized Sobolev norms for the solution wu:

[u(®)]

i < C(®) (1.11)

loc,x

Here | /]

ms(r), where || - [[gsry denotes the

Hp, (R3) ‘= SUP;cps ris a unit cube 1f]
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corresponding restriction norm. However, the local bound (1.11) can be improved to

a global one by using the results from [35] below, as we will see.

For certain NLS equations, one can deduce uniform bounds on |lu(t)|gs from
scattering results. We recall that in the context of the NLS equation, the equation

(1.1) is said to scatter in H* if, for all & € H*, there exist uy € H® such that:

lim ||u(t) — S(t)us| g = 0. (1.12)

t—+oo

where S(t) denotes the free Schrodinger evolution operator. By unitarity of S(-) on
H*, it follows that (1.12) implies that ||u(t)| g+ is uniformly bounded. Several H*®'-
scattering results have been shown NLS-type equations in [35, 37, 42, 43, 44, 75].
From H?'-scattering, one can deduce H°®-scattering if the initial data lies in H®, for
any s > sy. This persistence of reqularity result for scattering is sketched in Chapter

4.

Let us note that all of the mentioned scattering results hold on non-periodic
domains. It is not expected to be possible to obtain scattering results on periodic
domains due to weaker dispersion. This fact that L? scattering doesn’t hold was

precisely verified for the defocusing cubic NLS on T? in [39].

Another special situation occurs when the NLS equation is completely integrable.
For our purposes, this means that there exist infinitely many conservation laws, which
in turn give bounds on all Sobolev norms of degree a positive integer. More precisely,
if (1.1) is completely integrable, k& € N, and ® € H*, then |u(t)| g, is uniformly
bounded in time. The most famous NLS equation which is completely is the cubic
NLS on R and on S* = T [84]. Another completely integrable model is the derivative
nonlinear Schrodinger equation (DNLS), which is defined on R as the spatial domain
with the nonlinearity K(u) = i0,(|u/*u) [68]. We note that complete integrability
doesn’t immediately imply that [|u(t)| gs is uniformly bounded when s is not an
integer, and the only assumption that we have on the initial data is that it belongs

to H*.
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1.3.1 The linear Schrodinger equation with potential

The growth of high Sobolev norms also been studied for the linear Schrodinger equa-
tion with potential, namely for a real function V' = V' (z, t), one considers the following
linear PDE:

iuy + Au = Vu. (1.13)

The growth of high Sobolev norms for (1.13) has been studied in [18, 17, 41, 111].
Under rather restrictive smoothness assumptions on V' (for instance, in [18], V is
taken to be jointly smooth in z and ¢ with uniformly bounded partial derivatives
with respect to both of the variables), it is shown that solutions to (1.13) satisfy for
all e >0 and all ¢ € R:

[u(®)]

e Ssae (14 [E])° (1.14)

in [18], and, for some r > 0

[u®)]

o Sow log(1+ [H])" (1.15)

in [17, 111]. The latter result requires even stronger assumptions on V.

The idea of the proof of (1.14),(1.15) is to reduce the problem to one that is
periodic in time and then to use localization of eigenfunctions of a certain linear
differential operator together with separation properties of the eigenvalues of the
Laplace operator on S'. These separation properties can be deduced by elementary
means on S'. In [18], the bound (1.14) is also proved on S? for d > 2. In this
case, the separation properties are proved by a more sophisticated number theoretic
argument.

A different proof of (1.14) was later given in [41]. The argument given in [41] is
based on an iterative change of variable. In addition to recovering the result (1.14)
on any d-dimensional torus, the same bound is proved for the linear Schrodinger
equation on any Zoll manifold, i.e. on any compact manifold whose geodesic flow is

periodic. Moreover, in [110], it was shown that one can even obtain uniform bounds
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on [lu(t)l

ps if one assumes certain spectral properties related to the potential V.
These properties can be checked for the special potential V(x,t) = § cos z cost when
0 < 1 is sufficiently small.

It would be an interesting project to obtain bounds of the type (1.14) for an NLS
equation evolving from smooth initial data. Here, we have to restrict to an NLS
equation for which H®-scattering is not known. Namely, as we noted above, H?*-
scattering implies uniform bounds on ||u(t)||gs. Since one is considering initial data,
one should also consider an NLS equation which is not completely integrable. Hence,
a good model to consider would be the defocusing quintic NLS equation on S'. A

possible approach to deduce (1.14) to substitute V = |u|** into (1.13) and bootstrap

polynomial bounds on ||u(t)|| s by applying the technique from [18] to obtain better
bounds. However, there doesn’t seem to be a simple way to implement this approach.
The reason is that the reduction to the problem which is periodic in time doesn’t
work as soon as one has some growth in time of a fixed finite number of Sobolev

norms.

The problem of Sobolev norm growth was also recently studied in [39], but in
the sense of bounding the growth from below. In this paper, the authors exhibit the
existence of smooth solutions of the cubic defocusing nonlinear Schrodinger equation
on T? whose H® norm is arbitrarily small at time zero and is arbitrarily large at some
large finite time. The work [39] is related to work of Kuksin [80] in which the author
considers the case of small dispersion. By an appropriate rescaling, this can be shown
to be equivalent to studying the same problem as in [39] with large initial data.

Furthermore, if one starts from a specific initial data containing only five frequen-
cies, an analysis of which Fourier modes become excited has recently been studied in
[25] by different methods. One should note that both papers study the behavior of
the high Sobolev norms at a large finite time and that behavior at infinity is still an

open problem.

Let us remark that in the mentioned works it is not clear if the constructed solution

u satisfies limsup,_, ,  [|u(t)||zs = oo for s > 1. The only known constructions of

solutions to nonlinear dispersive PDEs with divergent high Sobolev norms are due
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to Bourgain [10, 11, 12]. In these papers, the KdV, NLS, and nonlinear Wave-type
equation are studied respectively. However, one has to modify the original equations
to look at a spectrally defined Laplacian or nonlinearity. The result in [12] gives a
powerlike lower bound on the growth. The techniques are based on perturbation from
the linear equations. It is not clear how to modify these methods to use them for
the standard dispersive models. Furthermore, we note that if one considers a linear
Schrodinger equation with an appropriate random potential, the H! norm grows at
least like a power of ¢ almost surely [18].

A different way of modifying the NLS equation leads to the cubic Szegd equation:

iug = (|Ju?u),z € SL,t €R
(1.16)

u(z,0) = ®(z) € LA(Sh).
Here, L?(S!) is the closed subspace of L?(S?) of functions having Fourier coefficients
with only non-negative indices, i.e. of the form ), .\ fre™* and IT : L*(S') — L% (S")

is the projection operator:

H(Z ape™”) = Z ape™.

keZ keNg

The operator II is called the Szegd projection.

The analogous instability result to the one obtained in [39] for the equation (1.16)
was recently obtained by Gérard and Grellier in [47] by using methods from complex
analysis. It is also shown that (1.16) is completely integrable. On the other hand,

there is no dispersive term in the equation, so the instability result is not unexpected.

1.4 Main ideas of our proofs

The main step in all of our proofs is to obtain a good iteration bound, based on an
appropriate frequency decomposition. The iteration bounds we will use will usually
not be as dependent on the structure of the nonlinearity as the iteration bound (1.9).

As we will see, there will be essentially two different iteration bounds we will use,
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one with a smooth frequency cut-off, and one with a rough frequency cut-off. We
always use the smooth frequency cut-off in the periodic setting, as the smoothness
allows us to compensate for the lack of many dispersive estimates. In the non-periodic
setting, we can use both types of frequency cut-offs, but in practice the rough cut-off
is more useful only in the case of estimating the growth of fractional Sobolev norms

of solutions to completely integrable equations such as the Cubic NLS on R.

1.4.1 The smooth cut-off; the upside-down I-method

We will use the idea, used in [18, 17, 111], of estimating the high-frequency part of the
solution. Let E' denote an operator which, after an appropriate rescaling, essentially
adds the square L? norm of the low frequency part and the square H*® norm of the high
frequency part of a function. The threshold between the low and high frequencies is
the parameter N > 1. With this definition, we want to show that there exist § > 0,
depending on the nonlinearity and spatial domain and §,C' > 0 depending only on ®

such that for all times ¢g:

E'(ulty +6)) < (1+ %)El(u(to)). (1.17)

One observes that (1.17) is more similar to (1.7) than to (1.9). The key fact to
observe is that, due to the present decay factor, iteration of (1.17) O(Nz~) times
doesn’t cause exponential growth in E'(u(t)), as it did for ||u(#)||zs in (1.8). We note
that it is more difficult to obtain the decay factor in the periodic setting, than in the
non-periodic setting.

We take:

E(f) = |Dfll7-- (1.18)

Here D is an appropriate Fourier multiplier. In this paper, we take the D-operator
to be an upside-down I-operator, corresponding to high regularities. We construct D

in such a way that:

IDflr2 < (IS

e S N°IDf - (1.19)
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The operator D is the opposite from the standard I-operator, which was first developed
in the work of Colliander-Keel-Staffilani-Takaoka-Tao (I-Team) [31, 32, 33, 34, 36].The
idea of using an upside-down I-operator first appeared in [33], but in the low regularity
context. The purpose of such an operator is to control the evolution of a Sobolev

norm which is higher than the norm associated to a particular conserved quantity.

We then want to estimate:

d
/EHDu(t)Hizdt. (1.20)
1

over an appropriate time interval I whose length depends only on the initial data.

Similarly as in the papers by the I-Team, the multiplier ¢ corresponding to the
operator D is not a rough cut-off. Hence, in frequency regimes where certain cancela-
tion occurs, we can symmetrize the expression and see how the cancelation manifests
itself in terms of 6, as in [33]. If there is no cancelation in the symmetrized expres-
sion, we need to look at the spacetime Fourier transform. Arguing as in [22, 118],
we decompose our solution into components whose spacetime Fourier transform is
localized in the parabolic region (7 + |£[?) ~ L. In each of the cases, we obtain a
satisfactory decay factor. The mentioned symmetrizations and localizations allow us
to compensate for the absence of an improved Strichartz estimate when working in
the periodic setting. The localization to parabolic regions is particularly useful in the

case of quintic and higher order NLS on S*.

In certain cases, we can add a multilinear correction to the quantity E'(u(t)), as
defined in (1.18) to obtain a quantity E?(u(t)) which is equivalent to E'(u(t)), but is
even more slowly varying, i.e. for which 5 in (1.17) is even larger. The idea is to choose
the correction to be such that 4 E?(u(t)) contains the same number of = derivatives
as L E(u(t)), but that these derivatives are distributed over more factors of u, thus
making E?(u(t)) even more slowly varying. Heuristically, we can view this is a way of
artificially adding more dispersion to the problem. This method is called the method
of higher modified energies, and was previously in the context of a modification of the

[-method in [32, 33]. The method of higher modified energies comes from the general
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principle is reminiscent of the method of Birkhoff normal forms [4, 112] used in KAM
theory. We apply the mentioned method in one and two-dimensional problems, both
in the periodic and in the non-periodic setting. The two-dimensional setting is more

subtle due to orthogonality issues that arise in studying the resonant frequencies.

1.4.2 The rough cut-off

We again start with a threshold N between the low and the high frequencies. Here,
we take the rough projection () defined by:

QF(€) == xje=n f (). (1.21)

The main idea of the method is to look at the high and low-frequency part of the
solution u similarly as in [18], and, in addition, to use the bound on the integral

Sobolev norms that one obtains from the complete integrability. Namely, for k € N:

Ju@®)lle < Bi(@) (1.22)

From (1.22), we can deduce that for all times ¢:

17 = Q)u(t)]

e < C(D)N®. (1.23)

where o 1= s — |s] € [0,1) is the fractional part of s. We note that the power of N
is then in [0,1) and is not s, as in (1.19). We use the estimate (1.23) to bound the
low-frequency part of the solution.

The key is then bound ||Qu(t)|

gs. This is the point at which we have to find the
appropriate iteration bound. We want to show there exists § > 0 depending on the
equation, an increment 0 > 0, and C' > 0, both depending only on the initial data
such that for all ¢ € R, one has:

2o<(1+ L)HQu(to)] s + By (1.24)

|Qu(to + )] .

Here, B; = O(N7, for some v > 0 independent of s. The idea now is to iterate (1.24)
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for times ty = 0,d,...,nd, where n € N is an integer such that n < NA~, and to

telescope to obtain bounds on ||Qu(t)|| gs.

This approach has been used to give bounds on the growth of fractional Sobolev
norms for the defocusing cubic NLS on R. We have been able to derive only on R and
not on S. Our proof relies heavily on the fact that we are working on a non-periodic
domain since we have to use improved bilinear Strichartz estimates, which are known

not to hold in the periodic setting.

1.5 Some notation and conventions

We denote by A < B an estimate of the form A < C'B, for some C' > 0. If C' depends
on d, we write A <, B. We also write the latter condition as C' = C(d). Given a real
number 7, we denote by r+ the number r + ¢, where we take 0 < € < 1. The number

r— is defined analogously as r —e. For 1 < p < oo, we define:

[ fllz ) = (/X !f(x)!pdx)%.

and we write:

1fll e x) == ess supuex!f ()]

Furthermore, given 1 < ¢,r < oo, we write:

lwll Lo rr xxry = IHlw( Ol Lax) oy @)-
If ¢ = r, we observe that this is the norm || - || ¢ (xxr). We usually write the norms
as || - [[z» or || - ||psz; when there is no confusion. Given 1 < p < oo, we define its

Hoélder conjugate exponent 1 < p’ < oo by the formula: % + ]% =1.
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The Fourier transform

Given X = R? or X = T? and f € L?*(X), we define the spatial Fourier transform
by:
Fle) = / @)@ dy. (1.25)
X

When X = R¢, the Fourier transform is defined on R? and when X = T it is
defined on Z?. In this case, we will usually denote the & by n. (-,-) is defined to be
the L%-inner product on R¢, and Z? when X = R? and X = T respectively. A key

fact is Plancherel’s Theorem:

£l ~ 1112 (1.26)

Given w € L*(X x R), we also define the spacetime Fourier transform by:

(e, ) = /X /R w(w, e @O=t gy (1.27)

Sobolev spaces
Let us take the following convention for the Japanese bracket (-) :

(x) == /1+ |x|% (1.28)

Let us recall that we are working in Sobolev Spaces H®* = H*(X) on the the domain

X, whose norms are defined for s € R by:

/]

e = ( / Fo)ae)®. (1.29)

where f: X — C. Let us define H*(X) := ., H*(X).
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Free Schrodinger propagator

We let S(t) denote the free Schrodinger propagator. Namely, given ¢ € L?(X), the

solution to:

iug + Au=0,z € X,teR

u(x7 O) = ¢<x)

(1.30)

is denoted by wu(z,t) = (S(t)¢)(x). By using the Fourier transform in z, one can
check that:

(S()8) (&) = e " g(¢). (1.31)

From Plancherel’s Theorem (1.26), it follows that S(t) acts unitarily on L2-based

Sobolev spaces.

X*b spaces

An important tool in our work will also be X** spaces. These spaces come from the

norm defined for s,b € R:

oo = / (€)% (7 + |2V |a(e, 7) Pdrde) . (1.32)

ul

where u : X xR — C. The X*° spaces can be defined for general dispersive equations
and are sometimes also called Dispersive Sobolev spaces. These spaces were first
used in their present form in the work of Bourgain [9]. A similar type of space was
previously used in the study of the one-dimensional wave equation by Beals [5] and
Rauch-Reed [90]. Implicitly, X*° spaces also appeared in the context of spacetime
estimates for null-forms in the work of Klainerman and Machedon [78].

The X*? spaces obey the structure of the linear Schrodinger equation. If S(t) de-
notes the linear Schrédinger propagator as above, then one can check that (S(t)¢) (&, 7)
is supported on the paraboloid 7+ |£|*> = 0. Hence, the X*® norm heuristically speak-

ing measures how far the function u is from being a solution to the free Schrodinger

Xsb = ||S(_t>u||HfH;- It

equation. Furthermore, we can write the X*° norm as: ||u|

there is possibility of confusion, we write X* as X*°(X x R) to emphasize that we
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are working on the spacetime domain X x R.

Littlewood-Paley decomposition

Given a function v € L2 (X x R), and a dyadic integer N, we define the function
vy as the function obtained from v by restricting its spacetime Fourier Transform
to the region |{| ~ N. We refer to this procedure as a dyadic decomposition or
Littlewood-Paley decomposition. In particular, we can write each function as a sum

of such dyadically localized components:

Multilinear expressions

We give some useful notation for multilinear expressions, which was first used in [31].

Let us first explain the notation when X = T<.

For k > 2, an even integer, we define the hyperplane:
Fk = {<n17"'7nk> S (Zd)k B 15 T el 7 :0}7
endowed with the measure §(ny + --- + ng). Given a function My = My(ny,...,ng)

on Iy, i.e. a k-multiplier, one defines the k-linear functional \g(My; f1,. .., fr) by:

I

k
Me(Mii fr- fi) = | Mi(na, - ong) T Fi(ny).
j=1

As in [31], we adopt the notation:

We will also sometimes write n;; for n; + n;, and n,;;, for n; + n; + ny, etc.
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When X = R?, we analogously define:

Tp={(&,....&) € RO &4+ + & =0}

In this case, the measure on I'; is induced from Lebesgue measure d&; - - - d&,_1 on

(R?)k~1 by pushing forward under the map:

(e pomr) = (& G, =6 — - = Gt).

1.6 General facts from harmonic analysis

Strichartz estimates in the non-periodic setting

As was mentioned above, a fundamental tool we will have to use will be the Strichartz

estimates

Theorem 1.6.1. (Strichartz estimates for the Schrédinger equation) We consider
the domain R?, and we say that a pair (q,r) is admissible if 2 < q,r < o0, (q,7,d) #
(2,00,2), and if the following relation is satisfied: %—f—% = g. If (q,7) and (q1,71) are

admissible exponents, then the following homogeneous Strichartz estimate holds:

1S Bl Larr®mixr)y Sdar 19ll22Ra)- (1.34)
In addition, one has the inhomogeneous Strichartz estimate:

|| St = 0Pl Soarae IF] (139
o<t

/ / .
|Lfl Lot (RExR)

The non-endpoint case, i.e. when ¢,q; # 2 was first proved in [53, 114] and was
based on the work of Strichartz [101]. The latter, in turn, was motivated by ear-
lier harmonic analysis results in [93, 108]. The endpoint case ¢,q; = 2 was resolved
in [69]. The reason why the endpoint case is so difficult is that the endpoint ver-

sion of the Hardy-Littlewood-Sobolev inequality that one would like to use doesn’t
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hold. The authors of [69] get around this difficulty by using an appropriate dyadic

decomposition.

In the mentioned papers, the key to prove Theorem 1.6.1 is to use the dispersive

estimate:

1
1S(#) 0| poo(ray S t_gH¢HL}E(Rd)' (1.36)

and combine it with an appropriate TT™* argument. The bound (1.36) is shown as a

consequence of the convolution representation of S(t)¢ and Young’s inequality.

Strichartz estimates in the periodic setting

Strichartz estimates are more difficult to prove on compact domains due to weaker
dispersion. We observe that on a compact domain, the dispersive estimate (1.36)
can’t hold, since we can’t have decay of the L™ norm and conservation of the L2

norm. The local-in-time periodic analogue of (1.34), which is:

)

1S()oll 2 S 191l (ra) (1.37)
Ly,¢  (T4x[0,1])
is known not to hold. In [9], it is shown that, when d = 1 and N € N, one has:

N
inz—in? 1 L
1 Z € tHL?’x(’ﬂ‘x[O,l]) 2 (log N)s Nz,

n=1

Hence (1.37) can’t hold in general. However, some positive results are known. They

either require ¢ to be smaller than @ or that the function ¢ be localized in fre-

quency. In the latter case, one obtains a loss of derivative on the right-hand side of

the inequality. More precisely, the bounds that one could expect are:

2(d+2)

. (1.38)

HS<t)¢||L§’x('J1‘d><[O,1]) S ||¢||Lg(qrd), when ¢ <
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d_d+2 2(d+2 ~
I1S(t)éllzg, raxony S N, wheng > % suppp C B(O,N).  (1.39)

The first work dealing with these questions was that of Bourgain [9] in which (1.38)
was proved in the special case ¢ = 4, and (1.39) was proved in the cases d = 1, and
d = 2. When d = 3, (1.39) was proved under the additional assumption that g > 4.
Appropriate global-in-time versions were later proved in [58]. In both works, the key
tool was to use lattice point counting techniques related to the work of Bombieri and
Pila [8]. Let us note that some partial results on Strichartz estimates on the irrational

torus have been proved in [20, 27]

Link between X*®° spaces and the Schrodinger equation

The X*° spaces are well suited to the Schrodinger equation. Let us briefly explain
how one can see the connection. All of the facts we will mention now hold equally on
R? and on T¢. They were already used in [9] and other works which first used X*°
space methods.

Given a Schwartz cut-off function in time n € S(R), the following localization

estimate holds:

In()S @)@l xs0 Sns Lf e (1.40)

The following useful fact links X*? spaces and Strichartz estimates:

Proposition 1.6.2. (c.f. Lemma 2.9 from [106]) Suppose that'Y is a Banach space

of functions with the property that:

le"™S)olly < IIf]

Hs

for all f € H® and all 7y € R. Then, for all b > L, it holds that:

27

[ully < llullxse-
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As a consequence, we can deduce that for all pairs (g, r) for which the Strichartz

estimate in the || - || o;, norm holds, one has the following estimate:

1
ullpozr < [lullxos , whenever b > 3 (1.41)

Improved bilinear Strichartz estimates

Strichartz estimates, and in particular the estimate (1.41) allow us to deduce mul-
tilinear estimates by using Holder’s inequality. For example, if we consider u,v €

L7 (R x R), we can deduce that:

However, if we have further assumptions on the support of the Fourier transform
of u(-,t) and v(-,t) in the space variable, it is possible to deduce an improved estimate.
This key observation was first made by Bourgain in [14]. Later, a simplified proof

was given in [31]. The improved bilinear estimate is:
Proposition 1.6.3. (Improved bilinear Strichartz estimate in the non-periodic set-

ting) Suppose Ny, No > 0, with N1 > N, and suppose that f,g € XO’%JF(RC[ x R) are
such that for all t € R:

supp f(t) C {|€] ~ Ni}, supp g(t) C {|¢] ~ Na}.

Then, the following bound holds:

d—1

NT
HngL%’ac(RdXR) /S ]\?15 HfHXO,%Jr(RdXR)|’g”XO,%+(RdXR)' (143)

In particular, if d = 1, we obtain a decay factor of - which is an improvement

Nf?
over the bound in (1.42).
Let us remark that the analogue of the Improved bilinear Strichartz estimate with
a decay factor doesn’t hold in the periodic setting. The following result is also due

to Bourgain [9], in the case d = 2.
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Proposition 1.6.4. (Improved bilinear Strichartz estimate for free evolution in the
periodic setting) Suppose Ni,No > 0, with Ny > N,, and suppose that f,g €
X2t (T4 x R) are such that for all t € R:

supp f(t) C {|n| ~ N1}, supp g(t) C {|n| ~ Na}.

Suppose that I C R is a compact time-interval. Then, given the following bound holds:

“X(t)ngLf,ac('ﬂ‘QxI) S Nlé HfHXO,%+(T2XR)HgHXU,%+(T2XR)' (1.44)

As a consequence of Proposition 1.6.4, the following bound follows:

Proposition 1.6.5. (Improved bilinear Strichartz estimate in the periodic setting)
Suppose N1, Ny > 0, with N1 > Ns, and suppose that f,g € X07%+(']I‘d x R) are such
that for all t € R:

supp f(t) C {|€] ~ N1}, supp §(t) C {|¢] ~ No}.

Suppose that I C R is a compact time-interval. Then, the following bound holds:
HngL2 (T2x1) ~S NOJerHXo 3 (T2 xR) HQHXO 3+ (T2xR)’ (1.45)

The idea to prove Proposition 1.6.5 from Proposition 1.6.4 is to use the Fourier

inversion formula to write:

u(z,t) ~/ReitTS(t)}"(S(—t)u)(x,T)dT

and similarly for v and then use the Cauchy-Schwarz inequality in the parabolic
variable together with the assumption that b = %+ > % These ideas are explained
in more detail in [22, 106]. We note that, when N; > Ns, the estimate (1.45) indeed
gives us an improvement of the the bound we would otherwise obtain directly from

(1.39). The power of NJ comes from a lattice point counting argument and as such
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can’t be less than 1. A comprehensive survey about bilinear improved Strichartz
estimates on the torus can be found in [48, 100]. We note that improved Bilinear
Strichartz estimates have recently been studied in the case of compact Riemannian
manifolds in [22, 23, 59].

In our proofs, we will use the bilinear improved Strichartz estimate to obtain a
decay factor in the iteration bound. From the preceding discussion, we note that
this estimate will be useful to this end only when we are working in the non-periodic
setting. As a result, we will obtain better bounds on non-periodic domains. This is

consistent with the heuristic that dispersion is stronger in the non-periodic setting.

1.7 Organization of the Chapters

In Chapter 2, we study the problem on S!. Here, we consider the defocusing power-
type NLS and the Hartree equation, as well as other modifications of the defocusing
cubic NLS. In Chapter 3, we study the problem on R. In this chapter, we find
bounds on the growth of fractional Sobolev norms of solutions the defocusing cubic
NLS. In addition to the cubic NLS, we also consider the Hartree equation. Chapter
4 is devoted to the study of the problem on two-dimensional domains. We consider
the problem both on T? and on R2.  Results from Chapters 2 through 4 will be
published in [97, 96, 95]. In Chapter 5, we study the Gross-Pitaevskii equation for
dipolar quantum gases on R3, which is the physically the most relevant case. The
results from Chapter 5 are the first step in a joint work with Kay Kirkpatrick and
Gigliola Staffilani in which we plan to study the Gross-Pitaevskii equation for dipolar

quantum gases in more detail [77].
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Chapter 2

Bounds on S!

2.1 Introduction

In this chapter, we first study the 1D defocusing periodic nonlinear Schrodinger equa-
tion. Namely, given £k € N and s € R with s > 1, we will first consider the initial

value problem:

iug + Au = |u|**u,z € SLt e R

(2.1)
u(z,0) = d(z) € H*(SY).
The mass and energy are given by:
M(u(t)) = /S u(, D)*de (Mass) (2.2)
and
E(u(t)) := % ; Vu(z, t)|2dz + 2k1+ 5 /S u(z, )%+ (Energy).  (2.3)

As was noted in [46, 84], the equation (2.1) is completely integrable when &k = 1.
Hence, if we start from smooth initial data, all the Sobolev norms of a solution will
be uniformly bounded in time. We consider several modifications of the cubic NLS in
which we break the complete integrability. The first modification we consider is the

Hartree equation on S*:
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iug + Au= (Vs [ul*)u, z€ St eR
(2.4)

u(x,0) = ®(x) € H*(SY).

The assumptions that we have on V' are:
(i) Ve LY(SY).
(ii) V >0.
(iii) V is even.

We can also break the integrability by adding an external potential on the right-

hand side of the equation to obtain:

iug + Au = |ulPu+ Au, v € SL,t €R

u(x,0) = ®(x) € H*(SY).
Here, we are assuming;:
(i) A e C=(Sh).
(ii) A is real-valued.

Finally, we can add an inhomogeneity factor A into the nonlinearity, and obtain:

iug + Au = Nul?u, z € SLteR
(2.6)

u(x,0) = ®(x) € H*(SY).
Here, the inhomogeneity A = A(x) satisfies:
(i) A e C=(Sh).
(i) A >0.
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2.1.1 Statement of the main results

The results that we prove are:

Theorem 2.1.1. Let k > 2 be an integer and let s > 1 be a real number. Let u be

a global solution to (2.1). Then, there exists a continuous function C, depending on

(s, k, E(®), M(®P)) such that, for allt € R :
lu()llz < C(s, b, E(2), M(2))(1+ [t)* ||| = (2.7)

For the modifications of the cubic NLS, we can prove the following results:

Theorem 2.1.2. Let s > 1 and let u be a global solution of (2.4). Then, there exists

a function C' as above, such that for allt € R :

e < C(1+ [t])7°4]| D

[u(®)]

e (2.8)

Furthermore, we prove:

Theorem 2.1.3. Let s > 1 and let u be a global solution of (2.5). Then, there exists

a function C' as above, such that for allt € R :

[u@®)llr- < CA+[t)" (2|

e (2.9)

Theorem 2.1.4. Let s > 1 and let u be a global solution of (2.6). Then, there exists

a function C' as above, such that for allt € R :

lu(®)llz: < O+ [¢])**]| 2]

e (2.10)

It makes sense to consider the case £ = 1 in Theorem 2.1.1, as long as we are
taking s which is not an integer, and if we are assuming only ® € H*(S'). It turns

out that we can get a better bound, which is the same as the one obtained for (2.4):

Corollary 2.1.5. Let s > 1 be a real number and let u be a global solution of (2.4).

Then, there exists a function C' as above, such that for all t € R :
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iug + Au = |u|’u,z € S, t € R
(2.11)

u(x,0) = ®(x) € H*(SY).

Corollary 2.1.5 will be a consequence of the proof of Theorem 2.1.2. The obtained,
however, doesn’t allow us to recover the uniform bounds on the integral Sobolev norms
of a solution, as we observed, up to a loss of " in the non-periodic case, which we
will see in the following chapter. The question of bounding the growth of fractional

Sobolev norms of solutions to the 1D periodic and non-periodic cubic NLS was posed

on [113].

Analogous results hold for focusing-type equations, except that then we need to
consider initial data which is sufficiently small in an appropriate norm. As we will
see in the proof, the only reason why we are looking at defocusing equations is that

we have global existence in H!, and the a priori bound on the H' norm.

We can obtain the same conclusion for the defocusing variant of (2.1) if || ®|| 1 is
sufficiently small. On the other hand, in the case of the Hartree equation (2.4), we
can change the second assumption on V' to just assume that V' is real-valued, as long
as we suppose that ||®| ;2 is sufficiently small. For such initial data, the conclusion
of Theorem 2.1.2 will still hold. Under an analogous L?-smallness assumption on the
initial data, we can consider (2.5) with focusing nonlinearity, and (2.6) with A which
is assumed to be real-valued, but not necessarily non-negative. The conclusions of
Theorem 2.1.3 and Theorem 2.1.4 will still hold then. We will henceforth consider

only the defocusing-type equations.

2.1.2 Previously known results

The techniques previously used in [12, 27, 98, 99, 118] can be adapted to (2.1).
Namely, one can show that there exists a constant r € (0,1) depending on k, s and
0, C' > 0 depending also on the initial data such that for all times ¢:

s + Cllu(to)]

lu(to + 0)[|7 < [lulto)]

e (2.12)
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which can, in turn, be shown to imply:

1
s

[u()]lzs Sso (14 [E)7- (2.13)

If one uses (2.12), the bounds one obtains become progressively worse as we increase
k since r can be shown to become smaller as k grows. In this way, we see that the
iteration bound is dependent on the structure of the nonlinearity. When k£ = 2, we
can show that (2.12) holds for r = {z7—5—, from where we deduce the bound:

1
8(s—1

()l Sse (14 [t)17DF (2.14)

This is a worse bound than the one obtained by Theorem 2.1.1 . If one tries to apply

(2.12) for higher order nonlinearities, one gets an even weaker bound.

It should be noted that a better bound for the quintic equation than the one given
by Theorem 5.1.1 was observed by Bourgain in the appendix of [19]. The techniques
sketched out in this paper are completely different and come from dynamical systems.
In [19], the author uses an appropriate normal form which reduces the nonlinearity
to its essential part, i.e. to the frequency configurations which are close to being
resonant. The result in [19] is mentioned only for the quintic equation. As we will
note, due to the fact that it uses Besov-type spaces, which don’t embed into Lg5,, we

can’t seem to modify this method to apply it to (1.1) with k > 2.

Let us finally remark that after the publication of our result, the techniques that
we will present were combined with the techniques from [19] in [40] to obtain a slightly
improved bound than Theorem 2.1.1 when k& > 2, and Corollary 2.1.5. We note that
the method used in [40] is not sufficient to improve the bound for & = 2 obtained in

[19].

2.1.3 Main ideas of the proofs

The main idea of the proof of Theorem 2.1.1 is to obtain a good iteration bound. We

will use the idea, used in [18, 17, 111], of estimating the high-frequency part of the
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solution. Let E'! denote an operator which, after an appropriate rescaling, essentially
adds the square L? norm of the low frequency part and the square H*® norm of the high
frequency part of a function. The threshold between the low and high frequencies
is the parameter N > 1. With this definition, we show that there exist §,C" > 0

depending only on ® such that for all times #:

C

E'(u(to+6)) < (1 + ——)E (u(to)). (2.15)

The key fact to observe is that, due to the present decay factor, iteration of (2.15)

O(N27) times doesn’t cause exponential growth in E(u(t)).

The crucial point hence is to obtain the decay factor in (2.15). The reason why
this is difficult is that we are working in the periodic setting in which we don’t have
the improved bilinear Strichartz estimates proved in [14, 31]. In [34], one could fix this
problem by rescaling the circle to add more dispersion and reproving the estimates
in the rescaled setting. Finally, one could scale back to the original circle, keeping in
mind the relationship between the scaling parameter, the time interval on which one
is working, and the threshold between the “high” and the “low” frequencies. This
approach is unsuccessful in our setting since it is impossible to scale back, because the
time on which we can obtain nontrivial bounds tends to zero as the rescaling factor

tends to infinity !.

We take:

E'(f) = |Dfll7-- (2.16)

Here D is an appropriate Fourier multiplier. In this paper, we take the D-operator
to be an upside-down I-operator, corresponding to high regularities. The idea of using
an upside-down I-operator first appeared in [33], but in the low regularity context.

The purpose of such an operator is to control the evolution of a Sobolev norm which

'We note that this is not the same phenomenon that occurs for super-critical equations. The
reason why the rescaling here doesn’t give the result is that there are too many constraints on all of
the parameters.
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is higher than the norm associated to a particular conserved quantity. This is the

opposite from the standard I-operator, which was first developed in [31, 32, 33, 34, 36].

We then want to estimate:

d
/I IDu)]d. (2.17)

over an appropriate time interval I whose length depends only on the initial data.

Similarly as in the papers by the I-Team, the multiplier 6 corresponding to the
operator D is not a rough cut-off. Hence, in frequency regimes where certain cancela-
tion occurs, we can symmetrize the expression and see how the cancelation manifests
itself in terms of 6, as in [33]. If there is no cancelation in the symmetrized expres-
sion, we need to look at the spacetime Fourier transform. Arguing as in [22, 118],
we decompose our solution into components whose spacetime Fourier transform is
localized in the parabolic region (7 + n?) ~ L. In each of the cases, we obtain a
satisfactory decay factor. The mentioned symmetrizations and localizations allow us

to compensate for the absence of an improved Strichartz estimate.

The proofs of Theorems 2.1.2, 2.1.3, and 2.1.4 are based on similar techniques.
For (2.4), and (2.5), we can use the method of higher modified energies as in [32, 33,

2« that varies in time slower than

i.e. we can find an approximation E?(u) of ||u]
E'(u). E*(u) is obtained as a multilinear correction of E'(u). We deduce better
iteration bounds than the one in (2.15), from which the results in Theorem 2.1.2
and Theorem 2.1.3 follow. The technique of higher modified energies doesn’t seem
to work for (2.6). Heuristically, this means that adding an inhomogeneity as in (2.6)
breaks the integrability of the cubic NLS more than adding the convolution potential
in (2.4), or adding the external potential in (2.5). Let us note that the techniques
sketched in [19] could in principle be applied to (2.4) to obtain the same result. The
techniques from [19] don’t seem to apply to (2.5) and (2.6).

43



2.2 Facts from harmonic analysis

There are some key facts one should note about X*°(R x S') spaces: By Plancherel’s

Theorem, one has:

[ullzzzz ~ llullxoo. (2.18)

Using Sobolev embedding, one obtains:

ullgore S llull 343+ (2.19)
and:
lullzporz S llull o3+ (2.20)
Interpolating between (2.18) and (2.20), it follows that:
ullzazz S Nlull go.q+- (2.21)

Two more key X*? space estimates are the two following Strichartz inequalities:

lullzs, < llull oz (2.22)

lullze, S llull yor 3+ (2.23)

For the proof of (2.22), one should consult Proposition 2.13. in [106]. A proof of
(2.23) can be found in [58]. It is crucial to observe that both estimates are global in

time.

Throughout the paper, we will need to consider quantities such as || x,aq(t)f|| xs-

We will show the following bound:

Lemma 2.2.1. Ifb € (0, %) and s € R, then, for ¢,d € R such that ¢ < d, one has:
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[ Xe,a (B)u] xop@xst)y S Ul xoor @xst (2.24)

where the implicit constant doesn’t depend on c,d.

A similar fact was proved in [36], but in slightly different spaces. Furthermore, let
us mention that a stronger statement was mentioned in a remark after Proposition
32 in [24]. For completeness, we present the proof of Lemma 2.2.1 in Appendix A of
this chapter.

From Lemma 2.2.1, we deduce that in particular:

Corollary 2.2.2. For c,d as above, one has:

IXtearll oz S lull o2+ (2.25)

This fact will be used later on.

2.3 Quintic and Higher Order NLS

In this section, we will define the upside-down I-operator D. In order to use this
operator effectively, we need to prove appropriate local-in-time bounds. Finally, we

use symmetrization to get good estimates on the growth of | Du(t)||7,.

Throughout the first three parts of the section, we will prove the claim in the case
k = 2, for simplicity of notation. Generalizations to higher nonlinearities are given in

the fourth part of this section.

2.3.1 Definition of the D operator

Suppose N > 1 is given. Let 6§ : Z — R be given by:

Inl *if n| > N
0(n) = (5)if Inl = (2.26)
Lif n| <N
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Then, if f: S' — C, we define Df by:

Df(n) == 6(n)f(n). (2.27)

We observe that:

IDfllz2 Ss [If]

o So NSl (2.28)

Our goal is to then estimate ||Du(t)||z2 , from which we can estimate ||u(t)||gs by

(2.28).

2.3.2 A local-in-time estimate and an approximation lemma

From our proof, we will note the key role of good local-in-time and associated ap-
proximation results. Here, we collect the statements of these results, whose proofs
we give in Appendix B of this chapter. The first result we want to show is that there
exist 6 = (s, E(P), M(P)),C = C(s, E(P), M(P)) > 0, such that for all t; € R,
there exists a globally defined function v : S* x R — C such that:

U|[to,to+6] = U|[to,to+6]- (2~29)
HU||X1,%+ < C(s, E(®), M(D)) (2.30)
[Dvl| o34+ < C(s, E(®), M(P))[|Du(to)]|r2- (2.31)

Moreover, § and C' can be chosen to depend continuously on the energy and mass.

Proposition 2.3.1. Giventy € R, there exists a globally defined functionv : ST xR —
C satisfying the properties (2.29),(2.30),(2.31).

In the proof of Proposition 2.3.1, we need to use a “persistence of regularity”

argument, which relies on the following fact:
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Proposition 2.3.2. Let R > 0,s > 1,B = {v : ||v|

xs» < R}. Then (B,d) is

complete as a metric space if we take:

d(v,w) = ||[v — w|| x10. (2.32)

A related technical fact that we will need to use in the proof of the Theorem 2.1.1,

and later, in the proofs of the other Theorems is the following:

Proposition 2.3.3. (Approzimation Lemma)
If u satisfies:

iug + Au = |u|?*u,

(2.33)
u(z,0) = d(x).
and if the sequence (u'™) satisfies:
iugn) + Aut™ = |y (),
(2.34)

u™(x,0) = &, (z).

where ®,, € C*°(S') and @, s @, then, one has for all t:

The mentioned approximation Lemma allows us to work with smooth solutions
and pass to the limit in the end. Namely, we note that if we take initial data ®,, as
earlier, then u(™ (t) will belong to H>°(S') for all ¢. On the other hand, by continuity

of mass, energy, and the H® norm on H?, it follows that:

M (@) = M(®), E(Pr) — E(®), ||[®nllzs — |2 5

Suppose that we knew that Theorem 2.1.1 were true in the case of smooth solu-

tions. Then, it would follow that for all t € R:
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[ @)z < C(s, k, B(®n), M(@0))(1+ [¢])* ]| s

Hs»

The claim for v would now follow by applying the continuity properties of C' and

the approximation Lemma.

We will henceforth work with ® € C°°(S!). This implies that u(t) € H>*(S') for
all . The claimed result is then deduced from this special case by the approximation
procedure given earlier. As we will see, the analogue of Proposition 2.3.1 holds for
(2.4),(2.5), and for (2.6). A similar argument shows that for these equations, it suffices
to consider the case when ® € C"™°. The advantage of working with smooth solutions

is that all the formal calculations will then be well-defined.

2.3.3 Control on the increment of HDu(t)H%z

For t € [to, to+6], we can work with Du(t) instead of with Du(t), where v is the object

we had constructed earlier. By our smoothness assumption, we know v(t) € H>®(S!).

Now, for t € [tg,to + d], one has 2:

d
EHDU(t)H%Q = 2Re (Dv, Dv) = 2Re (iDAv — iD(vvvov), Dv)

Since Re (iDAwv, Dv) = 0, this expression equals:

= —2Re (iD(vovov), Dv).

After an appropriate symmetrization, by using notation as in Section 2 and arguing

as in [33], we get that this expression equals:

%Z’ X6((0(n1))? = (0(n2))? + (B(n3))* — (0(n4))* + (0(n5))* — (8(n6))*; v(t)).
Let us take:

2We are using the fact that v(t) € H°(S!) in order to deduce that this quantity is finite!
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Mg (n1, 9,3, 14,125, 16) := (0(n1))*—(0(n2))*+(0(n3))*—(0(n4))*+(0(n5))*— (0 (ng))*.

We now analyze:

1Dulto + )72 — IPulto)|7> = [Dv(te + 0) 172 — IDv(to) Iz =

to+0 d )
= [ S IDuladt =

to

1. to+0 e A
= §Z < Z M6(n1,n2,n3,n4,n5,nﬁ)v(nl)@(ng)v(ng)ﬁ(n4)v(n5)6(n6)dt> =

n1+na+ns+ns+ns+neg=0 " t0

n1—n2+ng—n4+ns—ne=0

to+0

Mﬁ(nl,ng,ng,n4,n5,n6)ﬁ(n1)@(ng)@(ng)@(n4)@(n5)ﬁ(n6)dt) =1 (2.35)

to

We want to prove an appropriate decay bound on the increment. The bound that

we will prove is:

Lemma 2.3.4. (Iteration Bound) For all ty € R, one has:

1

1_
2

[1Du(to + 6122 — [Do(to)ll2e] S ——IDoto) [

From the proof, it will follow that the implied constant depends only on s, Energy,
and Mass, and hence is uniform in time. We call this constant C' = C(s, Energy, Mass) >
0. In fact, by construction, it will follow that all the implied constants we obtain will
depend continuously on energy and mass, and hence will be continuous functions of ®

w.r.t to the H' norm. For brevity, we will suppress this fact in our further arguments.

49



Let us first observe how Lemma 2.3.4 implies Theorem 2.1.1 for £ = 2. From

Lemma 2.3.4, and for the C' constructed earlier, it follows that:

D27

C
IDu(d)ll7: < (1 + N

1_
2

The same C satisfies:

C
vVt € R, ||Du(t0 +5>H%2 < (1 + N

1_
2

) Dulto) |72 (2.36)

Using (2.36) iteratively, we obtain that 3 VT > 1 :

C |z
[DuD)[3 < (14 ) FT D3

i.e. there exists a = a(s, Energy, Mass) > 0 s.t. for all T' > 1, one has:

C [e%
IDu(T)I[7 < (1+ F) D7 (2.37)

For Ay, Ay > 0, we know:

. 1 )\zw Q
lim (1 + —) =eM < 00. (2.38)

Tr——+00

By using (2.37) and (2.38), we can take:

T ~ Nz~ (2.39)

Hence:

1Du(T) |22 < (D] 2 (2.40)

Recalling (2.28), and using (2.40), (2.39), and the fact that 7" > 1, we obtain:

[u(T)]

e S N°[Du(T)]| 2 S N°[ D2 S N°[| @]

Hs

3Strictly speaking, we are using (2.31) to deduce that we can get the bound for all such times,
and not just those which are a multiple of §.
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ST 0)lg S 1+ 1) @]

e (2.41)

Since for times ¢ € [0,1], we get the bound of Theorem 2.1.1 just by iterating the
local well-posedness construction, the claim for these times follows immediately. Com-
bining this observation, (2.41), recalling the approximation result, and using time-
reversibility, we obtain that for all s > 1, there exists C' = C(s, Energy, Mass) such
that for all t € R:

lu(®)ls < C(L+ [t)**[|u(0)]

. (2.42)

Moreover, C' depends continuously on energy and mass. This proves Theorem 2.1.1

when £ = 2. I

We now turn to the proof of Lemma 2.3.4.

Proof. Let us consider WLOG the case when t; = 0. The general case follows by
time translation and by the fact that all of our implied constants are independent
of time. The idea is to localize the factors of v into dyadic annuli in frequency dual
to x, i.e. to perform the Littlewood-Paley decomposition. Namely, for each j such
that n; # 0, we find a dyadic integer N; such that |n;| ~ N;. If n; = 0, we take the

corresponding N; to be equal to 1.

We let vy, denote the function obtained from v by localizing in frequency to the

dyadic annulus |n| ~ N;. Let |n,|, |ny| denote the largest two elements of the set

{|7’L1|, |n2|7 |n3|7 |n4’7 |7’L5|, |n6|}
In our analysis of (2.35), we have to consider two Big Cases:

¢Big Case 1: In the expression for Mg, (6(n,))? and (6(ny))* appear with the

opposite sign.

¢Big Case 2: In the expression for Mg, (6(n,))?* and (6(n;))* appear with the

same sign.

As we will see, the ways in which we bound the contributions to (2.35) coming
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from the two Big Cases are quite different.

Let I denote the contribution coming to I (as defined in (2.35)) from Big Case

1, and let I® denote the contribution coming from Big Case 2.

Big Case 1: We can assume WLOG that |n,| = |n1|, and |ny| = |na|. In the
proof of Big Case 1, we will see that the order of the other four frequencies in absolute
value doesn’t matter. Namely, the order of the four lower frequencies won’t affect any
of the multiplier bounds (which depend only on |n;| and |ns|), and the estimates that
we will use on the factors of v corresponding to these four frequencies will not depend

on complex conjugates. Hence, it suffices to consider WLOG the case when:

] = [na| > |ns| > |na| = |ns| = |ng|. (2.43)

We observe that, in this contribution, the IV; satisfy:

Ny 2 Ny 2 N3 2 Ny 2 N5 2 Ne. (2.44)

By definition of 6, we observe that

Mg (nq,n2,n3,n4,n5,n6) = 0 if 0|, |nal, |nsl, |nal, Ins], |ng] < N.

Hence, by construction of |ni|, one has |ni| > N so we obtain the additional

localization:

Ni > N. (2.45)

Finally, since ny —ny +mns —ny+mns —ng = 0, (2.43) and the triangle inequality imply
that |ny| ~ |na.

From this fact, we can deduce the localization:

Ny ~ Ns. (2.46)
The expression we wish to estimate is:
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[N17N27N37N47N5»N6 =

0

> Meg0n, (n1) 0N, (112) 0Ny (n3) 0N, (114) ON; (115) O (ng ) dE.
0

ny—ng+nz—ng+ns—ng=0;|n1|>-->|ng|

Let I denote the contribution to I, as defined in (2.35), coming from (2.43). Then

I satisfies:

’]| S Z ’IN1,N2,N3,N4,N5,N6 :
N; satisfying (2.44),(2.45),(2.46)

Within Big Case 1, we consider two cases:
1
oCase 12N3, .ZV47 N5, N6 < N12 .
1
oCase 2:N3 2 N;.

Case 1:

The key step in this case is the following bound on Mg, which comes from cance-

lation.

M = O(N, 20(Ny)O(N)). (2.47)

Before we prove (2.47), let us see how it gives us a good bound. Assuming (2.47) for

the moment, we observe that:

|IN17N27N37N47N57N6 =

= Z M (X[0,819n5 )" (n1) 0N, (n2) O (n3) O, (14) U (n5) O (126 ) dt | =

ni1—nz+nz—ngs+ns—neg=0;n1|>->|ng| R
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/;—m+m—m+m—m=0

ni1—ng+nz—ng+ns—neg=0;n1|>->|ng|

MG(X[O,J]UNl )~(n1, 71)17172(712, 7'2)17&/3(”37 73)%(714, 7'4)17&/5(”57 75)17176(716, TG)de 5

SN

N

ONO(N:) > / 0
T1—T2+T3—T4+T5—T6=

ni—ng+nz—nas+ns—neg=0;n1|>-->|ng|

{|(X[o,6]UN1)~(n1771)||13v/2(”2>72)||@v/3(”3773)||%(”4a74)||%(”5aT5)||?717.3(n6a76)|}d7j <

Since the integrand is non-negative, we can eliminate the restriction in the sum

that |nq| > - - - |ng|, so the expression is:

<N,

[N

B(NO(N:) > / 0
T1—T2+73—Ta+T5—T6=

ni1—nz+nzg—ng4+ns—ng=0

{’(X[O,a]UNl)N(nla )| [Uny (2, T2) [|Un; (13, 73) |[Un, (4, Ta) [[Un (s, 75) |0 (76, T6)|}d7j-

Let us define:

Fi(z,t) := Z/ |(Xpo.000n, ) (1, 1) [ = (2.48)
— Jr

For 7 =2,3,4,5,6, we let:

Fi(x,t) =) / 0N, (n, 7)| e dr, (2.49)
— Jr
We now recall a fact from Fourier analysis. For simplicity, let us suppose that
f1,--.,fe¢ are functions on R. Let us suppose that all f, are real-valued.

Then one has:

/ 1 TofsTafoTade =

/ e R @ e he k. @50
&1—82+E3—Ea+E5—86=0
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Using the analogue of (2.50) for the spacetime Fourier transform on S* x R, to-
gether with (2.48) and (2.49), and the previous bound we obtained on |1y, n, Ny, Ny, N5, N6 | s

we deduce that:

|INy No N NaNs Ne | S Ny 260(N1)O(No) // P\ 3Py FyFedadt =
R J st

_1
2

= N; *0(N1)0(Na)

// FlEF3F4F5F6d$dt‘§
R J st

Which by Holder’s inequality is:

< Ny 20NN Fill s N Folloa I1Fs ] e I Fullis 1 Fsll e, | Follzge, =

= Ny 2O(ND)O(N2)| Fillza [1F2llzs [1F3llzs [[Fallzs [[F5]|zee [ Follzse,

By using (2.22) and (2.19), this is:

S Ny 2ONDO(N) I FL go.g [1F2ll o 150 o, [1Fall o 15 3 16l

1 1 -
xatot

_1
Ny 2O(ND)O(N:) [ x10.60m [l o8 1Mo o3 10 ] o 10Nl o 1Sl 106 g4

By using (2.25) to bound the first factor, this expression is:

_1
S N POND)ON) o [l go.g+ [oms | go.g ows | o g ol o llows | g g lom | g g <

_1
< Ny PONDOIN) oy | o g4 110w | o3 lons ] n g lomall g lows | o g lloms ll a3 S

_1 _1
S N2 1Dow oy 1Dl o3 0115 5 < Ny 2 IDOIE o 4 011 e S
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S N DRl S Ny 7 ID®IZ. (2.51)

~

In the last two inequalities, we used Proposition 2.3.1 | followed by the uniform
bound on the H! norm of the solution to our equation given by the conservation of

energy and mass.

This is the bound that we can obtain from (2.47). We now prove (2.47).
We must consider three possible subcases:

Subcase 1: |ny| < N.
Subcase 2: |ny| > N and |ng| < N.

Subcase 3: |n3| > N.

Subcase 1:

Here, we have:

Ny ZN,NQN \n2| <N,N1 ~ Ns.

So, one obtains:

NlNNQNN.

Also, we know:

1
ny — ng +n3 —ng +ns —ng = 0, and ng, ng, ny,ng = O(N?) = O(N%).

Consequently:

=

|ni| = N + 1y, |ne| = N — ry, where rq,ry >0, and r1,75 = O(N

).

= (0(m))” = (0(n2))* + (0(n3))* = (0(n))* + (0(n5))* — (B(n))* =
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|n1|2s _ N2 (N—{—O(N%))Zs _ N2
= o iftl-ltl-l=—amr— = N2 =

1 1

B <N2$—2> _ O(Nfé) = O(N; 2) = O(N, 20(N1)0(Ns)).

In the last inequality, we used the fact that 0(Ny),0(Ns) > 1.

Subcase 2:

Here: ny = ny + (n3 — ny + ns — ng), from where it follows that:

ny = ny 4+ O(|ny|?)

We observe:

(0(n3))* — (B(n4))* + (0(ns))> — (O(ng))*> =1—-1+1—-1=0.

So:

My = (00m))? — (O = L e P = + O ) _

N32s N32s N32s
- o('”}\';; é) - O(A;i—2> = O(NF0(NDO(N:)).

Here, we used the fact that: O(Ny),0(Ny) ~ 3.

NS
Subcase 3:

In this subcase, we can no longer use the cancelation coming from

(0(n3))* = (0(na))* + (0(ns))* — ((ns))*.

The way one gets around this problem is as follows:

We first note that:

(0(n))? — (B(na))? = o('”f"s’%> = O(NT#B(NB(NS) ), s before,

N2s

Also |ns| = O(|ny|2), so:
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|n3|25

)2 =0() =o(r) = o (7).

Hence, by monotonicity properties of 6, we deduce:

(600)%, Ona) . (00m))?, 0(me)? = 0 "),

N25

Combining the previous estimates, we obtain:

|n1’2s—%

M = O( e ) — O(N;%Q(Nl)e(m)).

The estimate (2.47) now follows.

Case 2:

NI

We recall that in this case, one has N3 2 N?. Here, we don’t expect to get

cancelation coming from Mg, so we just bound:

[ Ms| = [(0(m1))* = (0(n2))* + (0(n3))* — (0(na))* + (0(n5))* — (0(n5))”]

< (0(n1))* S (0(N1))? < O(N1)O(Ny). (2.52)

With notation as in Case 1, we use (2.52) and arguments analogous to those used

to derive (2.51) to deduce:

’IN1,N2,N3,N4,N5,N6 | S/

S O(NDO(N)[ow, [l o3+ 1oms | o+ loms Ml o g lomall o g s lloms 33 ol 3030 S
S Do o 1P o (o g Mol o ol g ol gy S

<N HIDOR ol y, S N7 DB (2.53)

The last bound follows from Proposition 2.3.1. We note that this is the same bound
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we obtained in (2.51). Combining (2.51) and (2.53), and recalling that (") denotes
the contribution of I from Big Case 1, it follows that:

_1
1] < > N, ?|ID®[|72 S
N, satisfying (2.44),(2.45),(2.46)

< =3 AT—0+ \T—0+ N—0+ AT—0+ AT—0+ 2 <
~ Z Ny 2 "N PPN EN NG NG [ DR| 7 S
N, satisfying (2.44),(2.45),(2.46)
1 2
< N%*HD(I)HL% (2.54)

By construction, the implied constant depends only on (s, Energy, Mass), and is

continuous in energy and mass.

Big Case 2:

We recall that in this Big Case, in the expression for Mg, (0(n,))? and (6(ny))?
appear with the same sign. Arguing as in Big Case 1, we observe that the order of
the four lower frequencies doesn’t matter. Let us reorder the variables so that the
hyperplane over which we are summing becomes ny; + ng +ng —n4s —ns —ng = 0. It

suffices to consider the case when:

In1| > [na| > |n3| > |ng| > |ns| > [ngl.

The expression we want to bound is:

2.

n1+ng+ng—ng—ns—ne=0,|n1|>|n2|>|ns|>|n3|>In4|>|ns|>|ne|

{/0 MEo(nq)o(ng)o(ns)o(nyg) 0(ns) o(ne)dt}.

Here, we are taking:

Mg (ny, na, ng, na, s, m6) = (0(n1))*+(0(n2))*+(0(ns))*—(0(n4))*—(0(ns))*—(0(ng))*.
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As before, we dyadically localize the factors of v in the Fourier domain.

In this Big Case, we want to estimate:

JN1,N2,N3,N4,N5,N6 = E

ni14ne+nz—ng—ns—ne=0,|n1|>|n2|>|n3|>|n3|>|ns|>|ns|>|ne|

é
{/0 Mé@(m)%(nz)%(ns)@(m) U, (M5) Ung (6 )t}

One has the additional localizations on the V;’s:

Ny 2 Ny 2 Ns 2 Ny 2 N5 2 Ne. (2.55)
N, > N. (2.57)

In this Big Case, we don’t necessarily obtain any cancelation in Mg, so we just

write:

Mg < (0(m1))* < (B(N1))* < O(N1)O(Na). (2.58)
Let us now estimate Jn, N, Ny, Ny N5, Ng -

Our analysis of this contribution will use techniques similar to those used in [22,
118]. As we will see, when one can’t deduce decay estimates just from looking at the

Fourier transform in x, one can look at the Fourier transform in .

We consider two cases:

1

o Case 1: Ng,N4,N5,N6 < N12.

We observe that:

JN17N27N37N47N5»N6 = E ,

ni1+ng+nz—na—ns—ne=0,|n1|>->|ng|
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/R {0 (X051, (1) ) () 0, () oy (1) B (123) e (1)}t =

/T1 +724+713—T4—T5—T6=0

ni1+ne+nz—na—ns—ne=0,|n1|>->|ng|

Mé(X[O,(S}UNl )~(n1, 7'1)@\//2(712, 72)?71\\73(713, 7'3)%(”4, T4) 13\//5(”57 7'5) 6]\\[/6(”67 7'6)d7'j~

Now, as in [22, 118], we localize in parabolic regions determined by (7 + n?).

Namely, given a dyadic integer Ly, we let (x5~ )z; = (X[0,6/0)ny,, denote
the function obtained from xpsvn, = (X[0,5v)n, Dy restricting its spacetime Fourier
transform to the region where (7 + n?) ~ L;.

Likewise, for j > 2, and for L; a dyadic integer, we denote by vy, 1, the function
obtained from vy, by localizing its spacetime Fourier transform to (7 +n?) ~ L;.

So, now, we want to estimate:

/71+7—2+737—47—57—6:0

ni1+ng+nz—na—ns—ne=0,|n1|>->|ng|

—_—

Y~ (T, (m———, /| —/———

Mé(X[o,é}U)NhLl (nl, Tl)UNQ,LQ (n2, TQ)UNg,L3 (7137 TS)UN4,L4 (714, 7'4) UNs,Ls (ns, 7'5) UNg,Lg (nﬁ, T6)d7'j-

We have to consider two subcases w.r.t. the 7;:
Subcase 1: |13], |74/, |75], |76] < N7.
Subcase 2: max {|73], |74], |75], |76} = N?.

Subcase 1:

Let us denote by J % & the contribution to Jz 5 coming from this subcase.

Take

—~—

(n1,71) € supp (Xjov) v, 1,

and:
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(N2, T2) € SUPPUN, L,-

keeping in mind the assumptions of the subcase.

We then obtain:

L+ Lo 2 [m 4 ni] +[m 4 m3] 2 |71+ 72+ 07 + 3| > |nf + 3| — [m1 + 7| =
= [0} + 03l = |m = — 75— 7| > Pf? = || = || = 7] = 76| 2 NY
In the last inequality, we used the fact that:
| 2 Nu, [73], |7al,s 7] | 76] << VT
In the calculation, we observe the crucial role of the inequality:
[n} + gl > [ .
Since Ly, Ly > 1, the previous calculation gives us that:

LiLy > N2 (2.59)

We now note that:

Tz 5 <

< 2

/ 70 )
R na+ns—na—ng—ng=0,|n1|>->|ng| ¢ TLTT2HTE =TT =T6=0s|73 |7l | 5,76 | <N

—~—

{\MéH(X[o,é]U)Nl,Ll (a1, Tl)H?TN:,L/z(”za T2)Hm(n3> 73)|
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—_—~—, |

0N 2 (N4, T4)| [Os 25 (M5, T5) | [0 16 (126, T6) | }dT; <

S /
T1+T2+73—T4—T5—T6=0

ni+ng+ng—ng—ns—ng=0

P

{|Mé|’(X[0,5]U)Nl,L1(n17 Tl)HEV:L/Q(n% Tz)HM(”& 73)|

—~——

|EV:L/4(”47 T4)| ’m(ng), 7-5)| ‘UN&LG <n67 Tﬁ)’}de'

Similarly as in Big Case 1, let us define:

Gi(x,t) = Z/einx+itT|(X[075]v)N1,L1(n’T>|d7—'

For j =2,...,6, we let:

Gj('r?t) = Z/einx+itT‘UNj,Lj <n77->|d7—'

Arguing as in Big Case 1, using Hélder’s inequality and (2.58), we get *:

|JLn] S ONDO(N)| Gl a2 | Gall par2 |Gl oo | Gall o oo || Gl Lge, || Gl e,

which is by Sobolev embedding;:

S ONDON)Grll ez 1Gall ez Gl 3+ Gl |Gl 33+ 11Goll  gv g+

?HI%A L§H§+’

Since supp é; C {—cNs,...,cN3}, supp G, C {=¢Ny,...,cN4}, this expression is:

4Strictly speaking, we should be truncating Gs, G4, G5, and Gg to |7| < N2, but we ignore this
for simplicity of notation since we will later reduce to estimating these factors in X*® norms, which
don’t increase if we localize the spacetime Fourier transform.

63



S O(NV)O(N2)|| Gl a2 Gallzare (N5 |Gl a2 ) (NG |Gl a2 1G5l 1434 1Goll 343+

which is furthermore by using (2.21):

1y 14
S ONDO(N2) N3 NGl o g4l Goll o 4+ 1Gall o 3+ 1Gall o3 NG5l 3 3 MGl 343+ =

1.1y
= 0(N1)O(N2)N3 "N [[(Xjo.01v) v,z | o, 14 10w, 22 | 0,24
[N, | o1 lomaall o 1 lows 25 ll 3o 3 s lowve ol 13+ S
3+ ar3t
SN NE (D xav) v,z ll o 14 1(PV) N 22| o1+

VN, 2 “xO»%ﬁ ||UN4,L4||X0,;I+ |vns,zs ||X%+,%+ [N, L6 ||X%+,%+

bt it L !
5 N3 N4 1_ ||(D(X[O,6]U))N17Ll HXO,%f_1||(DU)N27L2||X0,%+
Li Ly
1 1 1 1
—;||UN3,L3|\X1,%+—;HUN4,L4||X1,$+TO||UN5,L5||X1,$+T0+||UN6,L6||X1,$+
3L 4Ly g Lg' ¢ Lo

By (2.24) and the definition of the localizations w.r.t. N;, L;, this quantity is:

1 1 1 1 1
_ 1 1 1 1 1_
Li N3Li NyLf N2 LY Ng L3+

A
WZM\»-
[ ST I

2

IDvl g 101 g0 S
X2 X2
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1 1 1
S Dol

T (LaLe)iT NZTNFTNZ TN LOVLOVLiLiLO IO

4
Xl’%+

XO,%+||U||

From (2.59) and Proposition 2.3.1, this is:

1 1 1
1

N N2 NP N2 N LM LSTLALILETLY

S

Y

— DIz 25 5

1 1 1
< | DP||2,. (2.60)

1 1 1 1 1 1 1
27 O+nr2  n2  AT2 N2 704+704+ 727270470+
N2~ NOY N2 N2 N2 NZ~ L9 LY LiLiLOM LY

In order to deduce the last bound, we used the fact that: Ny ~ Ny and ||®||; S 1.

Subcase 2:

We recall that in this subcase, one has:
maz{| s, |l [7s], |76} 2 N7

Let us consider the case: |13| = max{|7s|, |74, |75, |76|}. We can analogously consider
the other cases, but we have to group the factors in Hélder’s Inequality then °. Let
us localize as in the previous subcase, and let us denote by J% 5 the contribution to

Jr.n coming from this subcase.

Suppose now that (73,n3) € supp m , keeping in mind the assumptions of the

subcase. Then:

1
Ins| ~ N3 < N2, |73| > NP = |13 +n3| = Nf — N, > N7

Consequently:

L3 > N7 (2.61)

Arguing analogously as in the previous subcase, we obtain:

®We take the L} L2 norm of the factor with highest |7|.
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72 o S O(NDO(N2)NZ T NZ*

||(X[0,6}U)N1,L1||Xo,;f+||UN2,L2||Xo,%g+||UN3,L3||Xo,%[+||UN4,L4||X0,-1f+||UN5,L5||X%+,%+||UN6,L6||X%+,%+ ~

1.1, 1] 1
SN; Ny 1 HDUNl,Ll||X0,%+_i||DUN27L2”XO,%+
1 L,

L ow sl e —— w2l L fowo s E fowerllgs <
1 UN3, Ll 1,4+ 7T IUNg, Lyl 1,4+ — 1 [IUNs5,Ls |l o1, 3+ — 1 |IUNg,Le || 51,1+
]\/E),Lél X2 4Lz X2 N52 L(5)+ X2 62 L(GH_ xbat ~

1 1 1
< Dol 1, ol
T 1 1_ I_ 1 T 0.1 11
T LT NFNFNINOT LELALYTLiLtror XA

which by (2.61) is:

1 1 1
S T 1 1_ T 1 1 ||DU||§(0,%+”U||§(1,%+
N2~ N2 NP NYNOT Li LILSTLILS LYY
1 1 1
S — — — T D3 (2.62)
N2 NJYN2 N NOPNOT Li LiLSTLILYTLE"

1
o Case 2: N3 2 N7 . Let us recall that we want to estimate:

JN17N27N3,N47N57N6 =

2.

/ Mg (x10,610n, (111))Ung (12) Ung (13) Un, (1a) O (15) O () diE.
_ R
ni+n2+ng—ng—ns;—ne=0,ln1|>...>|ng|

Let us note that:

Mg = [(0(n1))* + (0(n2))” + (8(n3))* — (0(n4))* = (0(n5))* — (0(ng))*| < O(N1)O(N:).
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We note that this Case is analogous to Case 2 of Big Case 1. Hence, arguing exactly
as we did in this Case, we obtain:
1

|JN17N27N37N47N5,N6| 5 1_ HIDCI)”QL2 (263)
NP (NyN3NyN5Ng)o+

We combine (2.60),(2.62),(2.63) and sum in N;, L; to deduce that the contribution
to I from Big Case 2, which we denoted by I® has the property that:

1
= | DP|2.. (2.64)

TARIPS
This gives us a good bound in Big Case 2. Combining (2.54) and (2.64), we finally

obtain:

1
1] = [[1Pu(d)l[Z> — Du(0)IZ2] < N—||<1>|Iiz-

-
By construction, the implied constant here depends only on (s, Energy, Mass). Let
us denote it by C' = C(s, Energy, Mass). We use Proposition 2.3.1 and the fact that
the H! norm can be bounded by a continuous function of energy and mass to deduce

that C' is continuous in energy and mass. Lemma 2.3.4 now follows.

2.3.4 Proof of Theorem 2.1.1 for £ > 3

We finally note that for k& > 3, we can bound the increment of |Du(t)|3. in an
analogous way as we did for £ = 2. Namely, we observe that all the estimates on
My, M, we used depended only on the two highest frequencies and not on how many
more frequencies there were. Furthermore, in the later estimates, when we had to use

Holder’s inequality, we just estimate the £ — 2 extra factors in L°,, and use the fact

t,x
that X332+ — Lgs,. At the end, this only results in a “0+ loss” in the dyadic decay
factor, and we get the same increment bound (2.36) as before.

This finishes the proof of Theorem 2.1.1 for £ > 2. [J
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2.3.5 Remarks on the result of Bourgain

As was mentioned in Section 1.3., in the appendix of [19], Bourgain gives a sketch
of how one should be able to deduce a better bound in the case k = 2 though. The
methods he indicates there don’t seem to apply to the higher nonlinearities k > 2.
The problem lies in the fact that the inductive procedure from [19] is linked to the
quintic structure of the nonlinearity.

Bourgain starts by defining the following Besov-type norms:

~r . . P 1
oy = ([ ([t 7 + O ede)
J
This space is similar to the X*? space we are using, but X*® spaces were not used

in [19]. The estimate one starts from is the following Strichartz Estimate: Assuming

that supp ¢ C {—N,..., N}, one has:

IS®)olles, < Nlllre- (2.65)

—

Suppose now that ¢ = ¢(x,t) has the property that supp q(t) C {—N,...,N}. By
writing u as a superposition of modulated free solutions (c.f. Lemma 2.9 in [106]),
(2.65) implies:

lallze, < N™lallor- (2.66)

By using Holder’s inequality, one then deduces:

| [ lateorbdnat < lally, < 5%l

01 (2.67)

The estimate (2.67) is used as the base of the induction in the paper. At each step,
the Hamiltonian is modified using a symplectic transformation of the phase space
I2(Z) in such a way that the nonlinearity is reduced to its essential part. In each
iteration, it is shown inductively that the analogue of (2.67) holds for the modified

Hamiltonian.
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The reason why one doesn’t seem to be able to apply these methods to the case
k > 2 is that the Besov-type norms introduced earlier don’t allow us to control the
spacetime L™ norm in a satisfactory way. On the other hand, we recall that for X*?
spaces, we used the bound: [u|z, < [lull 111+ It appears that the only estimate,
one can use for the spacetime L* norm is obtained as follows:

Suppose ¢ = q(z,t) satisfies supp q(t ) C{-N,...,N}.

Then:

lgllrg, < llgll < N2+||CI||L°°L2 < N=Flgllo,u. (2.68)

L°°H2+ ~
Here, in the first step, we used Sobolev embedding and in the last step, we used the
triangle inequality.
From Hélder’s inequality, (2.66), and (2.68) we can deduce that for £ > 3, one
has:

| [ oG0P aade <l lalZi"

2k4

SN lqllg N 7= T llgllg < NS aligh. (2.69)

We observe that this no longer gives us a N°* factor on the right hand side, which

was crucial in the proof in [19].

2.4 Modifications of the Cubic NLS

2.4.1 Modification 1: Hartree Equation

Let us now consider the Hartree equation on S', i.e. the equation (2.4). The equation

(2.4) has the following conserved quantities:

:/|u(:r,t)|2d:v (Mass)

69



and

B(u(t) = 3 / Ve, )Pde + / (V * |uP) (& 6)[u(e, )Pz (Energy)

The fact that the mass is conserved follows from the fact that V is real-valued.
The fact that the energy is conserved can be checked by using the equation and
integrating by parts. The calculation crucially relies on the fact that V' is even, see
[28]. Furthermore, since V' > 0, we immediately obtain uniform bounds on ||u(t)||g1.
M is clearly continuous on H'. By using Young’s inequality, Holder’s inequality and

Sobolev embedding, it follows that E is also continuous on H*.
Local-in-time estimates for the Hartree Equation

Let u denote a global solution of (2.4). Recalling the definition of the operator D in
(2.27), we have:

Proposition 2.4.1. Givent, € R, there exists a globally defined functionv : S'xR —
C satisfying the properties:

Vlto,t0+6] = Uljto,to+6]- (2.70)
[0l 1.3+ < Cls, E(®), M(2)) (2.71)
Dol o3+ < C(s, E(®), M(®))[Duto)]| 2 (2.72)

Moreover, 6 and C' can be chosen to depend continuously on the energy and mass.

Proof. The proof of Proposition 2.4.1 is analogous to the Proof of Proposition 2.3.1
(see Appendix B of this chapter). The only modification we have to make is to note
that V € L'(S?) implies that V € L>(S'). Instead of estimating an expression of the

form ||vs|?vs| as in the proof of Proposition 3.1, we have to estimate: [(V x |vs]?)vs].

70



However,

[(V = ’U5|2)U6| = ’ Z / de‘A/(nl + 712)?75("1,Tl)iS(”Q,Tz)?)N(s(ns,,Tgﬂ <

ni+ngtng=n TIHT2TTB=T

< ¥ / 4|V (1 + 100)|[5 (s 7)1 155 (12 72) |5 (g, 73)] <
T1+T2+7T3=T

ni+nz+nz=n

< ¥ / 015 (s 70) 5 (i, 72) 35 (i, 7).
T1+T2+7T3=T

n1+natng=n

This is the same expression that we obtain in the proof of Proposition 3.1. The
existence part (i.e. the analogue of properties (2.30) and (2.31)) now follows in the
same way as in the mentioned Proposition. On the other hand, for the uniqueness
part (i.e. the analogue of (2.29)), let v(t), w(t) solve (2.4) with the same initial data
on the time interval [0,d]. We also suppose that |[v(¢)| g, ||w(t)||z: are uniformly
bounded on this interval . By Minkowski’s inequality, and by unitarity of the Linear

Schrodinger propagator, we obtain, for all 0 <t < 4:

[o(t) = w(®)]| 2 < /Ot 1S(t =) ((V * [l)o(t) = (V * [w)w(t) ]| 2dt’ =

_ /0 1V * [o2)o(t') — (V # [w]2)w(t)|| 2dt

If we combine Holder’s inequality, Young’s inequality and Sobolev embedding, we

deduce:

(V' (urug) )us| L2 < |V po[Jurue|l oo |usl| 2 S [Jwr || g Juz || g |Jus]| 22

Similarly:

(Vs (uyuz) )us|| L2 < [V palJurvallpz lusl nee S [Jua |l o2 l|wall g l|us)| -
Hence:
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IIQJ(If)—IlJ(lt)IILZS/O(Ilv(t’)|H1+||w(15')||H1)QIIU(t')—w(t’)||L2d1t'S,/O lo(#)=w(t)| L2dt".

Uniqueness now follows from Gronwall’s inequality. n

We will now use the method of higher modified energies as in [34, 32]. The key is

to obtain a better approximation to ||u(t)||%. than ||[Du(t)||7. by using a multilinear

correction term.

Introduction of the Higher Modified Energy

Before we define the multilinear correction to E*(u) := | Du(t)||7., let us first find

I Du)| -

d

d
—||D 2~ —
T Pu)llz> ~ —

(Y Du(m)Du(ny)) =

ni1+no=0

= Z (0(n1) (iAu—i(V*|u|®)u)(n1)0(n2)u(ng) +0(ny)a(n, ) (—iAa+i(Vs|u|?)a) (ng)f(ng) =

n1+nz2=0

= 3 (—i((8(n))*n? — (B(n2))*n3)a(ny)i(ns)

ni1+no=0

—i((0(n2))*((V o [ul*)u) ™ (na)u(na) — (0(m))*@(na) (V * [uf*)@) " (n2))) =

= —i Z ((9(712))2‘7(”3 +na)u(n)u(na)i(ng)u(na)

ni1+n2+nzg+ns=0

~ ~

—(0(n))*V (ng + na)a@(n1)u(ng)a(ng)i(na)) =

:%i S (000)*V (05 +na) + (0(n))*V (m + mo)

ni1+nz+nz+ngs=0

—(0(n2))?V (13 + 14) — (0(n4))*V (ny + n2))i(na ) @(na)a(n3) A (ny)
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Since V' is even, so is V. Hence, when n;+ns+ns+nys = 0, we have that: XA/(nl +ng) =

~

V(ns + ny4). So, we deduce that:

%IIDU(t)IIia =ci Y ((0(m)* = (6(n2))® + (6(ns))* — (6(na))?)

ni+na+nz+ngs=0

~ ~

V(ns + ng)ti(ny)i(ne)a(ns)a(ng), (2.73)
where ¢ is a real constant.

Recalling the notation from Section 2, we consider the following higher modified

enerqgy

E%(u) := E*(u) + A\ (My; u). (2.74)

The quantity M, will be determined soon.

The modified energy E? comes as a “multilinear correction” of the modified energy

E! considered earlier:

In order to find %EQ(U), we need to find %/\4(]\44; w). Thus, if we fix a multiplier
My, we obtain:
d

_A M M p—
dt 4( 4,U)

d ) E(ny) (e
E( Z Miy(ny, g, n3,14)0(n1 )u(n2)t(ns)u(ng)) =

ni+na+ng+ngs=0

= —i/\4(M4(nf — n% + n§ — ni); w)

—t Z [M4(n1237 N4, Ns, nﬁ)‘/}(nl -+ ng)

ni+ng+nz+ns+ns+ne=0
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— My (n1, nosq, ns, 716)‘7(”2 + n3) + My(ny, no, nsgs, nﬁ)‘?(ni% + ny4)

—M4 (nl, Ng, N3, n456)‘7(n4 + Tl5)} ﬂ(nl)/ﬁ(ng)ﬂ(ng)ﬁ(m)ﬂ(%)ﬁ(%) (275)

From (2.73), (2.75), it follows that if we take:

My =0, (2.76)

where VU is defined by:

v:I'y—R

c“9(”1”2’(9(”2))§Jffl(z’fﬁ,1£2j,f§("4))2)%3*"4), 02 —n24+n2—n2£0
\IJ = 1 2 3 4 (277)

0, otherwise.

for an appropriate real constant ¢. One then has:

d o, « . .
EE (u) = —irg(Ms; u). (2.78)

where:

Me(n1,ng, ng, na, ns, ng) 1= My(nia3, ng, ns, 716)‘7(”1 + ng)

— My (n1, nosa, s, n6)‘7(n2 + n3) + My(ny, no, nss, ne)f/(n:a + ny)

— My (ny,n2, ns, n456)‘7(n4 + ns) (2.79)

Heuristically, we expect this expression to be smaller than %E !(u) since the deriva-
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tives are distributed over six factors of u and u, whereas before we only had four

factors. The key to continue our study of E?(u) is to deduce bounds on V.

Pointwise bounds on the multiplier ¥

As in the previous section, we dyadically localize the frequencies as |n;| ~ N;. We
then order the N;’s in decreasing order, to obtain Ny > Ny > N3 > Nj. Let us show

that the following result holds:

Lemma 2.4.2. Under the previous assumptions, one has:

U =0 O(NY)O(N3)N;sNy). (2.80)

(N7)?

Proof. From the triangle inequality and from the definition of 6, it follows that we

need to consider only:

N ~ N5 = N. (2.81)
Furthermore, by construction of ¥, we just need to prove the bound when n? —
n3 +n3 —ni # 0.
We recall that:
V<1 (2.82)

Hence, the factor of XA/(ng + ny) will not affect the estimate.

In the proof of Lemma 2.4.2, it is crucial to observe that, for (ny,ng, n3,ng) € I'y:

n2—ni4ni—n3 = (nj—ny)(n1+ng)+(ns—ng)(nz+ny) = (n1—ny)(n1+ns)—(ns—ng)(ny+ny) =

= (n1 +n2)(n1 — na2 — ng + n4) = 2(ny + na)(n1 + n4) (2.83)

In particular, when n? — n2 + n2 — n? # 0, one has: ny + ny,ny +ny # 0.

We must consider several cases:
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¢Case 1: Ny > Nj.

¢Case 2: Ny ~ Nj.

Case 1: Let’s suppose WLOG that: |ni| > |ng|, |n2| > |n4|, and |nq| ~ Ny.
One needs to consider two Subcases:

oSubcase 1: |ng| ~ Nj.

oSubcase 2: |ng| ~ N;.

Subcase 1:

Since nq + ng + ng + ny = 0, [na], [ne| > |ng, |n4|, it follows that ny and n, have
the opposite sign.

Consequently:

[n1 +ng| = |[na] — |na].

However, |ny + na| = |n3 + ny4| so:

1| = [nall = [0 + nal.

From (2.83), one obtains:

In the last estimate, we used the fact that |ni| > |n4| and |ny + na| = |n3 + nyl.

Let us now analyze the numerator. We start by observing that :

We now have to consider (6(n3))* — (6(n4))>.

One must consider three possibilities:

6We are considering |n1| > |nz|,|n1| > N; it’s possible that |ny| < N, but this is accounted for
by the “ <.
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Sub-subcase 1: |ns|, |n4| < N.
Sub-subcase 2: |ny| < N < |ng| or |ng] < N < |ny|.

Sub-subcase 3: |ns|, |n4| > N.

Sub-subcase 1: In this sub-subcase, one has:(0(n3))? — (6(n4))* = 0.

Sub-subcase 2: Let’s consider WLOG the case when |ny| < N < |n3|. The case

Ing| < N < |ny| is analogous.

We obtain:
1 S S S S
[(8(n3))? — (0(n4))?] = Nganz\z - N*| < WH%F — [na]*| =
1 1 _
= N23||”3|28 — | —naf*| m|n3|28 Yng + nyl.

We note that the first inequality follows from the assumptions of the sub-subcase.

Sub-subcase 3:

We note:

005))? — (614))?] = g lImsf® — Il

||n3

Arguing as in the previous sub-subcase, we obtain:

1 .
[(6(ns))” = (0(na))*] S 75 [nl™ " Ins + mal.

So, we obtain that in Subcase 1, one has the bound:

1 _
[(6(n9))” = (6(n))*] S Sg5lmal™ns + 1l S 57

Combining (2.85) and (2.86), one obtains:

1
NQS

[(0(n1))* = (0(n2))? + (0(n3))* — (0(na))?| < (N7)* Y ng + nal.

7

L2
(NT)*Hns + ma-

(2.86)

(2.87)



From (2.82), (2.84), and (2.87), it follows that in Subcase 1:

Subcase 2:

Here one has |ng| ~ N3. In this Subcase, we don’t expect to obtain any cancelation

in the numerator or in the denominator. We get:

[(0(n1))* = (0(n2))* + (0(n3))* — (0(na))*| = O((0(m1))?) = O<]V125(N1*)28)

[nt — n5 +ng — ngl ~ (V)%
So, again using (2.82), we deduce:

—(N])»7?) = 0(@9(1\];)9(1\@)). (2.89)

Case 2:

Subcase 1:

We first consider the subcase when: Ny ~ N3 ~ Nj > Nj.
Let us assume WLOG that |n4| ~ NJ.

Then, by (2.83), one has:

[a]? = Inal* + [ns]® — [na | = 2/(n1 +n2) (1 + n4)| 2 N (2.90)
Here, we also used the fact that |n; + ng| ~ Ny and |ny + ny| > 1. The latter

observation follows from the fact that the problem is periodic.

We bound the numerator by:
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(60))? — (9(12))? + (B(na))? — (B(na))?] < (B(m))? S s (N7

S W (2.91)
It follows from (2.90), (2.91), and (2.82) that:
Ny N2s (Nl*)2 N2s 1
1 * * *
O((Nf)ze(Nl)e(Nz)N3). (2.92)
Subcase 2:
In this case, all the N}’s are equivalent:
N{ ~ N3 ~ N; ~ Nj.
By using (2.83), and the fact that |n; + ng| > 1,|ny + ny| > 1, it follows that:
171 ]* = [nof” + [nsl” — [nal?| = 2|(n1 + n2) (1 + na)| 2 1. (2.93)
As before:
1 * 28
[(0(n1))* = (0(12))" + (0(n3))? = (0(na))*] < (0(n1))* S 5755 N7 (2.94)

(2.82), (2.94), and (2.93) now imply:

_oVD)E 1 (A N2
V= O( N2s ) - O(<Nl*)29<N1)9<N2)(N1) ) -
1 * * * NTH
= O(WG(J\Q)G(NZ)N3 Ny). (2.95)
Lemma 2.4.2 now follows from (2.88),(2.89),(2.92), and (2.95). O

79



An approximation result for the higher modified energies

Let us now show that E?(u) is a good approximation of E'(u) in a certain precise

sense. The result that we prove is:

Lemma 2.4.3. If we take N to be sufficiently large, then:
E*(u) ~ E'(u),

where the implied constant no longer depends on N, but depends continuously on

energy and mass.

Proof. By construction, we have that: |E?(u(t)) — E*(u(t))| = [Aa(My; u(t))], where
My has been defined in (2.76).Let us WLOG consider the contribution to Ay(My; u(t))
in which |nq| > |ny| > |ng| > |n4|. The other contributions are bounded analogously.

With notation from before, we obtain the following localization:

N > N; > Ni > N3 N > N. (2.96)

Using Lemma 2.4.2 we note that the corresponding contribution to |E?(u) — E'(u)|

is:

S 2 2

ni1+no+ns+ng=0,n1|>...>|n 1 1
1+n2+n3+na=0,|n1] nal N satisfying (2.96)

1 . T — — —
WH(NJ@(NJN;:. Ny lun; (n)|[ang (ne2)||ung (na)|[un; (na)]-
By taking inverse Fourier transforms, using an L2, L2, L%°, L%° Hoélder inequality, the
1
H2" < L= Sobolev embedding and the fact that || - 22, - ||H%+ are invariant under

change of sign in the Fourier transform, we obtain that the previous quantity is:

1 *
S > N [6(NT)un;
Ny satisfying (2.96) !

1

1_
12]|(N3)? " un; bt S

1
i [(ND) 2 un;

22 [|0(Ny Jun;
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1
S Z WHDUH%ﬂWH%p
Ny satisfying (2.96) !

1 ) 1

E'(u).

The other contributions are bounded in an analogous way. Hence,

F2(u) — E'(u)] S

~ Nl_ El (U)

Thus, if we take N sufficiently large, we get for the fixed time ¢:

E2(u(t)) ~ E'(u(t)). (2.97)

The implied constant above doesn’t depend on N as long as we choose N to be
sufficiently large. It also doesn’t depend on t. We see that it depends on the uniform

bound on ||u(t)| g1, hence it depends continuously on energy and mass.

Hence, in order to bound E'(u), it suffices to bound E*(u).

Estimate on the increment of E?(u) and proof of Theorem 2.1.2

For ¢y € R,we now want to estimate the increment:

E?(u(to +0)) — E*(u(to)).

The bound that we will prove is:

Lemma 2.4.4. For all ty € R, one has:

B2 (ulto +0)) — E*(u(to))] S 7= E*(ulto)).

N2~

Let us observe how Lemma 2.4.4 implies Theorem 2.1.2:
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Proof. (of Theorem 2.1.2 assuming Lemma 2.4.4) We argue similarly as in the proof
of Theorem 2.1.1. Namely, from Lemma 2.4.4, together with (2.28) and Lemma 2.4.3,

we deduce that:

E*(u(T)) S E*(®) S E'(®) = [D2|L> < || @]

~Y

s (2.98)

whenever ' < N%-.

So, for such T, one has, from (2.28), Lemma 2.4.3, and (2.98):

[(T) [ S N°VENu(T)) S N°V E*(u(T)) S N°|| @]

. (2.99)

Since T < N2, we can take N = 72", Substituting this into (2.99), we obtain:

1
[w(T) | S T2 |2

. (2.100)

Here the implied constants depend only on (s, Energy, Mass), and they depend con-
tinuously on energy and mass.

Using (2.100), and arguing as in the proof of Theorem 2.1.1, we obtain that, for
s > 1, there exists C' = C(s, Energy, Mass), depending continuously on energy and

mass such that for all ¢ € R:

e < C(1+ [t])24]|D|

[u(®)]

Ho (2.101)

We now prove Lemma 2.4.4:

Proof. (of Lemma 2.4.4) From Proposition 2.4.1, given ty, we can construct a global
function v which agrees with u on [t,ty + §] and which satisfies appropriate X*°
bounds. Let’s WLOG suppose that t; = 0. We note that all the constants depend
only on conserved quantities of the equation, and hence will be independent of t,.

From Lemma 2.4.3, one obtains for ¢ € [0, d]:
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E*(v) ~ E'(v).
Furthermore, from (2.78) and the construction of v, we recall for ¢ € [0, d]:

d N (g
2 (0(t) = —ide(Mg; v(t)).

We want to estimate 05 4 E2(v)(t)dt. In order to do this, we just consider the con-

tribution:

5
/ > Miy(ni2s, na, n5,m6)V(na + no)
0

n1+nz2+n3+ns+ns+ng=0

0(n1)0(n2)0(n3)0(n4)0(ns)o(ng)dt =: K (2.102)

By symmetry, the other contributions are bounded in an analogous way, since as we
will see, our argument won’t depend on which factor comes with a complex conjugate,

and which factor doesn’t.

Let us now dyadically localize in frequency, with the following localizations:
[n1 + ng + na| ~ Ni, [na| ~ Na, [ns| ~ N, [ng| ~ Ny

As before, we introduce the dyadic integers Ny, Ny, N5, Nj. It is then the case that:

N > Nj > Nj > Nj, Nf 2 N. (2.103)

The latter fact follows from the fact that the only nonzero contribution comes from

the case where (8(n; + ny + n3))? — (0(n4))* + (0(ns))? — (6(ne))? # 0. Let’s fix an
admissible configuration (N, No, N3, Ny) and let’s denote its contribution to K by:

5
KNy Ny Ng Ny 2= / g My(n1 + ng + ng, na, ns, Ng)
0 ny+ng+nz+na+ns+ne=0

— o~

(00) y, (M1 + N + 13) N, () 0N, (15) TN, (1)t
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We must consider several cases:
¢Case 1: Ny = Ny or Ny = N3
¢Case 2: Ny = Nj or Ny = Nj.

Case 1:

By symmetry, we consider the case Ny = Ny. We will also consider the case when
Ny = N3, N3 = Ni, Ny = Nj. The other cases are bounded in a similar way (we just

group the terms differently). We obtain:

|KN17N27N37N4| = ‘/ Z
R

ni1+nz2+n3+ns+ns+ng=0

—

My(ny + ng + ng, na, ns, ng) (V0V) 5, (N1 + ng + ng)(X[(),(;wNZ)'V(m)v/]\?S(n5)6/]\f\4(n6)dt| =

_ | / Z My(n1 + ng + nz, ng, ns, ng)

1+T2 434 T+ TS5 76 =0 1) g 4ng+ng+ns+ne=0

—_~—

(V0 , (N1 + N +n3, 71 + T2 + Tg)(X[oyg]UNQ)N(TL;;, T4)UNs (N5, T5) 0N, (65 Tﬁ)de‘

Using the triangle inequality, Lemma 2.4.2, and (2.82), this expression is:

< / 3 (N—ll,qge(zvf)e(zv;)zvs‘zvz

72473474t 5+ 76=0 1y 4yt ngtna+ns+ne=0

—_~—

(Vo) , (n1 + n2 + 13, 71+ 72 + T3)||(X[0,6}UN2)~(7L47T4)H13v;(n5775)’|5wm(n6>TGWT]'

—_~—

Since 0(NY) ~ 0(ny + ny + n3), by localization, and since [(vov)y | < lvov| by

restriction, this expression is:

1
S / Z N 9(’/7,1 + o + ng)G(NQ)N3N4

)2
T1H+72+734+Ta+75+76=0 1y Lo 4 nstng+ns+ng=0 1 )

84



[000(n1 + nay + s, 71+ 72+ )| (X010, )~ (s )| (ns, 75) | [0, (16, 76) T

< | 3

*)2
TIAT2 AT AT HT6=0 1) 4y g +ngtns+ne=0 ()

Q(?’Ll + Mo + ng)Q(NQ)N3N4

[5(n1, 70)|[0(n2, 72) | [0(ns, 73)|| (X0, )~ (nias ) |0 (ms, 75) | [, (16, 76)

Since one has the “Fractional Leibniz Rule”: 0(ny+na+n3) S 0(ny) +0(n2) +0(ns),

we bound this expression by:

S / Z (Nll*)z(9(n1)+0(n2)+6’(n3))|i7(n1,Tl)||5(n2,7'2)||'17(n3,7'3)|

T2 ATSATANTE A6 =0 1) g fngtna+nsne=0

(O(N2)| (X a0y, )™ (na, Ta) ) (N0, (15, 75) ) (Na O, (m6, 76) | .

By symmetry, it suffices to consider:

1 ~ ~ ~
K11\71,N27N37N4 = / Z (N*)29(77/1)’U(711,7'1)“1}(712,Tg)Hv(ng,Tg)l
T 1

1+ AT A T5 76 =0 ) o 4ngng+ns+ne=0

(O(N2)| (X0 y,) (4, 7)) (Na| o (125, 75) ) (Na O, (n6. 76) | s =

L}, L., L., L, L Holder’s inequality, and argue as in

We now use an Lj , L}

t,x?

previous sections to deduce that this term is:

2
1 1
X§+,§+

2
Xl’%+ —

< 1
(N7)?

Dol o3+ 1] Dol o3+ [10]]
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1
(V1)

4
Xl’%_‘—

< Dol %0 1]

which by the X*® bounds on v is:

1 1 )
Sy e Pl

IDR[IZ: 1215 S

One gets the same bound for the other contributions to Kn, n, n; n, in this Case by

symmetry.

Case 2: We recall that here Ny = N3 or N; = N;. By symmetry, we consider
the case Ny = Nj.

Arguing analogously as in the previous Case, we get the same bound as before.
The only difference is that now, in the appropriate bound for My, we replace N3 by

(ny + ng + n3) and we then use the inequality:

<n1 -+ Mo -+ 7”L3> SJ <TL1> -+ (n2> -+ <n3>

as the “Fractional Leibniz Rule”. So, in any case, we may conclude that:

1
LSRN A S WIIDCPH%Q- (2.104)
1

The implied constant depends only on (s, Energy, Mass). Using (2.104),(2.103) and

summing, it follows that:

1 1
K1 S e IO = g B (@),
By using Lemma 2.4.3, it follows that:
< 1 2
K| S o B(®)

In an analogous way, we show that the other three terms in E?(u(d)) — E*(®) satisfy

this same bound. The same bound holds for arbitrary ¢. O
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A note on Corollary 2.1.5

The same bound that we obtain for the Hartree Equation holds also for the Defocusing
Cubic NLS on S* with the same proof. We formally take V = §. The cubic NLS is,
however, completely integrable [84], so we see that the obtained bound is far from
optimal. If we consider the defocusing cubic NLS on the real line, in Chapter 3, we
show bounds which allow us to recover uniform bounds on the integral Sobolev norms
of a solution, up to a loss of (1+ |¢])°T. The proof of this result relies on the improved

Strichartz estimate and is at the moment possible only on the real line.

Further remarks

Remark 2.4.5. The equation (2.4) possesses solutions all of whose Sobolev norms
are uniformly bounded in time. Namely, if we take n € Z, and o € C, then:

u(z,t) = ae— iV Olalt ji(ne—n?t)

is a solution to (2.4). Since our assumptions on V imply that V(0) = JV(z)dx is
real, it follows that for all s,t € R:

[u(@)l e = [[w(0)]| s

A similar ansatz was used to show instability of the cubic NLS on S* in Sobolev spaces

of negative index in [21].

Remark 2.4.6. We could try to construct a third modified energy E3, in hope of
obtaining a better bound. The algebra, however becomes quite complicated so we have
not pursued this approach. Several iterations of the higher modified energies were

previously used in [34).

Remark 2.4.7. The method of higher modified energies doesn’t work for the equations
we considered in Theorem 2.1.1, i.e. if the nonlinearity is |ul® for k > 2. The reason

why this is so is that the analogue of the multiplier ¥ on T'yx, which we again call V,
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1s not pointwise bounded. Namely, if we consider the case k = 2, we should take:

(0(n1))** = (0(n2))** + (0(n5))** — (0(114))** + (6(n5))** — (6(ng))*

7] = [n2f? + [ns]? = |na|* + |n5]* = [ng|?

P~

Let us assume that s is such that:

625 — 925 4 5% _ 325 4 125 _ 72 L),
Then, we know that:
(n1,ng,n3, ng,ns,ng) = (6N, —2N,5N, —3N, N, —7N) € Tg.
For this frequency configuration, we have:
(0(11))* = (0(n2))* + (0(n3))* — (0(n4))* + (0(n5))* — (0(ns))* =

628_225+528_328+128_728#O

and

71| = |n2|® +|n3]* — [na]? + ns|* — |ng|* = 36N? —4N?+25N? —9N?+ N? —49N? = (.

Hence, V(nq,ng,ng,ng,ns,ng) is not well-defined. In particular, in this case, we

can no longer prove a pointwise multiplier bound as in Lemma 2.4.2. A similar

construction can be adapted to the case k > 2, if we just take the remaining 2k-/

frequencies to be equal to zero. We note that the phenomenon that the multiplier 1 is

unbounded in the case of the quintic and higher order nonlinearities is linked to the

fact that the factorization property (2.83) no longer holds in this context.

2.4.2 Modification 2: Defocusing Cubic NLS with a potential

Let us now consider the equation (2.5).The equation (2.5) has conserved mass as

before, since |u|* + X is real-valued. On the other hand, by integrating by parts, one
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can check that the quantity:

E(u(t)) := %/\Vu(x,t)]Qda:—l—i/|u(m,t)]4d:c+%/A(x)\u(:c,t)ﬁd:c

is conserved in time. E(u(t)) is the conserved energy. By using Holder’s inequality

and Sobolev embedding, it follows that E is continuous on H*.

We note that E is not necessarily non-negative and that it doesn’t give an a priori

bound on ||u(t)]| ;.. However, since A is bounded from below, we obtain:

lu@)IEn S Eu(t)) + M (u(t)).

Hence ||u(t)||z: is uniformly bounded.

Local-in-time estimates for (2.5)

Let u be a global solution of (2.5).

Proposition 2.4.8. Givent, € R, there exists a globally defined functionv : S'xR —
C satisfying the properties:

U|[t0,t0+5] = u|[t0,t0+6]- (2.105)
[0l 13+ < Cls, E(®), M(2)) (2.106)
1Dv]| 030 < C(s, B(®), M(®))|Dulty)|| 2. (2.107)

Moreover, § and C can be chosen to depend continuously on the energy and mass.

Proof. The proof is similar to the proof of Proposition 2.3.1 and Proposition 2.4.1.
For the existence part, we argue by a fixed-point method. Let us take § € (0,1), and
let f € C°(R) be such that f =1 on [0,1]. Let p(z,t) :== f(t)\(x).
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With notation as in Appendix B of this chapter, we consider:

5
Lv := xs(t)S(t)® — ixs(t) /0 S(t —t)(|vs|*vs + pvs) (t)dt'.

So:

1—

Xs,bfl + C(s 2

1-26 1-26 26
[ L[ xs0 < 072 | @ s + cd72 |[]vs|*vs] [ s

Xs,b—1.

The new term that we have to estimate now is ||uvs|| xss-1. We argue by duality; let

¢ = ¢(n,7) be such that:

zn:/dﬂc(n,r)I? <1,

By using the Fractional Leibniz Rule:

> / dr(ny* (v + 12)" (o (n, 7l 7)| <

lc(n, 7)) o~ N
S Z/dT( Z /T1+727d7jm<m> [7i(n1, 71)|[05(na, 2)])

n ni+no=n

+;/d7( > /T1+T2:TdT]<T+n2>1b\M( 1, 71) () |05 (N2, 1) |) =1 [y + L

ni1+no=n

Using Parseval’s identity, an L7, Ly,

t,x

Lf,x Holder inequality, and (2.22), arguing as
in the proof of Proposition 2.3.1, it follows that:

I S llellzzi el g lvsll o3 S 07 Mlvllxor < 870l xe,

for some 1y > 0. Here, we also used the smoothness of 4 to deduce that || x| S L

3
X8
An analogous argument gives the same bound for /5. The existence part of the proof

now follows as in the proof of Proposition 2.3.1.

For the uniqueness part, suppose that v,w are two solutions of (2.5) on the time
interval [0, d] with the same initial data and whose H' norms are uniformly bounded

on this interval. By using Minkowski’s inequality and unitarity of the Schrodinger
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operator, we deduce that, for all ¢ € [0, 4] :
5
[o(t) —w(®)]|2 < /O ([0l = [wl*w) () ]|z2 + 1| (Av = Aw)(t')[|z2)dt’

é
S /0 (ol + lwllz)® + [X[zo) [0 = w]] p2dt’

)
< / () — w(#)|| 2.
0

Uniqueness now follows from Gronwall’s inequality. O

Definition of E?(u) for (2.5)

As in the case of the Hartree Equation, we will use higher modified energies. Let:

E'(u) := || Dull32, E*(u) := E'(u) + A\y(My; u)

As before, we have to determine the multiplier My, so that we cancel the quadrilinear

terms in 4 E?(u(t)). We note:

G w®) ~ 2 (3" Du(m)Du(ng)) =

ni+n2=0

+i > ((0) = (B(n2))?)a(n )i(n2)A(ns) (2.108)

n1+nz2+n3=0

On the other hand, we compute that:

d , ,
E/\4<M4; u) = idg(My(—n2 +n3 —n3 +n3);u) — ig( Mg; u)
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—i > My (M) (n)a(ng)i(ng)a(na) — w(ny)(Aa) (n)a(ng)a(ng)

ni+na+ng+ngs=0

Hi(na )i (ng) M) (ns)ii(na) — @ (ny)@i(na)i(ns) (Mt (n4)) (2.109)

Here:

Mﬁ(nl,n2,n37n4) = M4(7’L123,7"L4,n5,n6) - M4(n1,”234,n57n6)
+My(n1, N2, N3as, ) — Ma(n1, 2,13, Nasg). (2.110)

From (2.108) and (2.109), it follows that we have to choose:

My = U, (2.111)

where W5 is defined by:

Uy, : I'y - R

(0(n1))*—(0(n2))>+(0(n3))®—(0(na))® ¢ 2 _ 2 2 _ 2
Uy = ¢ ni—n3+n3—n3 ) if niy — Ny +n3 —ny 7é 0 (2112)
0, otherwise.

for an appropriate real constant c.

Hence, for such a choice of M,, we obtain:

CEw=ci Y (0m) — (6m) )l )i(n)A(ns)

n1+nz+nz=0

—ide(Mgw)—i > My () a(ne)a@(ng)a(na)—a(ny) (\a) (ng)a(ng)i(na)

ni+na+nzg+nqgs=0
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()T (n2) ) (ns)Ti(na) — @ (ny)ii(ng)i(ns) (Ma) (na)] (2.113)

We dyadically localize the frequencies as |n;| ~ N;. As before, we define: N >
N3 > Ni > Nj. The proof of Lemma 2.4.2 gives us that:

1
My = O(—~ 0NN NS ). (2114)
(N7)
As we saw earlier, (2.114) implies:
E%(u) ~ E'(u). (2.115)

Estimate on the increment of E?(u) for (2.5) and proof of Theorem 2.1.3.

We want to estimate E?(u(ty + d)) — E*(u(ty)) = E*(v(to + d)) — E*(v(tg)). The

bound that we will prove is:

Lemma 2.4.9. For all ty € R, one has:

B2 (ulto +0)) — E*(u(to))] S 7= £*(ulto)).

N1-

Arguing as in the proof of Theorem 2.1.2, Theorem 2.1.3 will then follow imme-

diately from Lemma 2.4.9. We now prove Lemma 2.4.9.

Proof. As before, it suffices to consider ty = 0. We have to consider three possible
types of terms that come from integrating over [0, §] the right hand side of (2.113).

1) By a slight modification of our work on the Hartree Equation, we have:

l/w%ﬁmmﬁu (2116)

2) In order to estimate the time integral of the quadrilinear term on the right

hand side of (2.113), it suffices to estimate:

| / Z M4 (nl, Ng, N3, 7”L4) ()\u)A(nl)ﬁ(ng)ﬂ(ng)ﬁ(m)dﬂ

ni+n2+nz+ns=0
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Here My is the multiplier we defined in (2.111). Let v be as in Proposition 2.4.8, and
let pu(z,t) = f(t)A(x) be as in the proof of Proposition 2.4.8. Let x = x(t) := X0, (%)-

Then, we want to estimate:

[ Manmna e ) e ()i e

ni+nz2+nz+ns=0

Let Ny, No, N3, Ny be dyadic integers. We define:

IN17N27N3,N4 =

—

| / ST Malny, g, n,na) (o) y, (m1), (n2)B (na)o, (na)d|

ni+nz+nz+ngs=0

~ ‘ E / de
T1+72+73+74=0

ni+no+nz+ng=0

e~ —

{My(n1,n2,n3,n4) (X/w)N1 (n1, 71)5N2 (12, T2)UNz (13, 73)5N4 (74, T4)}|

< > / dr;
T1+72+73+74=0

n1+n2+nz+ngs=0

—_—~—

{|M4(n17”27”37n4)|!(X/~W)N1 (”17Tl)|’5N2(”2772)|’5N3(”3773)||5N4(”47T4)|}

We define the dyadic integers N as before. By using the fact that we are summing
over the set where n; + ns +n3 +ny = 0, and by using the definition of My, we know

that:

N; 2 N, N ~ N} (2.117)

We will consider the case when:
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Ny = Nf,Ny = Ni, N3 = Ni, N, = N;.

The other cases are similar. Namely, in the other cases, we use the Fractional Leibniz

Rule differently, as we did in order to bound the term K occurring in (2.102).

From (2.114), it follows that:

1 * * * *
INy o Ng Ny S § /+ . ode (Nf>2‘9(N1)9(N2)N3N4
T1+T2+73+T4=

ni+na+nz+ngs=0

—_~—

|(><lw)N1 (n1, Tl)||%N2(n27 7a)|[Un, (3, 73)||%N4(n4, 74)]

1
To+7T1+T2+73+74=0 ( 1)

no+ni1+nz2+n3+ngs=0

—_~—

|(x1t) (no, 70)|[0(na, 71) | [On, (2, 2)||0N; (R3, 73) | [Un, (10, 74) |

1
< ¥ / 0y (B(no) + 6(ny))
T0+71+T2+73+74=0 (Nl )

no+ni+ng2+nz+ngs=0

— 1 ——

_ — 1 — 1 =
|(x) (o, 70)|[v(na, Tl)|((N;)0+ (DY) y, (n2, T2>|)(W|vas(ns, 73)|)(Wwvm(n47 7))

1 2
S IN17N27N37N4 + ]N17N2,N3,N4

Here:
1 1
Iny Ny Ns Ny = Z de(N*T
no+ni+ns+ns+ngs=0 To+71+7T2+T73+74=0 1
s o~ 1 == 1 =~ T
|(xte) (no; 7o)l Dv(na, 7) (oo | (D) vy (25 T2) D (oo Vo s (03, 7)) (g [ VONG (R4 T4) )

(N3)** (N3)** (N3)™*
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and:

1
IJQ\TlN N3, Ny -— / dT‘T
e n0+n1+nzz+n3+n4=0 To+ 71472+ 73+74=0 ](Nl )2
(XDR) (10, 70) (50, 1) (e [(DT) (12, 7)) e [Ty (13, 75)]) e [T (110, 7))
o, T VN, T _— v No. T _— v Na., T _— v Na., T,
XE ) (Mo, To 1,71 (N3 )0+ Ny \T02, T2 (N7)o+ N3 (13, T3 (N )+ Ny\Th4, T4

. 1 . 2 . .
We estimate Iy, y, v, n,- The expression Iy, n, v, n, 18 estimated analogously.

Suppose Fj : 7 =0,1,2,3,4 are such that:

/F\(; = |(X:U’)‘7}7\I = |§{)|?E = |(,D17)N2|7ﬁ; = |%N3|7E = |%N4|

By Parseval’s identity, and then by Hoélder’s inequality, we deduce:

1 _ _
1
]N17N27N3,N4 S N127N20+N§J+N£+ //FOF1F2F3F4d$dt

1
< o
= NZ NITNIFNOF 1%

s N E s 1 F2lleg N Eslleg, [1Fall e,

By using (2.22), (2.23), and the construction of the functions F}, this expression is:

1
S NTNOF DTN 1Foll o2 1] o2 1F2 [l yor g4 I1E5 1 yor g 1l gor g+

1 1 1 1
= F”Xﬁbﬂxo,g ||DU||Xo,g(WHDUM||Xo+,%+)(w||VUN3||Xo+,%+)(ﬁ||VUN4||X0+,%+)

Using Lemma 2.2.1, and Proposition 2.4.8, we deduce that this expression is:

< 1
NN12—

11l oy DOy [0 .
By the smoothness of p, this is:
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1
Ni~

1
S 7= 1D = = E'(®)
1

By (2.115), we obtain that the above term is:

<

E%(®).

An analogous argument shows that IJQVL Na.Ns.N, 18 bounded by the same quantity.

Hence:

1

—FE*®
= E@)

IN17N27N37N4 5

We sum in the N; and use (2.117) to deduce that:

19
| /O > M (M) (m)u(ng)t(ng)u(na) — w(m) (Aa) (na)t(ng)u(na)

ni+na+ng+ngs=0

+(ny )t (ng) (M) (ns)t(ng) — (Au)(ny)@(ng)(ns) (Aa) (ny) ) di]

< 1
~ N2-

E?(®). (2.118)

3) We now estimate the time integral of the bilinear term on the right hand side

of (2.113). Namely, we bound:

| / ST (O0)? — (0(n))2) ()i (na)N(ng)dt ]| =

n1+nz2+n3=0

| / S (00m)? — (0(n2))?) (xo ) () (na) (st | ~

ni+na2+nz=0

~ ‘ Z /n+72+73:0 de<(9(n1))2 — (9(712))2)(XU)~(711, 71)5(n2, T ) 1u(ns, 73)|

ni1+n2+n3z=0

97



Given dyadic integers Ny, No, N3, we define:

JNl,N2,N3 = Z / dT]’ ( )) _(0(n2))2||@Nl<nlvT1>||%N2<n27T2)’|/7N3<n377_3)’

ni+nz2+n3=0 +72+73=0

Let’s order the frequencies as before to obtain:

N{ > Nj > Nj.
By construction of 6, and by the fact that we are integrating over ny + ny + n3 = 0,
we again have that:
Ny 2 N,NJ ~ NJ (2.119)
We now consider two cases, depending on the relationship between N; and Ns.

Case 1: Nj ~ Nj.

In this case, one has:

(0(n1))* = (6(n2))* = O((B(N3))?).

We find G+, G5, G3 such that:

—_——

G1 = |(xv) g, |, Go = [Bn,], G = |[(D2p1) .

So:

JN17N27N3 SJ

> / drj| (xv) (1, )| [Un, (n2, 72) [ (0(N3))? i, (ns, 73) |

n1+na+ng=0 Y 172 +73=0

98



s >/ 51 00) ey (11, 7 [y (i, ) | (D7) (3, 7))
ni+na+ng=0 Y T1H72+73=0
~ [ [ GiGaGadnat < Gl Gl Gl

S1G o2 1Gall oz 1Gallxos = 100w Lo lowall o8 (D) g x0s

< oIl

— D%l o €~ 1Dl .

X% N (NF)M
The previous bound holds for all M > 0, by the smoothness properties of y. From

(2.115), we have that the contribution from Case 1 is, in particular:

(®). (2.120)

Case 2: Nf > Ns.
Subcase 1: N3 < (Nf)¢ (e > 0 is small).

We recall from (2.85) that:

[(0(2))” = (0(y))?] < %II@“FS — [y[*I.

Now, in this subcase:

[na| ~ |na| ~ NY, [|na] = [na|| = O((NY)9).

So, by the Mean Value Theorem:

[ = |ne|*| S (N7)*H(NT)".
Consequently:
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2 _ (0(n))2 L
[(0(1))" = (0(n2))° < (NT)I,GH(Nl)G(NQ)-

With notation as in Case 1, we obtain that:

NN N S
1 — —~ ~
)3 ry Ty (YD), (11, 7)1 DO (2, 7o) s (i, 7o)
ni+no4nz=07 71 +72+73=0 1)
We now argue, using an Ly, L¢ ,, L7, Holder inequality as in Case 1, to deduce:

1 1
JN17N27N3 S (N ) HD HXO §+H/1JHXO’O 5 (N*>1_E
1 1

E*(®) (2.121)

Subcase 2: N3 > (N;)(for the same € > 0 as before).

In this subcase, we estimate |(0(ny))? — (0(n2))?| < 0(Ny)O(N,), and hence:

JN1,N27N3 5

S [ Do) o I[P )l s, )
T1+72+73=0

n1+n2+n3z=0

We now argue similarly as in Case 1 to deduce that for all M > 0:

JN1,N2,N3 5 (N*>€M|| HXO 5+
1

Hence, if we choose M sufficiently large so that eM > 1, we obtain:

1

N E*(®). (2.122)

‘]N17N27N3 5

Combining (2.120), (2.121), (2.122), and summing in the IV;, we obtain that:
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E%(®).  (2.123)

g ~
I/0 Yo ((0(m)? = (B(n2))*)a(na)a(no)A(ng)dt| <

n1+n2+n3z=0

Lemma 2.4.9 now follows from (2.116), (2.118), and (2.123).

Further remarks

Remark 2.4.10. If ) is a constant function, then u = e~ v, where v is a solution

to the cubic NLS. Since ||v(t)]

s 18 then uniformly bounded in time, the same holds

for ||w(t)||gs. If X depends on x, one can’t argue in this way.

Remark 2.4.11. Heuristically, the reason why we get a weaker bound for (2.5) than
we did for (2.4) is the fact that we have bilinear terms which occur in % E*(u). Hence,

the derivatives have to be distributed among fewer factors of u and u than there were

before.

2.4.3 Modification 3: Defocusing Cubic NLS with an inho-

mogeneous nonlinearity

We now consider the equation (2.6). The equation (2.6) has conserved mass. By

integration by parts, one can check that energy:

E(u(t)) := %/|Vu(ac,t)|2d:v+%L/)\(x)|u(x,t)|4dx

is conserved in time. Both quantities are continuous on H'. Since A > 0, conservation

of mass and energy gives us uniform bounds on ||u(t)||z:.

Local-in-time estimates for (2.6)
Let u be a global solution to (2.6). Let us observe the following fact:
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Proposition 2.4.12. Given ty € R, there exists a globally defined function v : St x
R — C satisfying the properties:

V| to,to+s] = Ulito to+]- (2.124)
0]l 130 < Cls, E(@), M(P)) (2.125)
1ol oy, < Cls, B(D), M(D)) [ Duto)] 2. (2.126)

Moreover, § and C can be chosen to depend continuously on the energy and mass.

The proof of Proposition 2.4.12 is analogous to the proof of Proposition 2.3.1, so

we omit the details.

Estimate on the increment of E'(u) for (2.6) and proof of Theorem 2.1.4

The presence of the inhomogeneity A in the nonlinearity makes it impossible to use
E?, as in the case of the previous two equations. The difficulty lies in the fact that the
numerators we obtain in the correction terms no longer factorize, so we can’t obtain
bounds such as (2.80). This is analogous to the situation that occurs for the quintic
and higher order NLS. For details, see Remark 2.4.7. Hence, we have to work with
E'. Theorem 2.1.4 will follow if we prove that:

Lemma 2.4.13. For all ty € R, one has:

1

B (ulto +)) - E'(to)] S ~——F'(@)

Proof. As before, it suffices to consider the case t; = 0. Arguing as in previous

sections, we obtain:

B () =ci Yo ((O))=(0(n2))*+(0(n5))* =(8(n))*) Mo (mz) U (m) i ()

no+ni+-:+na4=0
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Let Ny, N1, ..., Ny be dyadic integers. We define u(z,t) := f(¢)A(z) as in the proof

of Proposition 2.4.8. The expression we want to estimate is:

)
T s s s = | / ST ((0m))? = (0(na))? + (B(ns))? — (B(ns))?)

no+ni+:+na4=0

1N, (120) U, (nlﬁNz (n2)VUn, (”3)51\/4 (”4)dt|

If x =x(t) = X[0,5] (1), then In, Ny Ny Ny N, 1St

s ‘ Z /T+7- 0 de((Q(n1>)2 - (9(712))2 + (Q(ng))Q — (9(714))2)

no+ny+--+ng=0

—_—

1ino (70, 70) (V) y, (11, 71) Uy (R, 72) Oy, (Mg, T3) O, (124, 74)|

We define N} for j = 1,...5 to be the ordering of { Ny, N1, No, N3, Ny}. With this

notation, we have the following bounds:
Ny 2 N,NJ ~ NJ (2.127)

We consider two cases:

Case 1: Ny = (Ny)¢ (Here € > 0 is small.)

L4

t,x

L4

t,x

We use the fact that the multiplier is O((0(Ny))?), and an L%, L}

t,x) it

Li,
Holder’s inequality to deduce that:

Ing.viNo e S (OCND) iamo | g llom [ o3 oM | o g s llomsll o lomal youg-

Considering separately the cases when Ny ~ Ni and when Ny < Ny, this expression
is:
SIDuwill 3434 1IP0I o3 10150 4 + ol 33 IDVIE o g N0l

XO,%«&» XO’%+ XOY%‘F
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< (1Dl yepe + ol g DI 5 012,

For M > 0, this quantity is:

2
XO’%+

1
S (NO)M(HD/qu||XM+%+,%+ 1o | a3y NPV 1 N

1 1
S WHD(I)Hiz = WE(‘D)-
1 1

In particular, if we choose M sufficiently large so that eM > %, we get:

]No,N17N27N3,N4 SJ

EY®). (2.128)

Case 2: Ny < (N7)¢ (for the same € as before)

If we take ¢ < L

5, we note that the same arguments we used to prove Theorem

2.1.1 allow us to deduce that in Case 2:

1
(N7)2

INg Ny No Ns Ny S

EY®). (2.129)

More precisely, we recall the proof of Lemma 2.3.4. The only place in which one can’t
immediately adapt the proof of Lemma 2.3.4 to (2.6) is in Case 1 of Big Case 1. If
one has the additional assumption that Ny < (Nl*)%, the proof then follows as before.

Using (2.128), (2.129), and summing in the N;, the Lemma follows. O

Further remarks

Remark 2.4.14. If ) is constant, we can obtain (2.6) by rescaling the cubic NLS, so

Theorem 2.1.4 can be improved in this case.
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2.4.4 Comments on (2.4), (2.5), and (2.6)

The reason why we considered the three equations in this section was because they
were obtained from the cubic NLS by breaking the complete integrability. Different
ways of breaking the complete integrability of the cubic NLS manifested themselves
in the bounds we obtained, and the methods we could use to obtain them. As we
saw, the least drastic change happened when we added the convolution potential in
the case of the Hartree Equation, whereas the most drastic change happened when

we multiplied the nonlinearity with the inhomogeneity in (2.6).

2.5 Appendix A: Proof of Lemma 2.2.1

Proof. We argue by duality. Let us consider v s.t.[|v||x-s-» < 1. We want to prove

that:
d ——
| / / (e, o Ddwdt] < ullxors 0] g—er. (2.130)
c JS1
We observe:
sign(t — c¢) — sign(t — d)
Xle,d] <t> = 5 .
By symmetry, we just need to get the bound:
| / / sign(t — c)ulz, )o(@ Ddadt] < [[ullgers 0] xos. (2.131)
R J S
Let us first prove, the claim when ¢ = 0, i.e.
]/ / sign(t)u(z, t)v(x, t)dedt| < ||w]] oot ||0]] x50 (2.132)
RJS1

The key to prove (2.132) is to use the Hilbert transform in the time variable.

We recall that the Hilbert transform on the real line is defined by:

Hf:=cf (pvl) (2.133)



The constant ¢ is chosen so that H is an isometry on L?. It can be shown [45], that

one then has the identity:

H(€) ~ —isign(€)f(£). (2.134)

From Parseval’s identity and from (2.133),(2.134), we obtain:

/R/S1 sign(t)u(z, t)o(x, t)dedt ~ /R;ﬂ(nj)(p.v./ﬂ%'ﬁ(n,ﬂ%ET,dT/)dT —.J

Let us consider three cases:

Case 1: (1 +n?) ~ (7' +n?).
Case 2: (1 +n?) > (7' +n?).
Case 3: (7 +n?) < (7' +n?).

Let Ji, J3, J3 denote the contributions to J coming from the three cases respec-

tively. We estimate these contributions separately.

Case 1: In this case, we perform a dyadic decomposition. Let uy,v; respectively
denote the localizations of u, ¥ to (7 + n?) ~ (7' + n?) ~ 2*. Then, since in this case

|7 — k| = O(1), we get:

/dT’)dT\ ~

| 1] = | Z /Zu]nT pv/vk(nT)

li—k|=0(1

~ | Z /ZujnTHvknT)dT\

lj—kl=0(1
< |/ Z “j(n,7){n) " H.op(n, 7)d7|.
li—kl=0(01
Here, we denoted by H.(-) the Hilbert transform in the 7 variable. We then use the

Cauchy-Schwarz inequality in (n,7) to see that the previous expression is:
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< D I @leelln) = Heokllz e
li=k=0(1)

We then recall that the Hilbert transform is bounded on L? by (2.134) to deduce that:

LIS D I glee )t
lj—k|=0(1)

Since |[j — k| = O(1), and by definition of w;, v, this is:

SO w0 e [(n) 7 + 0?0 e
j—kl=0(1)

We use the Cauchy-Schwarz inequality in the sum of j, k to bound this by:

< Hlullxesllollx oo < lulloss 0]l

Case 2: Since in this case (7 + n?) > (7' + n?), we have that:

|7 — 7| ~ (T + 0% > (7 +n?).

It follows that for all 6 € [0, 1], one has:

1 < 1
T =7~ (T+n2>9(r’+n2)1_9'

We deduce that:

1
Ja| < u v ! drdr’ =
505 [ 3000t

=> /R [@(n, 7)[(T+n2) 2 (r4n?) "2 (n) dr) ( /R (5(n, 7| (7' +n2) 5000 (/4 250 () =5 47,

Here, 6 > 0 was arbitrary. Now, we first use the Cauchy-Schwarz inequality in 7,7/,
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together with the fact that:

_1_
(7 +72) 72 e S 1

T

and

~

(7 40272 ez, S 1

followed by the Cauchy-Schwarz inequality in n to deduce that:

|| <l

550 “UHX*S’%”*“*G) .

Let us take 0 > 0 sufficiently small so that b+ ¢ < % We then take: 6 := % —b—4,
which is positive, and b+ := b+ 26. With such a choice, we get that:

|J2| S_/ ||u||XSﬂb+ ||U||X—s,—b.

Case 3:

In this case, we again have: |r —7/| 2 (7 +n?), (' +n?), and we argue to get the

same bound as in the previous case.
The bound (2.132) now follows.

Let us now observe that the bound (2.132) implies (2.131).

Let M, denote the modulation operator

M, f(z) = e f(2).

Then, one obtains that:

(MoHM_of)"(§) ~ —isign(§ — a) f(£).

Let ®71() denote the inverse spacetime Fourier transform. Then, by Parseval’s Iden-

tity, we obtain:
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/R/Sl sign(t — cyu(z, tyv(w, t)dedt ~

N /R S (@ ) (n, 7)Mo HM (& o) (n, 7)dr ~

N/RZ(Q)lu)(n,T)emp.v.(/R eiCT/(q)_lv)/(n’T/>dT’)dTN

T—T

—icT' (0
N/R;'d(n,T)emp.v.(/R ¢ w7 Ti<:_l/77—)d7")d7.

In the last step, we use the Fourier inversion formula which gives us that:

O tw(n, ) ~ w(—n, —1).

Multiplication by the unimodular factors €™, e’™ doesn’t change the rest of the

argument used to derive (2.132). Hence, the proof of (2.131) follows as before.

Remark 2.5.1. We deduce from the proof that none of the implied constants depend

on ¢ and d.

2.6 Appendix B: Proofs of Propositions 2.3.1, 2.3.2,
and 2.3.3

In order to prove Proposition 2.3.1, we recall several facts. One of the key ingredients
of the proof is the following set of localization estimates in X*° spaces. We start
with f € C§°(R),0 > 0 arbitrary, and we assume that b > 5. Let S(t) denote the
linear Schrodinger propagator. Then, there exists a constant C' > 0 depending only
on f,s,b such that:

1-2b

o < C5F || D)

I17()8(0)

. (2.135)
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2b

t -
1f (S)hllxee < CO2 Rl o0 (2.136)

1-2b

con < O5F |

||f(§) /0 S(t —t)w(t')dt'| ey, (2.137)

The analogous fact is proved for the X*’ spaces corresponding to the Korteweg-
de Vries equation in [71] in the non-periodic case. However, all the bounds for the
periodic Schrodinger equation follow in the same way, because we are estimating the
integral in the variable dual to time. These bounds for general dispersive equations
can be found in [106]. We also note that in (2.137), we can translate time so that our
initial time is arbitrary to and not necessarily 0.

If, on the other hand ¥ < 1 one has:

29

17(5)el

xov S lwllxa (2.138)

We observe that the implied constant is independent of § > 0.
For the proof of the inequality (2.138), one should consult Lemma 1.2. in [58].
We note that the proof from the paper holds if b = ¢’ in the given notation. One can

also refer to Lemma 2.11 in [106]

Proof. (of Proposition 2.5.1)

Let us WLOG assume that ty = 0 for simplicity of notation. Later, we will see
that the 0 we obtain is indeed independent of time. Throughout the proof, we take
0 > 0 small which we will determine later. Let b = %—i— = % + € for € sufficiently small
which we also determine later.

Let us start by taking x, ¢, € C§°(R), with 0 < x, ¢,% < 1, such that:

x =1on [—1,1] ,x = 0 outside [-2,2]. (2.139)
¢p=1on[-2,2] ,¢0=0on [—4,4]. (2.140)
¥ =1on[—4,4] ,4 =0 on [-8,8]. (2.141)
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We let:

Xs 1= X(5), 05 1= 0(5), s = ¥(5). (2.142)
Then:
Xs = 1 on [—0,0] , xs = 0 outside [—26, 26]. (2.143)
¢s = 1 on [—26,20] , ps = 0 outside [—49, 49]. (2.144)
s = 1 on [—46,40] , 15 = 0 outside [—80, 8]. (2.145)

For v : S' x R — C, we define:
t
Lo = vs (DS — ixs(t) / St — ) [o] v(')de.
0
By (2.143) and (2.144), and denoting ¢sv by vs,we obtain:
t
L = xs()S()® — ixs(t) / S(t — 1) og o ().
0
Using (2.135) and (2.137), we obtain:

1—2b 1—-2b
| Lv|| xs0 < 62 || P gs + céTH|v5\4v5|

Xobo1. (2.146)

We estimate the quantity |||vs|*vs|

ysbo-1 by duality. Let us take:

c:Z xR — C, such that Z/d7|c(n,7)|2 =1.
Let us consider the quantity:
> / dr(1+ n])® (1 + |7+ 02" (Jus|*vs)(n, 7) e(n,7) =: 1T (2.147)

Since we know:
—_ N

(ol = > (1, 755 (12, 72) 5 (13, 73) i, 72) 1, 75).
TI—T2+T3—T4+T5=

n1—n2+n3—n4s+ns=n
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it follows that:

HEDSIED DI | dr{(1+ (1 + [+ n2))"e(n, 7)
T1—T2+T3—T4+T5=T

n np—ng2+n3z—ngs+ns=n

|05 (11, 71)[|0s (12, T2)| |05 (13, 73)| |05 (14, 7a) |[V5 (125, 75) [}

Since n = ny — ny + n3 — nyg + ns, it follows that:

[n[* S max{|m[*, [nof*, [ns]*, [nal®, [ns]"}.

By symmetry, it suffices to bound the expression:

|c(n, 7))
I, = dr:d
! Z Z /T1 —T2+T3—T4+T5=T Tj T{ (1 + ’7— + HQD

n n1—n2+n3—ng+ns=n

(14 [na])*|vs(na, ) [[05(na, 72) |05 (123, 75) [ |05 (na, 7a) [[05(ns, 75) |} =

lc(n, 7))
= dr:dr
Z Z /T1+T2+T3+T4+T5=T ’ {(1 + |T + n2|)1_b

n  nit+ng+nz+ngt+ns=n

(1 + [na)*|vs(na, 70) |05 (=12, —72)||V5(n3, 73) ||V (=14, —74)|[V5 (15, 75) |}

Let us now define the following functions:

)| nr+itT
F(a,t) Z/d{l—l—h’—l—'rﬂ) ‘ b
G(x,t) = Z/dT{(l + |n|)%|vs(n, T)|e AT,

H(z,t):=)_ / dr{|0s(n, 7).

Consequently, by using Parseval’s identity, one obtains:

I < / / FGHHHHdzdt = | / / FGHHH Hdzdt|,
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which by Holder’s inequality is:

< 1PN NGl N HIZs 1H 7, (2.151)

Recalling (2.22), and using the fact that b = 1+, we have :
[Fllrs, SNF oz < [Fllx0a-0 = [cllizz = 1. (2.152)

s~ 3
I1Glzs, S NGl oz = 1L+ [n)*|T5(n, )|+ |7+ 02[)5 |22 =

S [l

v <Yl

= llvsll .z X (2.153)

The implied constant in the above inequality is independent of § by (2.138). Also:

IH e, < llvsll o2

We interpolate between X%° and X%° for an appropriate § € (0,1) to deduce that
this is:

S Ml Soollvs | -
We estimate ||vs||xo0 by:

[[vsllxo0 = [[vs]| 2,

which by the support properties of 95 is:

= [lvs¥slz, < [0l rallvs]parz

x,t T

1 1
S 0 lvsll o3+ S 07 [[vslxo

Here, we have used (2.21).

Hence:

1 —
1 23, < (57 ]1vs]lxo00)" ([lvs x00)' =" =

In the following calculation, and later on, we crucially use the fact that one doesn’t change the
X% norm of a function when one takes absolute values in its Spacetime Fourier Transform.
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1-2b

— 5% |vs] 300 S 6572 [0 0. (2.154)
In the last step, we used (2.136).
Furthermore, by Sobolev embedding:
12
1Bz S 1H 1 gy = sl ggege < Noslos S 655 ol (2155)

We calculate 0 :

We know:
3
S=0-04b-(1-0)
8
So:
b—2  1+8e¢
0 = 8 = : 2.156
b 4 4 8e ( )
Combining (2.151) — (2.155), it follows that:
sl vsllxces S [[ollxes (857727 [[0]lx00)* (672 [0 x10)* <
< 6 P2 (o]l o) o] o (2.157)
Here:
0 1+ 8e
0y = = = : 2.158
727 84 16¢ (2.158)
Hence, from (2.146) and (2.157),we obtain:
L] o < €672 || @] e + €16 20720 (|[0] 1) 4|0 e (2.159)

Here c¢,c; > 0 depend on s.
If we take ¢, c; possibly even smaller, and if we repeat the previous argument in

the special case s = 1, it follows that:

1-2b

|Lv||x10 < c5°

5 —
@] 71+ 16 220720 (Jfo|| 1) (2.160)
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Now, we estimate ||Lv — Lw| x1. In order to do this, we note that:

|v[*v — |w|*w = Sum of quintic terms, each of which contains at least one factor
of v —w or v — w. By the above proof, since the estimates (2.159) depended only on
bounds on spacetime norms in x, t, we can put complex conjugates in the appropriate
factors (so if v — w comes with a conjugate, it doesn’t matter). Furthermore, by
the triangle inequality, we know: [|[v — w||x1s < [|v]|x16 + ||w]|x16. Thus, arguing as

before, we can obtain, for some ¢, > 0 :

1L — Lwl||x1s < 28 030D (ol g1 + [Jw] xre) [0 — w][ x10. (2.161)

Let

T = {v: ||v]|lxen < 266 2 ||®]| g7, |[0]| 10 < 26 2 || @[} (2.162)

Hs»

Let us give I' the metric d(v,w) := ||v — w||x1+. Then, by Proposition 2.3.2, (T',d) is

a Banach space.

From (2.159), we have for all v € I’

L] xon < €672 || @] 5= + c16%F 3072026572 || D] 1)t 25" 2 || D |57« =

=02 ||®| s (1 4 32c1c4 P20 @||4,,). (2.163)

Analogously, from (2.160) :

L[| x10 < 82 || @ g1 (1 + 32¢,¢%6 020720 |4, ). (2.164)
Finally, if v,w € T",; (2.161) implies that:
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|Lv — Lw||x1s < €26 3072 (46572 ||| 12)*|Jv — w10

< 25605c8 02021 B|4, v — w]| 1. (2.165)

We recall that 6, = ;ifgﬁ, b= % + e. We observe that for € > 0 sufficiently small,

one has

1+ 8¢
& + 16¢

—9¢>0 (2.166)

From now, let us fix € to satisfy the condition (2.166). In other words, we have:

o + 2(1 —9b) > 0. (2.167)

Hence, we can choose § > 0 sufficiently small such that:

32c;c16 020 |4, < 1. (2.168)
1
256c,c1s 02 (1= |4, < 5 (2.169)

From (2.168),(2.169), the preceding bounds and the fact that (I',d) is a Banach
Space, it follows that L has a fixed point v € I'.

By construction of L, for this v, we know:
[ ] ’U(to) = CI)

e v+ Av = |v|*v for t € [ty —d, to+d], and hence by uniqueness (which is proved

by an application of Gronwall’s inequality), it follows that:

U:UfOrtG[to—é,t0+5].

2b

yon <202 |

2b

e = 2002 ||uo]| e

* vl
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It just remains to address the issue of choosing § uniformly in #y. However, from

(2.168), (2.169), it follows that we just want 0 to satisfy:
§ot3=) 14, < 1. (2.170)
By the fact that:

||(I)HH1 ,SMass(u),Energy(u) 1

it follows that we can choose

0 ~Mass(u),Energy(u) 1

which is uniform in time, so the previous procedure can be iterated with fixed incre-

ment 6.
This proves (2.29) and (2.30). We now have to prove (2.31).

Let us recall that the function v that we have constructed satisfies:

2b

0] x10 < 62 ||® |51 (2.171)

ot < 00. (2.172)

0]

and

Lo = xs0S(0® —ina(t) [ 510 = )l

We take D’s in the previous equation, and since D acts only on the spatial variables

(as a Fourier multiplier), we obtain:

t
Dv = xs(1)S(t)DP — ng(t)/ S(t— t')D(!vﬂ‘*w(t’))dt’.
0
We know that:
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Vm,n €Z,(m+n) S, 6(m) +6(n).

From this “Fractional Leibniz Rule”, we deduce that for n = ny — ngy + nz — ng + ns,

one has:

O(n) <s maz{f(ny),0(ns),0(n3),0(ny),0(ns)}.

So, arguing analogously as earlier (c.f. (2.146)), we obtain:

1-2b 1-2p
||DU||X0,b < CléTH'DCI)HLQ + 62§T||D(|1)5|41}5)HX0,1;71 <

5(1—2b)

<67 DD + cs0™ 7 [[v][ sl D] 0

By using (2.171), we get:

9(1—2b)

[Dollxos < 18727 [ DBz + ™7 [ @[3 Dvl| oo

By using (2.167), we can choose 6 > 0 (possibly smaller than the one chosen
before), such that:

1
0% |4 < 5 (2.173)

Observe that then 6 = 0(s, Energy, Mass). Also, we note that choosing 0 to be even
smaller than the one chosen in the proof of (2.29),(2.30), yet still depending only on

(s, Energy, Mass) doesn’t create problems with the estimates on ||v|| x1, ||v]| xs» We

had earlier.

Note that:

[Dollxon < [lvllxss < o0

where in the last inequality, we were using (2.172).

Hence:
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- 1
[Dullxos < 162 [ D]z + Z|Do]lxo0.

implies:

D[ xo0 < 2¢1|| DB 12

In other words, we obtain:

1Dl o3+ S 1D 2
with the explicit constant depending only on (s, Energy, Mass).
We may now conclude that (2.31) holds.

It remains to see the continuity of J, C' in the energy and mass. We recall from

the construction of ¢ (c.f. (2.170),(2.173)) that we want, for some vy > 0:

0 S 1ll5

Since ||®||2,, < M(P) + E(P), we take:

i
2

§ ~ (M(D) + E(D)) (2.174)

Such a ¢ depends continuously on the energy and mass. We notice that the C' is
obtained as a continuous function of ¢, and the bounds on the H' norm of a solution,

so it also depends continuously on energy and mass.

This proves Proposition 2.3.1 in the case k = 2.

If we are considering the general case k > 2, we have to modify the previous proof

to consider the map:

t
Lv := x5(t)S(t)® —ixg(t)/ St —t)|v[*v(t)dt.
0
Arguing as in (2.146), we deduce:
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10| e < €02 @] o + 67| |03 xo1.

One then estimates the quantity |||vs|**vs|| xse-1 by duality.

The extra k — 2 terms that are obtained here are estimated in || - ||z after an
application of Holder’s inequality and we again use the fact that: X ot oy Ly,

The proof then follows similarly as in the case k = 2. We omit the details.

We now present the proof of Proposition 2.3.2, by which we can iterate our con-

struction without changing the size of the increment:

Proof. (of Proposition 2.5.2)

The proof of this remarkable fact uses the special structure of the X*° spaces.

The main ingredient is the following fact, taken from [28]:

Theorem 1.2.5. “Consider two Banach spaces X — Y and 1 < p,q < oo and
an open interval I C R (which can equal R). Let (fn)n>0 be a bounded sequence in
LY(I)Y), and let f : I — Y be such that: f,(t) — f(t) inY as n — oo for a.e.
tel. If (fu)n>o is bounded in LP(I,X) and if X is reflexive, then f € LP(1,X) and

| fllzecrxy < Hminf || fo]| 2o, x)."

We now work on the Fourier transform side. For ¢ > 0, we define:

he = {(ba)nez : O_(1+ [n])?[ba]?)? < 00}

n

1Bl == (1 + [n])>7 b))z,

n
In this way, we get a Hilbert space, which is in particular a reflexive Banach space.

The set B := {v : ||v]

xsv < R} is identified with the set:
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E:={t:ZxR—C: Z/dm + |7+ 0221+ n))®|o(n, T)]* < R*}.,

with the metric given by:

=

d(v,w) := (Z/dT(l + |7+ 02D+ |n))*|5(n, 7) — @(n, 7))2.

We will now apply Theorem 1.2.5 from [28] with:

X=hY=nhp=q=21=R.

n

Let us now start with (u,),>o a sequence in B such that: u, — v as r — oo in

X1 and we want to argue that u € B.

Let us take:

fo(n, 7)== (14 |7 + n?))’a(n, 7).

Then:

[ frllz2ng < R

The claim we want to prove is:

HfHLthL < R where f(n,7):= (14 |7+ n2|)b'17(n,7').

We know that:

||, — ul|x16 — 0.
Thus:
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(7)) = F(T) g N2 = 0.

Hence:

|f+(7) = f(7)|[n2 — 0 in measure as a function of 7.

Thus, we can pass to a subsequence of (f,),>o which we again call (f,) such that:

|| fr(7) = f(7)|[n — O pointwise almost everywhere as a function of .

In particular:

fr(7) = f(7) in h), =Y, for almost every 7.

So:

fr(r) = f(7) in hib =Y, for almost every 7.

Now, Theorem 1.2.5 from [28] implies that:

[/l 220 < liminf || f;|[z2n; < R. (2.175)

We now prove the Approximation Lemma.

Proof. (of Proposition 2.5.53)

With notation as in the statement of the Proposition, we consider n sufficiently

large so that:

M(®y,) ~ M(®), E(®,) ~ E(®), || Dy

we ~ || P

HS.

122



Let us denote N(f) := |f|**f.

With notation as in the proof of Proposition 2.3.1, we define:

Lv = xs(t)S()® — ixs(t) /0 t S(t — )N (v)(t)dt".

Lov™ = xs5(8)S(t)®,, — ixs(t) /tS(t — YN (™) (t)at'.

From our earlier arguments, we can choose § = d(s, E(®), M(®)) > 0 sufficiently
small so that L has a fixed point v that coincides with u for ¢ € [0, ], and which

satisfies:

1—2b/

xsor S C(s, E(®), M(®))6 2 |||

1
o] oV = 5+ (2.176)

Let us fix T' > 6. By just iterating the local well-posedness bound, we get that
for all t € [0,T7:

|w(t)||gs < C(s, E(®), M(®D))||D|| g-eCr&EE@MENT . 1, (2.177)

Hence Cy = Cy(s, (D), M(®), |D|

Hs,T) > O

We can repeat the same for L, to obtain a fixed point v(™ which coincides with

u™ for t € [tg, g+ ). The § and C, will remain equivalent to the ones chosen earlier.

Then:

HU _ v(”)| Kon = HLU _ an(n)|

Xs,b/ S

s (0)S ()@ — xs(£)S () Py

o lhutt) [ (= )N E) = N ) W)at v <
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1—2b/

cd 2 ||®— D,

s + 0™ (P(||v]

Xva') + P(||U(n)| stb'))HU - U(n)| Xsb

Here, ¢ > 0 is a universal constant, P is a polynomial of fixed degree such that
P(0) =0, and ¢ > 0 is fixed (independent of ¥').

Hence, by (2.176), it follows that:

1—2b" 1—

—2b/ b
xow S0 OBy s 8 (P52 || @)+ P32 (|l 1rs)) [o—0™)|

lo—v™] Py

1—2b/ 1—2b’

< b2 ||® = Dy|lge +EOPS 2 Cy)||v — 0™

. (2.178)
The last inequality was obtained by combining (2.176) and (2.177).

We now choose ¢ even smaller such that:

1—2b/
2

ETP(5E () <

N —

By choosing § even smaller, the previous estimate (2.176), and all the subsequent
estimates will remain otherwise unchanged. The new 6 = d(s, E(®), M(®),Cs) > 0

now also depends on (5.

We obtain:

1—2b’

X sb S 265 2 ||(I) — q)n|

o = o)

HS.

By using (2.177), it follows that, this bound can be iterated on ~ % time intervals,
with the same §. Namely, in the definition of L, L,, we just have to consider y;s(- —7)
for an appropriate time translation r, and instead of ®, ®,, as initial data, we consider
u(r), u™(r) respectively.

Furthermore, let us use the fact that: X < L®H? to deduce that, for the large
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enough n we are considering, one has:

lu(t) — u™(2)]

s < C||P — D,

HS.

Here, € = C(s, E(®), M(®), ||

Hs,T) > 0.

The claim now follows.

]

Remark 2.6.1. An Approximation analogous to Proposition 2.3.3 is also holds for

(2.4), (2.5), and (2.6) with the same proof.
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Chapter 3

Bounds on R

3.1 Introduction

3.1.1 Statement of the main results

In this chapter, we will study the defocusing cubic nonlinear Schrodinger initial value

problem on R:

iug + Au = |ul’u, r e R, t € R

(3.1)
U‘t:[) =d e HS(R)
Furthermore, we will study the Hartree initial value problem on R
iug+ Au = (V* [u)u,x e R,t € R
(3.2)

U|t:0 = @ - HS(R)
The assumptions that we have on V are analogous to the ones we had on S*:
(i) V e LY(R).
(i) V> 0.

(iii) V is even.
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We recall from [46, 84] that (3.1) is completely integrable. Therefore, if s = k
is a positive integer, one can deduce, by using a fixed finite number of conserved

quantities that there exists a function By, : H* — R such that for all t € R:

Ju®)ll e < Bu(®). (3.3)

From the preceding observation, it makes sense to consider only the case when s
is not an integer. One notes that the uniform bounds for H* norms when s is not an
integer don’t follow from the uniform bounds on the integer Sobolev norms if we are

assuming only that ® € H*(R).
The result that we prove for (3.1) is:

Theorem 3.1.1. (Bound for the Cubic NLS) Suppose s > 1 is a real number. Let
a = s— |s] denote the fractional part of s. Suppose & € H*(R), and let u denote the

global solution to the corresponding problem (8.1). Then, there exists a continuous

function Fy : H® — R such that for all t € R:

[u(®)]

s < Fy(®)(1+ [¢))*.

Theorem 3.1.1 gives a solution to an open problem that was mentioned on the

Dispersive Wiki Website [113].

Unlike the one-dimensional cubic NLS, the Hartree equation doesn’t have in-
finitely many conserved quantities. The following quantities are conserved under the

evolution of (3.2):

M(u(t)):/\u(x,t)\de (Mass)

and

Blu(t)) = %/|Vu(x,t)|2dx+i/(\/*|u|2)(x,t)|u(:v,t)|2dx (Energy)

We hence deduce that [|u(t)||z: is uniformly bounded whenever u is a solution of

128



(3.2). The bound that we prove is:

Theorem 3.1.2. (Bound for the Hartree equation) Let s > 1, and let u be the global
solution of (3.2). Then, there exists a function Cs, continuous on H' such that for

allt e R :

lu@)llas < Co(@)(1+[e])5°F @]

e (3.4)

Remark 3.1.3. As in the previous chapter, we can see that the focusing-type ana-
logues of Theorem 3.1.1 and Theorem 3.1.2 hold, if we suppose that the initial data s
sufficiently small in L*>. Namely, if we take ||®| 12 sufficiently small, Theorem 3.1.1
holds for the focusing NLS on R. The continuity of the higher conserved quantities
is the same [46]. Furthermore, under the same smallness assumption, Theorem 3.1.2
still holds for (3.2) when the convolution potential is not necessarily non-negative, but

1s still real-valued.

3.1.2 Previously known results

Let us note that the previously known techniques used to obtain polynomial bounds
on [Ju(t)||gs in [12, 27, 98, 99, 118] need either the assumption that s is a positive
integer, or that ® lies in a more regular space than H®. The reason for this is
that one wants to use an exact Leibniz rule for the operator D* in order to cancel

certain terms which can’t be estimated in the appropriate X** space. Hence, the only

bounds that one could previously obtain for |[u(t)| s, when wu is a solution to (3.1)
are exponential in time. This is clearly far from a sharp bound, since the equation is

completely integrable.

Let us note that Theorem 3.1.2 would follow trivially if we knew that (3.2) scat-
tered in H*®, since then all the Sobolev norms of solutions would be uniformly bounded
in time. The currently known techniques to prove scattering don’t seem to apply in

this context though. Namely, the techniques from [49, 63] require for us to the have
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additional assumption that our solutions lie in weighted Sobolev spaces, and the ob-
tained bounds depend on these weighted Sobolev norms. Hence we can’t argue by
density here. The methods from [56] require the initial data to belong to an appro-
priate subset of the Gevrey class. Finally, the techniques used in [85, 86] apply only

in dimensions greater than or equal to 5.

Recently in [42], it was shown that the defocusing quintic NLS on R:

iug+ Au = |ul’u, r e R, t € R
(3.5)

iy = ® € L2(R).

exhibits scattering in L?. Hence, if ® € H*(R), one obtains uniform bounds on

lu(®)]

the following chapter.

us. More details on the persistence of reqularity for scattering will be given in

3.1.3 Main ideas of the proofs

Main ideas of the proof of Theorem 3.1.1

The main idea of the proof of Theorem 3.1.1 is to look at the high and low-frequency
part of the solution w as in [18], and to use the bound (3.3), which gives us uniform
bounds on integral Sobolev norms of u. In particular, we let N be a parameter, which
will be the threshold dividing the “low” and “high” frequencies, and we define () to be
the projection operator onto the high frequencies. From (3.3), i.e. from the uniform

boundedness of the H'* of a solution, we can derive that for all times ¢:

I = Qut)|[3 < B. (3.6)

Here B = C(®)N?*, where a := s — |s] € [0,1) is the fractional part of s. We
note that the exponent is then in [0, 2) and is not a multiple of s. We use the estimate

(3.6) to bound the low-frequency part of the solution.

One then has to bound ||Qu(t)|

us. For t; > 0, we look at the quantity:
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t1 d
= [ GlQu)

to

1Qu(t1) |3 — 1Qu(to)] 3padt.

Since we are working on the real line, we can use an appropriate dyadic decom-
position and the improved Strichartz estimate (Proposition 3.2.2) to obtain a decay
factor of # in the above integral in time. The exact bounds we obtain are the
content of Proposition 3.3.4. At the end, we deduce that there exists an increment
0 > 0, and C > 0, both depending only on the initial data such that for all ¢, € R,

one has:

|Qu(to + 0)|

e+ By (3.7)

C
e < (1+ F)HQU(%M

Here, B; < = B.

Nl

The idea now is to iterate (3.7) for times ty = 0,0,...,nd, where n € N is an

integer such that n < N'~.

c

~i=, and tele-

Multiplying the obtained inequalities by appropriate powers of 1+

scoping, we show that:
2s+B (3.8)

C
Qu(nd) e S (1+ 57=)" 1Qu(0)]

Since n < N1, we know:

1
N1-

(1+——)"=0(1).

Using the previous bound, (3.6) and (3.8), we can show that for all ¢ € [0, nd]:

lu(®)3s < Cll@ls + B

Optimizing N in terms of the length of time interval [0,7] on which we are con-
sidering the solution, and noting that then B becomes the leading term, Theorem

3.1.1 follows.
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Main ideas of the proof of Theorem 3.1.2

The main argument is similar to the one given in Chapter 2. Given a parameter

N > 1, we will use the method of an upside down I-operator, followed by the method

of higher modified energies to define a quantity E*(u(t)), which is linked to ||u(t)||%s.
As before, our goal is to prove an iteration bound of the type:
2 ¢\
E*(u(to+9)) < (14 VE=(u(to))- (3.9)

Ne
for all ty € R, with 6, « > 0, and the implied constant all independent of %,.

Due to the presence of the decay factor ﬁ, (3.9) can be iterated ~ N times

to obtain that E? < 1 on a time interval of size ~ N One then uses the relation

between E?(u(t)) and ||u(t)|

gs to get polynomial bounds for [|u(t)]| gs.

The bound (3.9) is proved in a similar way as the corresponding estimate in
Chapter 2. In order to construct E?, we need to consider the multiplier v» which is

defined by:

((6(61))* = (6(&))* + (8(%))* — (O(Ea)))V (& + &)

vi=c g-g+a-8

for some constant ¢ when the denominator doesn’t vanish, and ¥ := 0 otherwise.
Here, 6 is an appropriately smoothed out and rescaled version of the operator D?®.
For details, see (3.58), (3.70), and (3.71). The key is then to obtain pointwise bounds

on such a . This is done in Proposition 3.4.2

We observe that the bound we obtain in Theorem 3.1.2 is better than the corre-
sponding bound in the periodic setting. This is a manifestation of stronger dispersion,
which is present on the real line. In this chapter, we will prove that on R, (3.9) holds
for « = 3—. We recall from Chapter 2 that the analogous estimate on S* holds for
o = 2—. Heuristically, the improvement is obtained by using the improved Strichartz

estimate, i.e. Proposition 3.2.2, which holds on the real line.
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Remark 3.1.4. The techniques of proof of Theorem 3.1.2 apply to the derivative

nonlinear Schrodinger equation:

iug + Au = 10, (|ul*u), (3.10)

u(z,0) =o(z),z e R, t € R.
The equation (3.10) occurs as a model for the propagation of circularly polarized
Alfvén waves in magnetized plasma with a constant magnetic field [103]. In order to

obtain global well-posedness in H®, we need to have the smallness assumption.:

[@]|z2 < V2, (3.11)

From [68], we know that (3.10) is completely integrable. Hence, as for the cubic

NLS, it makes sense to bound only the non-integral Sobolev norms of a solution.

Bound for the Derivative NLS. For s > 1, not an integer, and ® € H*(R),
satisfying the smallness assumption (3.11), there exists C(s,|®||g1) such that the
solution u of (3.10) satisfies:

e < C(L+ [t)* "2

lu(®)]

s, for allt € R. (3.12)

The proof of (3.12) is quite involved. Unlike Theorem 3.1.1, we are not able to
recover uniform bounds on the integral Sobolev norms of a solution. The techniques
that we applied to the cubic NLS don’t seem to work for the derivative NLS due to the
derivative in the nonlinearity. A sketch of the proof of (3.12) is given in Appendiz C
of this chapter.

3.2 Facts from harmonic analysis

On R, we recall the following Strichartz estimate (c.f. [15, 106]).

Ifllzg, < I o3+ (3.13)
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Interpolating between (3.13) and || f|| 2 = [/ f||x00, it follows that:

12, S 1A oo (3.14)

From Sobolev embedding, we deduce that:

1z S 1o (3.15)

and:

[ lleeree S NN g g (3.16)

Interpolating between (3.13) and (3.15), we obtain:

I llzpzs S AN o3+ (3.17)

By an analogous proof as the localization estimate Lemma 2.2.1 in Chapter 2, we can

deduce the following localization bound for X*° spaces.

Lemma 3.2.1. Ifb€ (0,1) and s € R, then, for ¢ <d:

X[ (£) ]

xs0@®xR) S | fllxs0+@xR) (3.18)

where the implicit constant doesn’t depend on u, c,d.

From [14, 31], we recall that on R, the following improved Strichartz estimate

holds:

Proposition 3.2.2. (Improved Strichartz Estimate) Suppose Ny > 0 and suppose
that f,g € X%2T(R x R) are such that for all t € R:

supp f(t) C {|¢] ~ N1}, supp §(t) C {|¢] < Ny}

Then, the following bound holds:

1
1f9llzz, S <105+ llgllo,2+-
s N12 X 2
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We observe the following consequence of Proposition 3.2.2:

Corollary 3.2.3. For f,g as in Proposition 3.2.2, one has:

1
|’ngLf+L§ S THJCHXO,%+“9”X0,%+-
Let us prove Corollary 3.2.3.

Proof. Let f, g be as in the assumptions of the Lemma. We observe that by Holder’s

inequality:

1 9llcsz < Wfllesrallgllsrs S 11 o3+ 119l o3+

The last inequality follows from (3.17).

Given € > 0 small, we take:

o_2_€_
246
Then 6 € [0, 1] satisfies:
1 1 1
4 (1—6) == .
f 2+( f) 4 2+

By using interpolation and Proposition 3.2.2, we deduce that:

1£gllz+ere < (1fgllez ) (I fllerz)' ™" <

_1 _ _0
(N2l o3 M9l o) Ul oz s gl o3 ™0 S N2 £l o 119l ooz
Since § = 1—, Corollary 3.2.3 follows. ]

In our analysis, we will have to work with X = Xpq.44(t), the characteristic

function of the time interval [to, o+ 0]. It is difficult to deal with y directly, since this
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function is not smooth, and since its Fourier transform doesn’t have a sign. Instead,
we will decompose y as a sum of two functions which are easier to deal with. This
goal will be achieved by using an appropriate approximation to the identity. We will

use the following decomposition, which is originally found in [31]:

Given ¢ € C5°(R), such that: 0 < ¢ < 1, [ ¢(t)dt = 1, and A > 0, we recall
that the rescaling ¢ of ¢ is defined by:

6a(t) = 5 6(5).

We observe that such a rescaling preserves the L! norm:

[@allzy = l1ollL:-

Having defined the rescaling, we write, for the scale N; > 1:

X(t) = a(t) +b(t), for a:= x * dy-1. (3.19)

In Lemma 8.2. of [31], the authors note the following estimate:

1) oye S NI o (3.20)
(The implied constant here is independent of Nj.)

On the other hand, for any M € (1,+00), one obtains:
1l zar =[x = x % @y =1 llpar < Nixllar + lx % dny -1l
which is by Young’s inequality:
< Ixllzar + XNl e lon, 2 [22 = 2lIxl e = C(M, x) = C(M, @)

To explain the fact that C'(M, x) = C(M,®), we note that x is defined as the char-

acteristic function of an interval of size ¢, and ¢, in turn, depends only on ®.
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If we now define:
bi(t) = / b(r) | dr. (3.21)
R
Since M € (1,00), we know by the Littlewood-Paley inequality [45] that:
HblHLgW < HbHLy
Then, the previous bound on [|b][,ar implies:

billpr < COM, D). (3.22)

We will frequently use the following modification of Proposition 3.2.2

Proposition 3.2.4. (Improved Strichartz Estimate with rough cut-off in time) Sup-
pose N1 > 0 and suppose f,qg € XO’%JF(R x R) are such that for all t € R:

supp f(t) C {[€] ~ N}, supp g(t) C {[€] < N}

Let f1, g1 be given by:

fr= 1) G =13
Then one has:
1
I finlliz, S =11 ge gl o 1o (3.23)
1
The same bound holds if:
fr=1f1 G=(xg)-

Proof. Let’s consider the case when ]71 = |(xf)],91 = |g|- With notation as earlier,
let £, F5 be given by:

Fro=(af) ), B= | (0f)].
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Then, by the triangle inequality, one has:
h<F+F.
Since fh g1 > 0, Plancherel’s Theorem and duality imply that:

I fig1llpz, ~  sup / / fi1(&, 1) g1(§2, 72)| (&3, 73)|dE;dT;
T1+72+73=0 J &1 +§2+83=0

2 _
LT,.§71

< sup / / By (62, 7)1 (€2, 72)|e(Ean ) | dE iy +
T14+72+73=0 J &1 +E2+§3=0

Cllp2 _—
lellzz -

e / / /—F;(€17Tl)gfl(ié’7—2)|c(53a7—3)|d§jd7'j
T1+712+73=0 §1+£2+§3:0

Cllp2 —
lellz2  —

Since F, Fy, 0, > 0, it follows that the latter expression is ~ 1F1g1ll 2, + ([ F2g1ll 22 -

Hence, it follows that:

Ifigllez, S 1Figullez, + [1F2910l 22 -

By Proposition 3.2.2, by the frequency assumptions on F} and vy, and by the fact
that taking absolute values in the spacetime Fourier transform doesn’t change the

X*" norms, we know that:

1

1
2
1

Bz, S —zllafll yoy+ l9ll o5+

We now use (3.20) to deduce that this expression is:

1
< N0+
~ NE( ||f||X0,%+>||g||XO,%+
This expression is:
1
S %_HfHXO,%+HgHXO,%+ (3.24)

1
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On the other hand, let us consider ¢ € Lzé. With notation as before, one has:

’/ 0/5 ¢ 0(F291)~(§1,7'1)6(52,72)d§jd7j‘
T1+T2= 14 Eo=

) ‘ /+ +73=0 /5 +&r+€3=0 |(0F) (&1, )l g1 (&2 T2>C(§3,73)d§jd7'j|

< / / B 17w, 7)1 (€2, 72) |elE, 7o)\ deydry = T
T0+T71+72+713=0 J &1 +E2+E3=0

We then define the functions G;,5 =1,...,3 by:

Gy =[], Go = |Gi, Gy == |c]

Recalling (3.21), and using Parseval’s identity, it follows that:

I< / b1 (£)Ch (2, )G (1) G (2, )t
RxR

We choose M € (1,00), and 2+ such that: 1;+5- = 3. By an L}, L7* L2 L7, Holder

inequality, we deduce that:

LS 0l pprl|GrGall g2+ 2 1Gsll 2,

We use (3.22), Corollary 3.2.3, and Plancherel’s theorem to deduce that:

1

1_
2
1

<

~Y

11l o gl o34 ez, -

By duality and by Plancherel’s theorem, it follows that:

1
1 o319l o34 (3.25)

1

[Fovlzz, S

The case when f; := |f|, g1 := |(xg)7| is treated analogously. The Proposition now
follows from (3.24) and (3.25).

139



Finally, let us recall the following Calculus fact, which is often referred to as the

Double Mean Value Theorem:

Proposition 3.2.5. Let f € C*(R). Suppose that x,n, pn € R are such that |n|, |u| <

|z|. Then, one has:

[f(@+n+p) = flzt+n) = fle+p)+ f@)] S nllulf (@) (3.26)

The proof of Proposition 3.2.5 follows from the standard Mean Value Theorem.

3.3 The cubic nonlinear Schrodinger equation

3.3.1 Basic facts about the equation

The equation (3.1) has conserved mass and energy:

M (u(t)) ::/R|u($,t)|2d:£ (Mass) (3.27)
Blu(t)) = % /R |Vu(x,t)|2dx+i /R lu(z, )| dz (Energy) (3.28)

The following local-in-time bound will be useful:

Proposition 3.3.1. Suppose that u is a global solution of (3.1). Then, there ezist
d = 4(s, Energy, Mass),C = C(s, Energy, Mass) such that, for all ty € R, there

evists v € X*2 T satisfying the following properties:

U|[t0,to+5] = U|[t0,t0+5], (3.29)

< Cllulto)]

[v] He S (3.30)

XSY%‘F
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Jollgr < C. (331)

Furthermore, § and C can be chosen to depend continuously on energy and mass.

The proof of Proposition 3.3.1 proceeds by an appropriate fixed-point method and
is analogous to the proof of Proposition 2.3.1 in Chapter 2. Furthermore, from the
proof, it follows that ¢ and C' depend continuously on energy and mass. We refer to

the mentioned proofs for details.

In the proof of the fact that Fj, as in the statement of Theorem 3.1.1, depends

continuously on the initial data, w.r.t. the H® topology, we will use the following:

Proposition 3.3.2. (Continuity of conserved quantities) Suppose n is a positive in-
teger. Let E, denote the conserved quantity of (3.1), which, together with lower-order
conserved quantities, we use to bound the H™ norm of a solution. Then E, is con-
tinuous on H™. Moreover, one can construct a function B, : H" — R that satisfies

(3.3) and is continuous on H™.

The proof of Proposition 3.3.2 is given in Appendix A of this chapter.

Although we are starting with initial data ®, which we are only assuming belongs
to H®, and hence with solutions of (3.1), which we only know belong to H*®, our
calculations will require us to work with solutions which have more regularity. Hence,
we will have to approximate our solutions to (3.1) with smooth ones, and argue by

density. The density argument is made precise by the following result:

Proposition 3.3.3. Suppose u satisfies (3.1) with initial data ® € H®, and suppose
each element of (u'™) satisfies (3.1) with initial data ®,, where ®, € S(R) and

o, Y Then, one has for all t:

w™ () 2 u(t).

The proof of Proposition 3.3.3 is analogous to the proof of Proposition 2.3.3 from

Chapter 2. The proof is very similar, so it will be omitted.
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Proposition 3.3.3 allows us to work with smooth solutions and pass to the limit in
the end. Namely, we note that if we take initial data ®,, as earlier, then, by persistence
of regularity, u™(t) will belong to H>®(R) for all t. If we knew that Theorem 3.1.1

were true for smooth solutions, we would obtain, for all n € N, and for all ¢t € R:

™ (@) [lr+ < Fo(@a)(1+ [t)*F

By letting n — oo, and using Proposition 3.3.2 and the continuity of F; on H®, it
would follow that for all ¢ € R:

lu®) ||z < Fo(@)(1+[E))*

We may henceforth work with ® € S(R), which implies that u(t) € H*(R) for
all . The claimed result is then deduced from this special case by the approximation
procedure given earlier. We will make the same assumption in our study of the

Hartree equation.

3.3.2 An Iteration bound and Proof of Theorem 3.1.1

Let u denote the unique global solution to (3.1). From the previous arguments, we
know that we can assume WLOG that for all t € R, u(t) € H>*(R). Our aim now is

to use uniform bounds on ||u(t)|| g+ coming from (3.3) to deduce bounds on ||u(t)|

Hs-

The key is to perform a frequency decomposition, similarly as in [18].

Let N > 1 be a parameter which we will determine later. We define the operator

Q by:

QF () = xig=n f(6). (3.32)

We write s = k+ a, for k € N, a € (0, 1). Using the definition (3.32) and (3.3), it
follows that:
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17 = Q)u(?)]

e S NI = Qu(t)|lax S

S N )] ge < N®By(®). (3.33)

We will use (3.33) to estimate the low-frequency part of the solution.

The key now is to estimate the high-frequency part of the solution. This is done

by the following iteration bound:

Proposition 3.3.4. Let 6 = 6(®) > 0 be as in Proposition 3.3.1. Then, there exists

a continuous function C : H* — R such that for all ty € R, one has:

2 < SO

2 = Quito) . <

|Qu(to +0)]

Before we prove Proposition 3.3.4, let us note how it implies Theorem 3.1.1.

Proof. (of Theorem 3.1.1 assuming Proposition 3.3.4)

Let us fix 5 € R. It follows that:

2 (@) » , C(9) 2
1Qulto + O)- < (1+ ) I1Quto)llzr- + = 1T = Q)ulto) 13-
By (3.33), it follows that:
C(Cb) 2 C(CD) 2a0 2 .
- Quito) e < SN B @) = K(V.e). (331)

If we multiply K by an appropriate constant, we can write, for all ¢, € R:

C(®)
N1-

|Qu(to + )| 4+ K (N, ®). (3.35)

e < (1+ ) Quito)|

Given n € N, we take ty = 0,6,24,...,n0 and apply (3.35) to deduce the inequalities:
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C(2)

lQul < (+ S IQuO)l + KV,
QuenEe < (1+ SO IQuid) . + K(N. @)
Quitn DO < (1+ S Qu((n — 20) . + K(V. )
Qund) i < (1+ S Quitn — 1) + K(N. )
C(®)

Let y: =1+ . Let us multiply the first inequality by 7", the second inequality

N1-=

by v"2,..., and the (n — 1)-st inequality by 7. We then sum to obtain:

C(2)

|Qu(nd)||3: < (1+ W)”||Qu(0)| 2 F K(N,®)(14+~v+---++"H.  (3.36)

Let us now consider n such that n < N1~. For such an n, we have:

—~i)" = O(1u(®)). (3.37)

and hence:

= O(N'" Ry(®)). (3.38)

We can take the functions Ry, Ry : H' — R to be continuous. If we then combine

(3.34),(3.37),(3.38) with (3.36), it follows that:

1Qu(nd)|[7+ < Ri(®)| Q@[3 + Ra(®@)N*BE(®).

Hence, by continuity properties of By coming from from Proposition 3.3.2, and by
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the construction of R, Ry, we can find a continuous function R3 : H® — R such that

for all n < N'—:

|Qu(nd)|

e < Ry(®)(1+ N). (3.39)
Combining (3.33) and (3.39), we deduce that there exists a continuous function

Ry : H® — R, such that for all n < N, one has:

[u(nd)]

pe < Ry(®)(1+ N,

Finally, by using appropriate local-in-time bounds on each of the n intervals of
size 0, it follows that there exists a continuous function R : H®* — R such that, for

all T < N'7§, one has:

|u(T)||gs < R(P)(1+ N)*. (3.40)
Let us now take:
T ~ N'76.
Then:
N~ (%) +

(This is the step in which we choose the parameter N.)
Consequently, since 6 = §(®) > 0 is a continuous function on H!, it follows that
there exists a continuous function F; on H*® such that for T' > 1:

(1) e < Fo(®)(1+T)°. (3.41)

From local well-posedness, we get the same bound for times in [0,1]. By time
reversibility, we also get the bound for negative times. Theorem 3.1.1 now follows.

]

Let us now prove Proposition 3.3.4
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Proof. We know that: u; = iAu — i|u|*u. Hence, we compute:

4 = LD Qult). D Qu(t) = 2Re(D"Qu. D*Qu) =

d
ZlQuir)|

= 2Re(D*Qu, D*u;) = 2Re(D*Qu, iD*Au) — 2Re{D*Qu,iD*(|u|*u)) =

= —2Im(D*Qu, D*(|u[*u)). (3.42)

We note that in the third equality, we used Parseval’s identity and the definition of
() to omit the operator ) in the second factor, and in the fifth equality, we argued
similarly and used the fact that

(D*Qu, D°Au) = (D*Qu, D°AQu) € R.

It is important to remark that this quantity is indeed finite since u(t) € H*°. This

is what allows us to differentiate in time and use the previous formulae.

Hence, if we fix t5 € R, we obtain:

) to+4d d )
= [ QU -

0

1Qu(to + 6) 17 — [[Qulto)|

to+90
= —/ 2Im{D*Qu, D*(|u|*u))dL.

to

Thus, it suffices to estimate:

to+0
| / (D*Qu, D*(Jul)dt |.

Let v be the function we obtain by Proposition 3.3.1, if we are considering the time

to we fixed earlier. For the 6 > 0, which we obtain by Proposition 3.3.1, we denote:

X(t) 7= Xito.to+4)(t)-
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Then:
to+90 to+0
/ (D Qu, D*(Juf*u))dt = / (D*Qu, D*(|vf0))dt =

to to
= / / X(t)D*QuD*(vvv)dzdt.
R JR
With notation as in Section 2 for dyadic integers Ny, No, N3, Ny, we define:

IN17N27N3,N4 :://X(t)DSQUN1DS(U_NQUN3m)dxdt'
RJR

By definition of @) and the fact that & + & + &+ & =0, [€;| ~ N;, we deduce that

In, Ny N5, N, 1S zero unless the following conditions hold:

Ni > N. (3.43)

max {NQ,N37N4} Z Nl. (344)

By Parseval’s identity, the expression In, n, vy N, 1S:

- / / () D*Qua, (61, ) (62)° (U508, T )™ (€ ) iy =
T1+7To+713+74=0 J {1+ +E3+£4=0

-/ / () D*Qun, (€1, )
T14+72+73+724=0 J &1 +E2+E3+£4=0
(€2 + &3+ &4)° (UN,) (§2, T2) U, (835 73) (UN,) (64, ) dE;dT;

So, by the triangle inequality:

|[N1,N2,N3,N4| 5
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/ / D Qua ) (61, 7] (60 + & + €0)° (o) (s )]
T1+72+73+74=0 J &1+E&2+E€3+E€4=0

|05 (€3, 73) [ | (Van) ™ (§a, 7a) | dE ;.

We now use a “Fractional Leibniz Rule”, i.e. we note that:

(Co+ &+ E&1)° S (&) + (63)° + (&0)"

Hence, by symmetry !, it suffices to estimate:

JN17N2,N3,N4 =

/ / (D" Qox,) (6. m)
T1+72+73+74=0 J §1+82+£3+84=0
(€T € ) 17 € )| 00) (64, )]y ~

~/ / (D" Qo) (61,
T1+72+73+74=0 J &1 +E2+E3+84=0

(D20, )" (&2, T2) | |05 (83, 78) [ (Un) ™ (E4, 7a) | dE .

Let us define:

Fe.t)i= [ [ 100D Quy (e n)letee g (3.49
RJR
Fy(,t) 52//|(DSUN2)~(§,T)|ei(z£+tﬂdfd7. (3.46)
R JR
Fi(z,t) ::// |17]\@(§,T)|ei(z€+t7)d§dr, for j = 3,4. (3.47)
R JR

'From the argument that follows, we see that the two other terms are estimated analogously.
The fact that the D? falls on a term with or without a complex conjugate doesn’t matter in the
argument.
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Hence, by Parseval’s identity, since all the E are real-valued, we obtain:

JN1,N2,N3,N4 N//F1F2F3ﬁ4dwdt (348)
RJR

We consider the following Cases:
Case 1: max {NQ, Ng, N4} = Ng or max {NQ, Ng, N4} = N4.

Let us WLOG suppose that max { Ny, N3, Ny} = N3, since the case maz { Ny, N3, Ny} =

Ny is analogous. Here:

L4

t,x»

|JN1,N2,N3,N4’ = JN1,N2,N3,N47 which is by (348) and by an L4 L4

t,xr it

L}, Holder’s

inequality:

SE e 1 Ballzs I sl [1Fullzs, =

= 1Eu s M2 N Ellzg [T Fll e,

which by using (3.14) is:

S ||F1||X0,%+ ||F2||Xo,%+ HF3||XO,%+ HF4||X0,%+
By definition of the functions F}, and by the fact that taking absolute values in

the spacetime Fourier transform doesn’t change the X*° norm, it follows that the

previous expression is:

~ [IX@OD*Qu [l o3+ 1D°0m, [l o, g 1085 [ o34 10Nl 0.3+

From Lemma 3.2.1 and the fact that %—l— < %, this expression is:

<10 Quaal yorgs s 1D sl o llosall oo ol o3 S
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1
S 10" Qoo s 100 o g 37 1msl o o

1 2 2
5 EHUHXS’%J" ||U||X1,%+

From Proposition 3.3.1, we bound this by:
C(®)

< T?)Hu(to)\

s (3.49)

Let us observe that in this case, we have:

N3 2N2,N4 and N3ZN1 ZN

Hence, we have obtained a favorable decay factor of N%,
Case 2: max{Ny, N3, Ny} = Ns.
Subcase 1: Ny > N3, N,.

Since Y & =0 and |;| ~ N;, it follows that Ny ~ N,. Hence:

Nl ~ NQ Z N and Nl ~ N2 > Ng,N4. (350)

In this subcase, we will have to argue a little bit harder. The main tools that we
will use will be the improved Strichartz estimate Proposition 3.2.2, and its modifica-

tion, Proposition 5.2.5.

We use (3.48) and an L?

t,x

L}, Holder inequality to deduce that:

| o Na | S I FLES |2 ([ F2Fall 2

By the assumption on the frequencies, (3.45), (3.46), (3.47), Proposition 5.2.5 and

Proposition 3.2.2, this expression is:
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1 1
N ( 1 ”DSQUM||X0,%+HUN3||X0,%+) (_1”DSUNQ|‘X0,%+HUN4HX0,%+>-
Ny Ny

By (3.50), this expression is:

1 2

0] ;

< L.
xbat

~Y 1—
N2

2 ol

We now use Proposition 3.3.1 to deduce that in Subcase 1, one has:

C
Tmanen] < S (o)

®
NI s (3.51)

By (3.50), we notice that in this Subcase Nll, is again a favorable decay factor
2

Subcase 2: Ny ~ N3 2> Ny or Ny ~ Ny 2 Nj.

Let us consider WLOG the case when Ny ~ N3 = Ny, since the case Ny ~ Ny = N3

is analogous. By the same argument as in Case 1, it follows that:

1 2

‘JN1,N2,N3,N4\ 5 EHM 2

X17%+'

2 yellol

Since N3 ~ N, it follows that:

1
[T v s vl S -l gl g <

XS,%Jr

< Z®) )

2
s 3.52
o lutto) s (352)

In this Subcase, Ni is an acceptable decay factor.
2

Combining (3.51) and (3.52), it follows that in Case 2, one has the bound:

(®)

| Ny No s | < o= llulto) |- (3.53)

C
N,
We now combine (3.49), (3.53) and sum in the dyadic integers N;, keeping in mind
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the assumptions (3.43), (3.44), and the assumptions of each case. It follows that:

C(2)
| Z ‘]N17N27N37N4| < FHU@O”

N;

2
Hs*

Hence, by construction of Jy, n, w5, n,, We deduce:

()
‘ZIN1,N2,N3,N4| < Fl‘u(tﬂ)‘

Nj

2
Hs:

The fact that C(®) depends continuously on ® w.r.t the H! topology follows from
Proposition 3.3.1, as well as the same continuous dependence of §, energy, mass, and

the uniform bound on the H*' norm of u. Proposition 3.3.4 now follows. O

3.4 The Hartree equation

3.4.1 Definition of the D operator

As in the case of the cubic NLS, we will take ® € S(R) in order to rigorously justify
all of our calculations. The general claim follows by density and the Approximation

Lemma, i.e. Proposition 3.3.3 applied to (3.2).

The same iteration argument that we used for the cubic equation doesn’t work
for (3.2), since the only conserved quantities that we have at our disposal are mass
and energy. We now adapt to the non-periodic setting the upside-down I-method

approach that we used on S' in Chapter 2.
We first define 6y : R — R by:
&% |¢ = 2
0o(S) == (3.54)
1, if [¢] < 1.

We extend 6, for 1 < [¢] < 2 such that 6, is even, smooth on R, and such that it is

non-decreasing on [0, +00). By construction, we then obtain:
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oy(6)| < Pl (3.55)

0
g6 5 e (3.56)
Oo(r +y) < bo(x) + Oo(y). (3.57)
Suppose now that N > 1 is given. Then, we define:
() = 0o(5)
Hence:
By it 1g) > 2N
0(¢) == {(N) = (3.58)
Lif [§] < N.
From (3.55),(3.56), and (3.57), we obtain:
0
o< o (3.59)
0
10" (&)] S 1ol | 52) | (3.60)
O(x+y) < 0(x) + 0(y). (3.61)
Having defined 6, we define the D-operator by:
Df(€) = 0(&)F(©)- (3.62)

One then has the bound:
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DAl S NF

e S NIDS 2. (3.63)

Let u denote the global solution of (3.2). We then have the following result:

Proposition 3.4.1. Given ty € R, there exists a globally defined function v : RxR —
C satisfying the properties:

Vlito.to+s] = Ulito to+o)- (3.64)
0]l 134 < Cls, E(2), M(D)). (3.65)
D] o3+ < C(s, E(®), M(2))[|Dulto)||2- (3.66)

Moreover, § and C can be chosen to depend continuously on the energy and mass.

The proof of Proposition 3.4.1 is analogous to the proof of Propositions 2.3.1 and
2.4.1 from Chapter 2 and it will be omitted.

The point is that all the intermediate estimates that hold in the periodic setting
carry over to the non-periodic setting. Since V' € L'(R), we know that Ve L>*(R),
so one can directly modify the proof for the cubic NLS to the Hartree equation as

before.

3.4.2 An Iteration bound and proof of Theorem 3.1.2

As in the periodic case, let:

E'(u(t)) == || Du(t)]|7.-
Then, arguing as in Chapter 2, we obtain, that for some ¢ € R:
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d . 2 2 2 2
3 (ult)) = /§1+£2+£3+£4:O((9(§1)) (0(82))” + (0(&3))” — (0(84))7)

V(& + &)A(&) (&) 0(Es) (&) de;. (3.67)

Recalling the notation from the Introduction, as in Chapter 2, we consider the

following higher modified energy

E?(u) := E*(u) + M\ (My; u). (3.68)

The quantity M, will be determined soon.

The modified energy E? is obtained by adding a “multilinear correction” to the
modified energy E' considered earlier. In order to find 4 E?(u), we need to find

%)\4(]\44; w). Thus, if we fix a multiplier My, we obtain:

d
(M u) =
dt>\4( 4,U)

= —id(My(€2 — 2 + €2 - €2);u)

—z'/ [M4<€1237€47€57€6)‘7(€1 + &)
&1+82+E3+84+E5+86=0

— My (€1, €34, &5, )V (€2 + €3) + My(y, Ea, Enas, E6)V (€5 + &4)

—Ma(&1, €2, &, Ease) V (Ea + &) T(E) T(E)TUE)T(E) TS )TU(Es)dE; (3.69)

With the setup (3.67) and (3.69), we can use higher modified energies as in in the
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periodic setting. Namely, it follows that if we take:

My = . (3.70)

where W is defined by:

v:I'y—R

0(€1))%— (0(62))%+(8(€3))* = (0(64))*V .
y | I ST 2 — g 6 — €} # 0

(3.71)
0, otherwise.
for an appropriate real constant ¢. One then has:
d E?(u) = —ilg(Mg; 3.72
It (u) = —iXe(Ms; u). (3.72)
where:
Me(&1,62,85,64,65,8&6) == M4(§123,€4755,§6)‘7(51 + &)
— My (&, &34, &5, 56)‘7(52 + &) + Ma(&1, &0, Eaas, 56)‘7(53 +&4)
—My(£1, &2, €3, E456)V (€4 + &5). (3.73)

The key to continue our study of E?(u) is to deduce pointwise bounds on ¥. We

dyadically localize the frequencies as [{;| ~ N;. We then order the N7 in decreasing
order to obtain: Ny > NJ > Nj > Nj. Let us show that the following result holds:

Proposition 3.4.2. (Pointwise bound on the multiplier) Under the previous assump-
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tions, one has:

1
1
If N3~ Ni, W = Ol s O(NDONG NG NG (3.75)

In the proof of Proposition 3.4.2, the following bound will be useful:

Lemma 3.4.3. Suppose that |x| > |y|. Then, one has:

(o)

[(0(2))” = (0))*] < (=] — ly]) ]

We prove Proposition 3.4.2 and Lemma 3.4.3 in Appendix B of this chapter.

Using Proposition 3.4.2 and arguing as in Chapter 2, we deduce that, whenever u

is a global solution of (3.2), one has:

E*(u) ~ E'(u). (3.76)

Arguing as in Chapter 2, the key is to deduce the following bound:

Lemma 3.4.4. For all ty € R, one has:

B (ulto +0)) — E*(u(t))| < %Ez(u(to))

We see that Theorem 3.1.2 follows from Lemma 3.4.4:

Proof. (of Theorem 3.1.2 assuming Lemma 3.4.4)
By Lemma 3.4.4, there exists C' > 0 such that for all £, € R, one has:
C

E*(u(to+96)) < (1+ F)Ez(u(to)). (3.77)

Using (3.77) iteratively, we obtain that ? VT > 1 :

2Strictly speaking, we are using (3.66) to deduce that we can get the bound for all such times,
and not just those which are a multiple of §.
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Let us take:

T ~ N*~. (3.78)

For such a choice of T', one has:

E*(u(T)) < E*(®). (3.79)

Using (3.63), and (3.76), it follows that:

lu(T) = S N*E*(u(T)) S N*E*(®) S N*||®|

Hs-

ST @l S (1+T)57 (|2

. (3.80)

Since for times ¢ € [0, 1], we get the bound of Theorem 3.1.2 just by iterating the
local well-posedness construction, the claim for these times follows immediately. Com-
bining this observation, (3.80), recalling the approximation result, and using time-

reversibility, Theorem 3.1.2 follows. O
We now prove Lemma 3.4.4.

Proof. Let us WLOG consider t; = 0. The general case follows analogously. By
(3.72), we write:

F2(u(6)) — B2(u(0)) = /0 %E2(u(t))dt:—z' /0 No(M: ).

We recall (3.73), and we use symmetry to deduce that it suffices to bound:

6 v = =~ ~
/0 /£+-~~+§ . My(&123, 4,85, 86)V (& + E)u(&r)u(&)u(Es)u(ba)u(és)u(&e)dE;dt.
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Let v be as in Proposition 3.4.1, and let x = x(t) = X[0,5(t). The above expression is

then equal to:
6 A‘/ f A~
/o /5 £6=0 M (123, €4, &5, 66)V (€1 + £2)U(61)0(62)U(€3)0(84) V(&) (X V) (86)dE;dt =
1++&6=

_ / / My(&1, 2,83, 64)
T1++71=0 J &1 +E2+E€3+E4=0

(Vs |0]*)0) (&1, 71)0(&2, T2)0(E5, 73) (XT) (&4, Ta)dE;dT;.

Let Nj,j =1,...4, be dyadic integers. We define:

IN17N27N37N4 ::/ / M4(£17€27£37£4)
Ti++714=0 J &1 +E2+E3+84=0

(Vs [w)v) wy (61,710, (€2, 72) O, (€5, 73) (X0 ) Ny (Ea, Ta) dEjdlT.

We want to bound Iy, n, ny,n,- Let us define by N the appropriate reordering of the

N;. We know:

Ny ~ N3, N 2 N. (3.81)
We have to consider two Big Cases:
Big Case 1: Nj > Nj.
Big Case 2: Nj ~ Nj.
Big Case 1:

From Proposition 3.4.2, in this Big Case, we have the bound:
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1

=y

O(NT)O(NS)). (3.82)
We consider several Cases:
Case 1: Nf ~ N; (and hence Nj ~ Ny).

Let us assume WLOG that:

N3 ~ Ny, N3 ~ N3, Nj ~ Njy.
The other cases are analogous.

By using (3.95), we deduce:

|]N1,N2,N3,N4| < / 0(51 + 62 + 53)‘9(]\72*)

2
1 75=0 /51+~-+56=0,51+52+53~N1 (N7)

[0(&x, T)I[0(E2, ) [0(Es, T5) [0, (Eay Ta) 10, (&5, 75) [ (XD v, (865 76) | dE

From (3.61), we know that:

0(& + &+ &3) S 0(61) +0(&2) +0(E3).

By symmetry, we need to bound:

1 *
[11\71,N27N37N4 :_/ / (N*)Qe(él)e(]\e)
714 A716=0 J 14 4-€6=0,|61+E2+E€3|~ N1 1

[0(&x, TI[V(E2, ) 15(Es, 75) [0, (€0, )0, (&5, 7)1 (X0 s (€, 76) 1Sl S

[(Dv) (&1, 1)
/T1+~“+T6=0 /El+"‘+§6=0,§1+€2+53NN1 (NT)Q 7
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0(&2, 72)10(&3, 73) [ (DO) Ny (€4, 7a) [0, (€5, 75) || (D) s (€5 76) |l

Now, &1 + &2 + &3] ~ Ny, hence:

max{|&1], [§a], [§3]} 2 N1

We have to consider several subcases:

Subcase 1: [&] 2 M.

. . 1 . . L
The contribution to Iy, n, y, n, 0 this subcase is:

1 " ~
: / SR —0/§+~--+£ —o (N7)? (IDv) 2w, (€171, (65, 75)])

(Do), (&4 Tl (X0 v, (86, 76) ) [0(82, 7o) [10(3, 73)|dE s =

1 -
://WF1F2F3F4F5F6dI'dt
R JR 1

For the last equality, we used Parseval’s identity for the functions F};, which are chosen

to satisfy:

F = |(Dv)am |, Fa = [Un,), Fs = [(D) ], Fi = |(xv) |, Fs = [0], Fs = [7].

L? L

2
We now use an L tor Lias

t,x)

5.2.5, and (3.16) to see that this expression is:

L, Holder inequality, Proposition 3.2.2, Proposition

1 1 1
< Duv 1, ||v 1) (——||Dv 1|l ) )P
~ (N1*>2<N1é H ”XO*%JFH HXO’%JF)(N;_ H HXO’%*H HXO’%*)“ ||X%+,%+
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1 2

< G D
1 20y,
< Gy B0, (3.83)

Subcase 2: |&] 2 M.

. . 1 . . L
The contribution to Iy, v, n, n, 0 this subcase is:

1 ~ ~
5 /+---+ —0/£+...+5 =0 (Nf)2|<pv) (51’7—1)“(@) 2N1(§2,72)|

(Do), (&4, Tl (X0, (865 76)[) [0(83, 75) 10 (€5, 75)|dE s

We argue similarly as in the previous Subcase, but we now use an L} , L} | L?  L®,

t,x) it

Holder inequality and Proposition 5.2.5 to deduce that the previous expression is:

1 1 )

IS (Nf)gHDU||XO,§+HU2N1HXO,§+(EH,DUHXO,%-&-HUHXO,%-&-)HUHX%Jr,%Jr
S~ Dul2 ., Nl
T e A
S — E*(u(0)) (3.84)
< —E*(u(0)). :
(N7)z
(We note that we used the fact that [[vzn [ 024 S N%HUHXL%)

Subcase 3: |&] 2 M.

Subcase 3 is analogous to Subcase 2, and we get the same bound on the wanted

contribution.
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Case 2: Nj ~ Nj or Nj ~ Nj. Let us WLOG consider the case Nj ~ Nj. (the

case Nj ~ Nj is analogous) Let us also WLOG suppose:

Ni ~ Ny, Nj ~ N3, N} ~ Nj.

Arguing similarly as earlier, we want to estimate:

1
[ BN
T14+76=0 J &1+ +E€6=0,]§1+E2+E3|~ N1 (Nl)

0(&1, 1) [[0(&a, T2)[[0(Es, 73)|[ON, (€, Ta) [0, (&5, 75) || (XD) Wy (€6, T6) | ;T

We write:

vV=" 1 :
<(N7)2 Z(NT)2

We consider the following subcases:

Subcase 1: &1, |&], |&] < (Nf)2.

We have to estimate:

1

oz (V2)0(Ns)
/T1+"~+760 /§1+--'+§60,|§1+£2+§3|~N1 (Nl )2

7 ey 60 TN (€00 PIIT e (63 )] s €0, 7o) 1T 65 )| 06T s (66, 70) sy

1
s/ (T ey (6 D7)
Ti+-+76=0 J {14 +E6=0,|&1+E2+E3|~ N1 (Nl)Q <(Ny)2 :

(Do) w; (&, ) [[(x0) N (&6, T6) DI _ 08 (€35 73) ([0

<(NP)2 <

vyt (&2, T2)|dE;d;
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We apply an Lfﬁm, L?@, L7, L, Holder inequality, Proposition 3.2.2, and Proposi-

tion 5.2.5 to deduce that the above expression is:

1 1

S (=l o34 1DV o1 ) (=Dl oz 0]l oy ) 0N 1
~ (N*)2 1 x93+ x93+ 1 x0a2t x0a2t xztazt
7y N
< 1 2 4
~ (Nf);g,HDU||X0,%+H’U”X1,%+
<—1 2
S (e B 00) (3.85)
1

Subcase 2: max{|¢],|&], &)} 2 (Nf)%-

We consider WLOG when |¢;| > (N7)z. The other two cases are analogous.

Y

Hence, we have to estimate:

1
/ / A (N2)0(Ns)
rietr=0 1+t go=0 1o+l (VT)

5, ey 6 TN, 72) 1565, 7) v (0,7 [P (65, ) (X0 v, (6 76) 7

~ *
T1++76=0 J &1+ +E€6=0,|&1+E2+E€3|~ N1 (Nl )

10, ey (€ TOIN(DO) N, (€, )|

(D) w, (&5, 7)1 (X0 Wi (865 76)|) [0(E2, T2) [[0(Es, 73) gl

4 2 [e]
L Lt,am Lt,a}’

t,x

Ly Holder inequality, and Proposition 5.2.5 to deduce

We use an L} °

t,x?
that this expression is:
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1 1
~ (Nl*) || >(N*)§||Xog+|| ||X0§+(W“D ||X0§+||U||X0§+)|| ||X2+%+

1
= 1D

S ~ (N}) HU”

x0z+ Tyl 3+

1

Here we used the fact that Hv

Hence, the contribution from this Subcase is:

< 1
(N7)*~

Combining (3.83), (3.84), (3.85), (3.86), it follows that the contribution to In, n, ns.N,

E*(u(0)). (3.86)

coming from Big Case 1 is:

O(ﬁE%u(O))). (3.87)

Big Case 2: We recall that in this Big Case Ny ~ Nj.

From Proposition 3.4.2, we observe that in Big Case 2, one has:

Myf6s, 0. 60.60) = Ol (VDB NG ;) (3.5%)

In Big Case 2, we argue in the same way as we did for the Hartree equation on
St in Chapter 2. The same argument in this chapter implies that the contribution to

In, Ny.Ns,N, coming from Big Case 2 is:

1 2
Oy B (w(0), (3.80)

We refer the reader to the proof in Chapter 2 Let us note that in the periodic

setting, we could only get a decay factor of i N*)Q

165



We use (3.87),(3.89),(3.81), and sum in the N to deduce Lemma 3.4.4 for ¢, = 0.

By time-translation, the general claim follows. O]

Remark 3.4.5. If we use the method of proof of Theorem 3.1.1 for the Hartree
equation (here we just use mass and energy as conserved quantities), we can obtain
the bound ||u(t)||gs < C(1 4 |t])*~VF, which is a weaker result than Theorem 3.1.2

when s is large.

3.5 Appendix A: Auxiliary results for the cubic
nonlinear Schrodinger equation

In Appendix A, we prove Proposition 3.3.2

Proof. By continuity of Energy and Mass on H!, both of the claims clearly hold for
n = 1. For higher n, we will need to work directly with the higher conserved quantities
of (3.1). One can explicitly compute these quantities by means of a recursive formula.
The formula that we use comes from [46, 84]. Let u be a solution of (3.1). Let us

define a sequence of polynomials (Py)x>1 by:

Py o= [uf?,
(3.90)
Piiq = —Z’aé%(%) + Zf;ll B P, fork >1.

Then, for all k > 1, [ P, dx is a conserved quantity for (3.1).

For the details, we refer the reader to [46], more precisely to Page 53, where it
is noted that formulas (4.19),(4.20),(4.34) in the textbook still remain valid for our

equation. Let us now explicitly compute:



3 0

The conserved quantity corresponding to P is:

/Plda::/|u\2dx = Mass.

For the conserved quantities corresponding to P, Ps, we integrate by parts to obtain:

i [, 0 J _
/Pg dx = —5 /(ua—xu - u%u)dx ~ Momentum.

1
/Pgdx:/‘%u|2dx+§/\u|4dx ~ Energy.

So, we recover the well-known conserved quantities this way.

We argue by induction to deduce that:

n—1

5 Su + l.o.t.
"

P, =cu

Again, by induction, we obtain that each lower-order term contains in total at most

n — 3 derivatives. It follows that the conserved quantity we want to study is:

E,(u):= /P2n+1 dr = j:c/ |aaxnu|2dx +l.o.t.

Here, each lower-order term is the integral of a polynomial in x-derivatives of u,u

containing in total at most 2n — 2 derivatives. If we integrate by parts, we can arrange
so that at most n derivatives fall on one factor, and that at most n — 2 derivatives
fall on all the other factors combined. By using Holder’s inequality ® and by Sobolev
embedding, there exists a polynomial @, = Q,(x) s.t.

En(u) > C|lullfn — Qullullgn-2) |l ). (3.91)

3we estimate the factor with the most derivatives, and an arbitrary other factor in L?; the rest

of the factors we estimate in L™
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Similarly, if we also use multilinearity, it follows that there exists a polynomial R,

in (z,y) s.t.

|En(u) = En(0)] S (lullem + ol a)llw = ]|+

By ([[ull s, [[0][ 1) [u = 0] - (3.92)

The fact that F, is continuous on H" follows immediately from (3.92). This proves

the first part of the claim.

Furthermore, if we define:

En(u) := En(u) + [Jull7:,

then, by (3.91), it follows that:

En(u) = Co(llullzpn = Qulllwll )l rn).

This bound in turn implies:

e < 5 (@l + /@l + 5 Bu)). (399
We finally define:
Ba(®) 1= 5 (Qu(Bi (@) + J (Qu(Baor (®)))2 + %E@))- (3.94)

We combine the fact that £, is continuous on H", conservation of mass, (3.93), and

argue by induction to deduce the second part of the claim if we define B,, as in (3.94).
O
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3.6 Appendix B: Auxiliary results for the Hartree

equation

We first prove Proposition 3.4.2 assuming Lemma 3.4.3.

Proof. Let us first recall that:

VerL® (3.95)

As before, we consider || ~ N; for dyadic integers Ny, Ny, N3, Ny. We order the NV,
to obtain N7, for j=1,...,4,st. N > N3 > Ny > Nj. Let’s recall the localization
(3.81). By symmetry, let us also consider WLOG N} ~ Nj.

We consider the following cases:
Case 1: Nj > Nj.

We must consider several subcases:
Subcase 1: N ~ Ns.

Since & + & + &3 + & = 0, we obtain:

€7 — & + & — &l = 2/(& + &)(& + ). (3.96)

In this Subcase, this expression is:

~ N7 & + &

By Lemma 3.4.3, we know:

(0(£1))?
ISt

Similarly, assuming WLOG that 3| > [€4], we use Lemma 3.4.3, and the fact that

<9<|§§‘>>2 < <9<|§1| if &) > N, and (0(&))2 — (0(&))2 = 0, if |&] < N to deduce that:

ONTO(NS)

(0(6))” = (0(&))*| S ll&a] = &=~ N:

NESIRES]
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O(NT)O(N5)

0
Ny = |& + &

[(0(83))* — (0(60))*| < 165 + &4l

Combining the last three bounds and (3.95), we obtain:

Subcase 2: Nj ~ Nj.

(NT)O(NT)
N7

(3.97)

In this subcase, we don’t expect any cancelation in neither the numerator nor the

denominator. So, we just estimate the numerator as O(0(N{)8(NV;)), and we estimate

the denominator as ~ (N7)?. Consequently:

Case 2: Nj ~ Nj.

As before, we consider two subcases:

Subcase 1: N > Nj.

It suffices to WLOG consider when N ~ Ny, N ~ N3, Nj ~ Ny.

We have:

16— &+ & — & =2|(& + &) (& + &) ~ NYl& + &

We argue now as in Subcase 1 of Case 1 to obtain:

1
(NT)?

U = O (g 0(ND)B(NS)).

Since N3 ~ N7, in this subcase, we obtain:

1

V=0l

O(NT)O(N3)N;).

Subcase 2: N ~ Nj ~ Nj ~ Nj.
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We know:

& — &+ —&l ~ (G +&)(&+ &)
We must consider several sub-subcases.
Sub-subcase 1: & +&| < 1, &+ & < 1.

Since & + & + &3+ &4 = 0, we get:

3+ (§1+ &) =&

G+ (& +&4) =&

E3+ (&1 + &) + (& + &) =&

From the previous identities, the Double Mean Value Theorem (3.26), and (3.60), we
obtain that:

[(0(61))% = (0(82))* + (8(83))” — (0(&4))*] =

= [(0(& + (&1 + &) + (& +80))* = (0(& + (& +&))* + (0(& + (& +&)))* — (0(6))?]

0 2
<&+ &€+ E[(02)(€3)] S €1 + E|é1 + &4 ( |(§i3|2)
O(N7)O(Ny
Sle+alle + )
So, in this sub-subcase, we obtain that:
1 . o
U = O((Nl*)QG(Nl)G(NQ)) =



= O( O(NT)O(NS)NSNY) (3.100)

(V7))
Sub-subcase 2: | + &| 2 1.

Here:

& — &+ — &l =21& +&ll& + &l 2 16+ & = &+ &l

Hence, by Lemma 3.4.3:

v o0 - G@)” |

(6(&))* = @&y _

€1+ & €5 + &4
—019 Q—OlﬁN*ﬁN* =
= (@< (&))7) = (Fik (N7)O(N3)) =
1 * * * \Tk
Ol NI N3 ;) (3.101)

Sub-subcase 3: | + & 2 1.

We group the terms in the numerator as:

((0(€2))* = (0(&4))*) + ((0(&))* = (0(&2))?)
Then, we argue as in the previous sub-subcase to obtain:
1 * * * *
O(WQ(NJQ(NQNS N4) (3.102)
Let us now prove Lemma 3.4.3.
Proof. We have to consider five cases:
1. N <l|y|, 2N < |z|.
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[\

- N <|y| <|z| <2N.

w

Nyl < el < N

W

. |yl < N, 2N < |z|.

(S8

yl < N < Ja] <2N.
We consider each case separately:

L [(0(2)* = (0w))?| < (=] = ly]) supyy; oy 1(6%) (2)] < (2] = ly[) supiy oy [(62)'(2)]

By using (3.59), this expression is:

S = ) o (50 S = o, (555 -
= = ) g, B = 1o = -

2N, |z(]

2. 1(0())* = (0(9))] < (J2] = ly]) supyyop 162 (2)] S (J2] = [y) supg, ey (CE5)

For z € [|y|, |z|], one has:

(0)? _ (O(N)? _ (0(x))?
AN T el

Hence, we get the wanted bound in this case.
3. In this case: (A(z))? — (8(y))* = 0.

4. 1(0(x))% — (0(y)?| = |22 — ((N))?|, and we argue as in the first case.
Lemma 3.4.3 now follows.
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3.7 Appendix C: The derivative nonlinear Schrodinger

equation

In this Appendix, we give a brief sketch of the proof of (3.12).

We don’t consider derivative nonlinear Schrodinger equation directly. Rather, we

argue as in [61, 64, 65], and we apply to (3.10) the following gauge transform:

Gf(x) = e i 0 |f(y)|2dyf(m). (3.103)

For u a solution of (3.10),we take w := Gu. Then, it can be shown that w solves:

iwy + Aw = —iw*w, — 3w|*w
(3.104)
w(z,0) =wo(r) = GP(z),z € Rt € R.
The equation (3.104) has as a corresponding Hamiltonian:
_ 1 o
E(f) :z/@mfﬁxfdx—§]m/fff8mfdx. (3.105)

Although the problem is not defocusing a priori, in [31],[32], it is noted that the

smallness condition (3.11) guarantees that the energy F(w(t)) is positive and that it

gives us a priori bounds on ||w(t)| g .

It can be shown that the gauge transform satisfies the following boundedness

property:

Gauge transform bound. For s > 1, there exists a polynomial P = Py(x) such

that:

IG /]

e < Po([| )]

Hs»

(i

e < o[ flla) [ f]

Hs-
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From the bi-continuity of gauge transform, and the uniform bounds on ||w(t)|| g1, it
suffices to prove for solutions of (3.104) the bounds that we want to hold for solutions

of the derivative NLS.

One can show that a local-in-time estimate, analogous to Proposition 3.4.1, holds

for (3.104). The key is to use the following:

Trilinear Estimate. Let s > 1,0 € (%, g],b’ > %, then for vi,vs,v3 : Rx R — C, the

following estimate holds:

||U1U2(U3)x|

xoot S lonllxawlvall e flosfl xow

Hlvall xaw l[vall s lvsll xror + lvrll xow [[0all o Jos ]| xra- (3.106)

This estimate is the analogue of Proposition 2.4. in [104], where the identical
statement is proved in the context of low regularities. The proof for s > 1 is similar,

with minor modifications.

We now argue as in Theorem 3.1.2, by using the technique of higher modified
energies. We define E' as before. We consider the higher modified energy E? given
by:

E*(w) := EY(w) + \(My; w). (3.107)

Using the equation (3.104), it follows that a good choice for the multiplier M4 on
the set I'y is:

(0(61))78s + (0(£2))%€s + (0(83))°61 + (8(64))*S

My ~
! Gg-&+-&

(3.108)

We define the ordered dyadic localizations N} as before. With this notation, one

can show the following:

Multiplier bound. On I'y, one has the pointwise bound:

1
[Ma| S 770 (NT)O(N:). (3.109)
1
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By construction of My, we obtain:

d _d oy d .
%E (w(t)) = EE (w) + %)\4(M4,w)

= )\6(0'6; U)) -+ >\6<M6; U)) -+ )\8<Mg, w)

Here:

06 = (0(£1))" — (0(£2))" + (0(85))" — (0(84))" + (0(85))” — (0(&6))*.

Mg ~ My (123, 84,5, &6)E2 + Mu(&r, Eaza, &5, &6)Es

+My(&1, &a, E3a5, 86)6a + Ma(&1, €2, &3, Ease ) s

MS ~ M4<§123457 567 577 58) - M4(§17 5234567 577 €8)

+M4(§17 §27 5345677 ’58) - M4(§17 €27 537 545678)'

(3.110)

(3.111)

(3.112)

(3.113)

Using (3.110) and (3.109), we can argue similarly as in the proof of Theorem 3.1.2

to deduce that:

L B2(w(ty)).

1_
2

| E*(w(to +0)) — E*(w(to))| <

Y

The bound for the derivative NLS follows from (3.114). O
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Chapter 4

Bounds on T? and R?

4.1 Introduction

In this chapter, we study the 2D Hartree initial value problem:

iug+ Au= (V*|[u*)u, z € TPorx e R%, t € R
uli—g = ® € H*(T?), or ® € H*(R?), s > 1.
The assumptions that we have on V' are the following:
(i) V € LY(T?), or V € L'(R?), respectively.
(i) V > 0.
(iii) V is even.

The equation (4.1) has the following conserved quantities:

M(u(t)) = / u(z, £)[2dz, (Mass)

Blu(t)) = %/|Vu(x,t)|2dx+i/(V* l2)(z, )lu(z, £)2dz, (Energy).
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The region of integration is either T? or R?, depending whether we are considering
the periodic or the non-periodic setting. As in the one-dimensional case, the fact that
mass is conserved follows from the fact that V' is real-valued. The fact that energy is

conserved follows from integration by parts, by using the fact that V' is even [28].

By using the two conservation laws, and by arguing as in [52], we can deduce
global existence of (4.1) in H' and a priori bounds on the H' norm of a solution, in
the non-periodic setting. By persistence of regularity, we obtain global existence in
H?®, for s > 1. Hence, it makes sense to analyze the behavior of ||u(t)| gs. A similar
argument holds in the periodic setting, whereas here, we need to use periodic variants

of Strichartz estimates [9].

4.1.1 Statement of the main results

The first result that we prove is:

Theorem 4.1.1. (Bound for the Hartree equation on T?) Let u be the global solution
of (4.1) on T?. Then, there exists a function Cs, continuous on H'(T?) such that for
allt e R:

() ey < Col@)(1 -+ )" @] 3. (142)

Similarly, in the non-periodic setting one has:

Theorem 4.1.2. (Bound for the Hartree equation on R?) Let u be the global solution
of (4.1) on R%. Then, there exists a function Cs, continuous on H'(R?) such that for
allt e R :

[u(®)]

o) < Co(@)(1+ )7 @] o). (4.3)

Heuristically, we expect to get a better bound in the non-periodic setting, due to

the presence of stronger dispersion.

In the non-periodic setting, let us formally take V' = 4. Then, (4.1) becomes:
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iug + Au = |ul?u,z € T?or z € R%,t € R
(4.4)

uli—o = ® € H¥(T?)or ® € H*(R?), s > 1.
The Cauchy problem (4.4) is also known to be globally well-posed in H* [51]. We will
see that the proof of Theorem 4.1.2 holds when we formally take V' = . Hence, we

also deduce the following:

Corollary 4.1.3. (Bound for the Cubic NLS on R?) Let u be the global solution of
(4.4) on R2. Then, there exists a function C, continuous on H'(R?) such that for
allt e R:

[u(t) |12 (r2) < Cs(@)(1 A+ [£]) 7| 2]

HS(RQ)' (45)

e S (L[5 @)

Corollary 4.1.3 improves the previously known bound ||u(t)|

Hs,
for all s € N. The latter bound was proved in [30]. However, after the submission of

our paper, Dodson [44] proved that the equation (4.4) scatters in L?(R?). From this

fact, one can deduce uniform bounds on ||u(t)]| g:.

We can also take V' = ¢ in the periodic setting.

Corollary 4.1.4. (Bound for the Cubic NLS on T?) Let u be the global solution of
(4.4) on T?. Then, there exists a function Cs, continuous on H'(T?) such that for all
teR:

(@)l < Cul @)L+ I @ e (46)

We note that essentially the same bound was proved for s € N in [118].

4.1.2 Previously known results

We note that the growth of high Sobolev norms for the cubic NLS on T? was previously
studied in [118]. The presented methods can be applied to (4.1). The bounds are
essentially the same as we obtain in Theorem 4.1.1. However, the approach from [118]
applies only to the case when s is a positive integer, whereas our method works for

all real s > 1.
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If we knew that (4.1) scattered in H®, we would immediately obtain uniform

bounds on ||u(t)|

ps. However, in the periodic setting, no scattering results have ever
been proved, and one doesn’t expect them to hold due to limited dispersion. In the
non-periodic setting, there are several known scattering results [49, 55, 54, 56, 63, 85,
but none of them are strong enough to imply scattering in H* for (4.1) on R?. For a
detailed explanation, we refer the reader to Remark 4.4.6. It is not known whether

the methods presented in [44] apply to the (4.1).

Let us finally mention that the problem of Sobolev norm growth for the cubic NLS
on T? was also recently studied in [39], but in the sense of bounding the growth from
below. In this paper, the authors exhibit the existence of smooth solutions of the
cubic defocusing nonlinear Schrodinger equation on T?, whose H*® norm is arbitrarily
small at time zero, and is arbitrarily large at some large finite time. One should note
that behavior at infinity is still an open problem. If one starts from a specific initial
data containing only five frequencies, an analysis of which Fourier modes become

excited has recently been studied in [25] by different methods.

4.1.3 Main ideas of the proofs

As in the previous chapters, the main idea is to define D to be an upside-down I-
operator. Similarly as before, we will use higher modified energies, i.e. quantities
obtained from || Du(t)||7. by adding an appropriate multilinear correction. In this
way, we will obtain E?(u(t)) ~ ||Du(t)||3., which is even more slowly varying. Due to
more a more complicated resonance phenomenon in two dimensions, the construction
of E? is going to be more involved than it was in one dimension. In the periodic
setting, E? is constructed in Subsection 4.3.3. In the non-periodic setting, E? is

constructed in Subsection 4.4.3.

We prove Theorem 4.1.1 and Theorem 4.1.2 for initial data ®, which we assume
lies only in H*(T?) and H*(R?), respectively. We don’t assume any further regularity
on the initial data. However, in the course of the proof, we work with & which is

smooth, in order to make our formal calculations rigorous. The fact that we can
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do this follows from an appropriate Approximation Lemma (Proposition 4.3.2 and

Proposition 4.4.2).

4.2 Facts from harmonic analysis

4.2.1 Estimates on T2

By Sobolev embedding on T?, we know that, for all 2 < ¢ < oo, one has:

[ullze S flullm (4.7)

From [58], we know that on T?:

lullzg, S llull vor g (4.8)

(A similar local-in-time estimate was earlier noted in [9].)

By Plancherel’s Theorem, one has:

lullzz, ~ llullxoo (4.9)

From Sobolev embedding, it follows that:

[ullzge, S llull v g (4.10)

te

If we take the 3+ in (4.8) to be very close to 3, we can interpolate between (4.8) and

(4.9) to deduce:

Julls- S el ory- @)
Similarly, we can interpolate between (4.8) and (4.10) to obtain:
lull ot S Mlull gor. g+ (4.12)
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Lemma 4.2.1. Let ¢ < d be real numbers, and let us denote by x = x(t) = X[e,q(t)-
One then has, for all s € R, and for all b < %

HXUHXSJ’(]RXA) S vl Xsb+(RxA)-

Here, A denotes either T? or R2.

The proof of Lemma 4.2.1 is the same as the proof of Lemma 2.2.1 (see also
(24, 36]). From the proof, we note that the implied constant is independent of ¢ and
d. We omit the details.

We can interpolate between (4.9) and (4.10) to deduce that, for M > 1, one has:

Jullpar S llull g (4.13)
Furthermore, from Sobolev embedding in time, we know that:

ullrgerz S lull o3+ (4.14)
We can interpolate between (4.9) and (4.14) to obtain:

lullzazz S llull o1+ (4.15)
An additional estimate we will use is:

lullps, S lullpeae (4.16)

The estimate (4.16) is a consequence of the following:

Lemma 4.2.2. Suppose that Q is a ball in Z* of radius N, and center ng. Suppose

that u satisfies suppu C Q). Then, one has:
1
ullrs, S N2 lull o1+ (4.17)

Lemma 5.2.6 is proved in [15] by using the Hausdorff-Young inequality and Holder’s
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inequality. We omit the details.

To deduce (4.16), we write u = Yy uy. By the triangle inequality and Lemma
5.2.6, we obtain:

1
lullgs, <> Munlle, SN2 lunllgoye
N N

1
SO arlnlgpe Sl g
N

We can now interpolate between (4.8) and (4.16) to deduce:

ullps, S Nl (4.18)
whenever }l <b < %—1—,31 > 1— 2b;.
By using an appropriate transformation, as in Lemma 2.4 in [58], we see that

(4.18) implies:

Lemma 4.2.3. Suppose that u is as in the assumptions of Lemma 5.2.6, and suppose

that by, s1 € R satisfy i < b < %—i—, s1 > 1—2by. Then, one has:

lullzg, S N*Hullxoe- (4.19)

4.2.2 Estimates on R2

We note that all the mentioned estimates in the periodic setting carry over to the
non-periodic setting. However, there are some estimates which hold only in the non-
periodic setting, which express the fact that the dispersion phenomenon is stronger
on R? than on T2. Such estimates allow us to get a better bound in Theorem 4.1.2

than the one we obtained in Theorem 4.1.1.
The first modification is that, on the plane, (4.8) is improved to:
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ullza, S lull o3+ (4.20)
Consequently, one can improve (4.11) to:

el o S Mlull o.3- (4.21)
On the plane, we will use the following estimate:

[ull 24 S llullxosos (4.22)

(4.22) follows from (4.20), the fact that [[ul|;z ~ ||lu[[x00, and interpolation.
Furthermore, a key fact is the following result, which was first noted by Bourgain

in [14):

Proposition 4.2.4. (Improved Strichartz Estimate) Suppose that Ny, Ny are dyadic
integers such that Ny > Ny, and suppose that u,v € XO’%JF(]R2 x R) satisfy, for all t:
suppu(t) C {|¢] ~ N1}, and suppv(t) C {|| ~ Na}. Then, one has:

1
2
N2

lwvllzz, S —T lull yop+ 10l o5 (4.23)

= ol

An alternative proof (in the 1D case) is given in [31].

Let us note the following corollary of Proposition 4.2.4.

Corollary 4.2.5. Let u,v € XO’%+(R2 X R) be as in the assumptions of Proposition
4.2.4. Then one has:

luvl[ g2z S

1
NE
%Hu||xo,%+||v||xo,%+- (4'24)
1

Proof. We observe that:

1 1
|uvl[rgerz < flullzgerallvllpgers S N (ullpgerz N3 (vl zeer2 -
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[SIES

1
5 Ny N22||u||X0,%+||U||X0,%+' (4'25)

In order to deduce this bound, we used Bernstein’s inequality, and the non-periodic

analogue of (4.14).

For completeness, we recall Bernstein’s inequality [106]. Namely, if 1 < p < ¢ <
oo, and if f € LP(R?) satisfies supp f C {|¢] ~ N}, then one has:

2_2
||f||LZ 5 Nv—a ||f||L§Z- (4-26)

We interpolate between (4.23) and (4.25) and the Corollary follows.

As in the previous chapter, we will have to work with the Fourier transform of
X = X[to,to+0](t), the characteristic function of the time interval [to,ty + d]. We treat
this issue as before. Let us briefly recall that, given ¢ € C§°(R) with 0 < ¢ <

1, [ #(t)dt =1, and A > 0, we define: @5(t) := ; ¢(%). Given a scale N > 1, we

write:

X(t) = a(t) + b(t), for a =y * dn-1. (4.27)

We recall Lemma 8.2. of [31], by which one has the estimate:

lat) ] 0,3+ S NO+HfH 0,1+ (4.28)
X X

(The implied constant here is independent of N.)

On the other hand, for any M € (1,+00), one obtains by Young’s Inequality:

bl < C(M, @).

If we now define:

by (t) == /R |b(7)|e* dr. (4.29)
18
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One also has, as before:

b1l < C(M, ®). (4:30)
We will frequently use the following consequence of Proposition 4.2.4
Proposition 4.2.6. (Improved Strichartz Estimate with rough cut-off in time) Let

u,v € XO’%+(R2 x R) satisfy the assumptions of Proposition 4.2.4. Suppose that
Ny 2 N. Let uy, vy be given by:

uy = |(xu) ], 01 = v .
Then one has: .
lurorllrz, S —=llull oy [0l o34 (4.31)
The same bound holds if
uy = |uf, v = |(xo)].

Proposition 5.2.5 follows from Proposition 4.2.4, Corollary 4.2.5, the decomposi-
tion (4.27), and the estimates associated to this decomposition. We omit the details
of the proof. An analogous statement is proved in one dimension in [96]. The only

1

difference is that on R?, the coefficient on the right-hand side of (4.23) is N—Q; instead

Nl
1
of -1+, and hence we obtain the coefficient Nf{i on the right-hand side of (4.31).
N12 N12

We also must consider estimates on the product uv, when u and v are localized

in dyadic annuli as before, but when we no longer assume that Ny > Nj.

By using Holder’s inequality and (4.20), it follows that:

luvllzz, < llullzs lvllz:, S lull yog+ 01l o3+ (4.32)

We note that (4.25) still holds. We now interpolate between (4.25) and (4.32) to

deduce:
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lawll 2+ e S NEENSHull oy ol oy (4.33)

~

An additional form of a bilinear Strichartz Estimate that we will have to use will

be the following bound, which was first observed in [38]:

Proposition 4.2.7. (Angular Improved Strichartz Estimate) Let 0 < Ny < Ny be
dyadic integers, and suppose 6y € (0,1). Suppose v; € X053+ j = 1,2 satisfy:
suppv; C {|¢| ~ N;}. Then the function F defined by:

F(t,x) = / / / / etrtmriletittaly e ei<oo01(Ex, T1) 02 (Ea, To)dEydEsdmydry
R JR JR2 JR2

obeys the bound:

1
1E N2z, S 06 lvill o3+ llo2ll o+ (4.34)

For the proof of Proposition 4.2.7, we refer the reader to the proof of Lemma 8.2.
in [38].
We record the 2D version of the Double Mean Value Theorem:

Proposition 4.2.8. Let [ € C?*(R). Suppose that x,n,p € R* are such that:

Inl, |u| < |z|. Then, one has:

\flz+n+p) = flz+n) — fla+p) + f@)] S hlplVF)]. (4.35)

The proof of Proposition 4.2.8 follows from the standard Mean Value Theorem.

4.3 The Hartree equation on T?

4.3.1 Definition of the D-operator

As in our previous work [97, 96], we want to define an upside-down I operator. We

start by defining an appropriate multiplier:
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Suppose N > 1 is given. Let 6 : Z? — R be given by:

"1y |y
0(n) = (5)" it 2 N (4.36)

Lif [n|] < N

Then, if f: T? — C, we define Df by:

Df(n) == 6(n)f(n). (4.37)

We observe that:

IDfllz2 Ss [If]

Hs 55 NSHDfHLQ (438)

Our goal is to then estimate ||Du(t)||z2 , from which we can estimate ||u(t)| g by

(4.38). In order to do this, we first need to have good local-in-time bounds.

4.3.2 Local-in-time bounds

Let u denote the global solution to (4.1) on T2. One then has:

Proposition 4.3.1. (Local-in-time bounds for the Hartree equation on T?) There
exist 0 = (s, E(P), M(®)),C = C(s, E(®), M(P)) > 0, which are continuous in
energy and mass, such that for all ty € R, there exists a globally defined function
v:T? xR — C such that:

U|[to,to+5] = ul[to,t0+5]~ (4.39)
0]l 130 < Cls, E(), M(D)) (4.40)
1DVl 0,14 < Cs, E(®), M(®))[[Duto)||2- (4.41)

Proposition 4.3.1 is similar to local-in-time bounds we had to prove in Chapters
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2 and 3. Since we are working in two dimensions, the proof is going to be a little
different. Our proof of Proposition 4.3.1 is similar to the proof of Theorem 2.7. in

Chapter V of [15]. For completeness, we present it in the Appendix of this chapter.

As before, Proposition 4.3.1 implies the following:

Proposition 4.3.2. (Approzimation Lemma for the Hartree equation on T?)

If ® satisfies:

iug + Au = (V * [ul?)u,

(4.42)
u(z,0) = ¢(z).
and if the sequence (u'™) satisfies:
™ 4+ Au™ = (V% |u™2)u™, (4.43)

u™(z,0) = &, ().

where ®,, € C*(T?) and D, RN ®, then, one has for all t:

The mentioned approximation Lemma allows us to work with smooth solutions
and pass to the limit in the end. Namely, we note that if we take initial data ®,, as
earlier, then u(™ (t) will belong to H°(T?) for all ¢. This allows us to rigorously justify
all of our calculations. Now, we want to argue by density. For this, we first need to
know that energy and mass are continuous on H' The fact that mass is continuous
on H' is obvious. To see that energy is continuous on H*, let 1 = ﬁ + ﬁ Then, by

Holder’s inequality, Young’s inequality, and (4.7), we obtain:

|/(V * (urug) Juguadz| < ||V s (uyug) || i+ |lugual| Lo

< AVl lluall 2+ lluall g2 [lusll Lane 1wl 200
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S Nl l[ualla lJus] a0 [ wal [ (4.44)

Continuity of energy on H' follows from (4.44).

Now, by continuity of mass,energy, and the H* norm on H?, it follows that:

M(®,) — M(®), E(®,) = E(P), ||®,]

s — || P

Hs-

Suppose that we knew that Theorem 4.1.1 were true in the case of smooth solu-

tions. Then, for all ¢ € R, it would follow that:

™ (t)]

1 < C(s, k, E(®y), M(Pn)) (1 + [t])* ]| @n]

Hs»

The claim for « would now follow by applying the continuity properties of C' and

the Approximation Lemma. So, from now on, we can work with ® € C*(T?).

4.3.3 A higher modified energy and an iteration bound

As in [97, 96], we let:

E'(u(t)) = [ Du(t)]|z-.

Arguing as in [97, 96|, we obtain that for some ¢ € R, one has:

B @) =ic Y ((0m))* = (0(n2))* + (0(n5))” = ((0(na))?)

ni+na+nzg+ngs=0
V(ns 4 na)ti(ng)a(ne)t(ns)(ng) (4.45)

As in the previous works, we consider the higher modified energy:

E%(u) := E*(u) + Ay (My; u) (4.46)
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The quantity M, will be determined soon.

The modified energy E? is obtained by adding a “multilinear correction” to the
modified energy E' we considered earlier. In order to find %Ez(u), we need to find

%)\4(M4; u). If we fix a multiplier M, we obtain:

d
dt 4( 4,U)

—iAa(My(na]* = [n2]? + |ns|* = |nal*); u)

—iq Z [M4(n123, Ny, N5, 716)‘7(”1 + 1)

ni+na+nz+ng+ns+neg=0

—My(n1, noza, 15, n6)‘7(n2 +n3) + My(n1, ng, nzas, n6)‘7(n3 + n4)
—M4(7’Ll, N9, N3, n456)17'(n4 + n5)} ﬂ(nl)/ﬁ(ng)ﬂ(ng)ﬁ(n@ﬂ(m)ﬁ(n@) (447)

We can compute that for (ny, ng, ns, ny) € I'y, one has:

[ ? = [nal* + [ns]* = |na|* = 2012 - nag (4.48)

We notice that the numerator vanishes not only when ny5 = ny4 = 0, but also when
n1z and ny4 are orthogonal. Hence, on T'y, it is possible for |ny|? — |na|? + |ns|* —|n4|* to
vanish, but for (0(n;))? — (0(n2))? + (0(n3))? — (6(ny4))? to be non-zero. Consequently,
unlike in our previous work on the 1D Hartree equation in Chapters 2 and 3, we
can’t cancel the whole quadrilinear term in (4.45). We remedy this by canceling the
non-resonant part of the quadrilinear term. A similar technique was used in [38].

More precisely, given fy < 1, which we determine later, we decompose:

Iy=Q,,UQ,.
Here, the set €2, of non-resonant frequencies is defined by:
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Qpy = {(nla N, N3, Ng) € I'y;n1a, 14 # 0, |cosZ(n12,n14)| > 50} (4.49)

and the set €2, of resonant frequencies €2, is defined to be its complement in I'y.

We now define the multiplier M, by:

o {O(r1))?=(8(n2))?+(6(n3))2 ~ (0(na))*) {7

In1[?=n2[?+n3]*—[na|?

(ng + ny) , if (n1, N2, n3,n4) € Qe
M4(n1,n2,n3,n4) =

0, if (ny,n2,ng,n4) € 8,
(4.50)

Let us now define the multiplier Mg on I'g by:

Me(n1,n2,ng, na, ns, ng) 1= Ma(ni23, na, 15, n6) V (n14+n2) —Ma(n1, Naza, 15, n6)V (no+ns)+

+My(ny, n2, naas, 716)‘7(”3 + ng) — My(nq, ng, ns, 71456)‘?(”4 +ns) (4.51)

We now use (4.45) and (4.47), and the construction of M, and Mg to deduce that

> ((0(n1))* = (0(n2))* + (0(ns))* = (0(14))*) V (13 + 1)
n1+n2+n3+na=0,|cosZ(n12,m14)|<Po

~ ~

u(ny)u(ng)u(ng)u(ng)+

+ Z Mg(n1, g, ng, na, ns, nﬁ)ﬁ(nl)6(712)a(”?»)a(nzl)a(”s)a(”ﬁ)
ni1+ne+nz+ns+ns+ng=0

= 1+1I (4.52)

ISince (6(n1))? — (0(n2))? + (A(n3))? — (A(n4))? = 0 whenever njs = 0 or n14 = 0, the terms
where 112 = 0 or n14 = 0 don’t contribute to the first sum. We henceforth don’t have to worry
about defining the quantity cos(0, -)
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Before we proceed, we need to prove pointwise bounds on the multiplier Mj.
In order to do this, let (ny,ns2,ns,ng) € 'y be given. We dyadically localize the
frequencies, i.e, we find dyadic integers N; s.t. |n;| ~ N;. We then order the N;’s
to obtain: Ny > Nj > N3y > Nj. We slightly abuse notation by writing 0(N;) for
0(N7,0).

Lemma 4.3.3. With notation as above, the following bound holds:

1 1

My =0(5 ey

O(NT)O(NG)). (4.53)

Proof. By construction of the set €2,,,., and by the fact that |17\ < 1, we note that:

Let us assume, without loss of generality, that:

[na| = |naf, [nal, [nal, and [nia| > |naal. (4.55)
We now have to consider three cases:

Case 1: |ni| ~ |ni| ~ |[ny]

In this Case, one has:

(1 (O(nq))? 1 1

M= 03 Tmp ) =G

O(NT)O(N3))

Case 2: |ny| ~ |[nya| > |nuy

We use the Mean Value Theorem, and monotonicity properties of the function

% to deduce:

(0(m))? — (0(n))? = (6(n1))” — (O(ms — nra))? = 0(|n14|%> (4.56)

(6(n2))2 = (B(ns))® = (B(ns + n1))® — (B(ns))* =
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O(jnu|  sup (9(2))2):O(|n14‘w). (4.57)

N<|z|<|n 2| |71

Using (4.54), (4.56), (4.57), and the fact that |nis| ~ |n4], it follows that:

EPWICLC0) PE U YR
My = O( n1]250 ) O<ﬂo (NT)QQ(Nl)Q(Nﬂ)'

Case 3: |ni| > |nial, |nu4l

We write:
(0(n1))>=(0(n2))*+(0(n3))>—(0(n4))? = (0(n1))*—(0(n1—n12))*+(0(n1—n12—n14))*—(0(n1—n14))*

By using the Double Mean-Value Theorem (4.35), it follows that this expression
. ni 2
1S O<(0( ) |n12||n14|).

[n1]?
Consequently:
My = O(+ L _gvno(ng))
4 /80 (NT)Q 1 2 .
The Lemma now follows.
O
Let us choose:
1
bo~ (4.58)

The reason why we choose such a [y will become clear later. For details, see Remark
4.3.6.

Hence Lemma 4.3.3 implies:

M, = 0(<N—]\1£)29(Nf)0(1\/;)). (4.59)

The bound from (4.59) allows us to deduce the equivalence of E' and E?. We

have the following bound:
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Proposition 4.3.4. One has that:
E(u) ~ E*(u). (4.60)

Here, the constant is independent of N as long as N 1is sufficiently large.

Proof. We estimate E?(u) — E'(u) = \y(My; u). By construction, one has:

(M)l S Y [Maln, ng, na,na)|[@(n)|[@(ng)[[(ns) | [@(na)|

ni1+n2+n3z+ngs=0

Let us dyadically localize the n;, i.e., we find N; dyadic integers such that |n;| ~
N;. We consider the case when N; > Ny > N3 > Ny. The other cases are analogous.

We know that the nonzero contributions occur when:

Let us denote the corresponding contribution to Ay(My; u) by In, ny.ns.N,- We use

Parseval’s identity and (4.59) to deduce that:

N — N= ~ o
|IN1,N27N3,N4| f§ Z m|DuN1(n1)||DUN2(n2)||uN3(n3)||UN4<n4>|

n1tnatng+ng=0,n;|~N; 1

Let us define F; : j =1,...,4 by:

Fy := |Dun, |, F5 := |Dun,|, F3 := |un,|, Fy == |un,]-

By Parseval’s identity, one has:

N .
TNy Mo Na N | S W/ P\ Fy FsFydx
1 T2
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which by an L2, L2, L%°, L2 Holder’s inequality is:

N
F

2| Fall o2 | ] oo | Fal | oo

Furthermore, we use Sobolev embedding, and the fact that taking absolute values in
the Fourier transform doesn’t change Sobolev norms to deduce that this expression

18:

N
S walFullezll Bl [ Fsll e 1 Eull e S N2HDuNluLQHDuNQHLQHuN?,HHl'*‘”uNALHHH N
1

< 2 N
r\./ N2_

El

Here, we used the fact that [jul[z < 1.
We now recall (4.61) and sum in the N; to deduce that:

(B () = BN w)] = MMy 0)| S 5= B (w).

The claim now follows.

]

Let 0 > 0,v be as in Proposition 4.3.1. For ¢ty € R, we are interested in estimating:

Bulta+8) ~ Blutto) = [ Gt = [ L)

0 0
The iteration bound that we will show is:

Lemma 4.3.5. For all ty € R, one has:

| B2 (ulto + 6)) — E*(u(to))] < (u(to))-

N1-

Arguing as in Chapter 2, Theorem 4.1.1 will follow from Lemma 4.3.5. Let us
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prove Lemma 4.3.5.

Proof. (of Lemma 4.3.5)

Let us WLOG consider ¢y = 0. The general claim will follow by time translation,
and the fact that all of the implied constants are uniform in time. Let v be the
function constructed in Proposition 4.3.1, corresponding to ¢ty = 0.

By (4.52), and with notation as in this equation, we need to estimate:

/(S <
0 n1+nz2+n3+ngs=0,|cosZ(ni12,n14)|<Bo

((6(n1))* = (0(n2))* + (8(ns))* = (6(n4))*)V (3 + 114)0(n1 )0 (12)(ns) 0 (4) +

+ Z Mg(ny, ng, ng, ny, ns, nﬁ)@\(nl)5(712)i)\(ng)@’\(m)@(ng)ﬁ(n(;)> dt =

ni1+nz+n3+na+ns+ne=0
é é
:/ Idt+/ Ildt =: A+ B.
0 0

We now have to estimate A and B separately. Throughout our calculations, let

us denote by x = x(t) = X0, ().
Estimate of A (Quadrilinear Terms)

By symmetry, we can consider WLOG the contribution when:

[n1| > |nal, [nsl, [nal, and [na| > |ny4l.

We note that when all [n;| < N, one has: (6(n1))*—(6(n2))*+ (0(n3))*>— (0(n4))* = 0.

Hence, we need to consider the contribution in which one has:
In1| > N, |cosZ(nia,n14)| < Bo.

We dyadically localize the frequencies: |n;| ~ N;;j = 1,...,4. We order the N; to

obtain Nj > Ny > Ni > Nj. Since ny + ng + n3 + ny = 0, we know that:

N~ Nj > N. (4.62)
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Let us note that N; ~ N,. Namely, if it were the case that: N; > N,, then, one
would also have: N; > N4, and the vectors nqyo and nyy would form a very small
angle. Hence, cosZ(nis,n14) would be close to 1, which would be a contradiction to

the assumption that |cosZ(nia, n14)| < Bo. Consequently:

Ni ~ Ny ~ N > N. (4.63)

We denote the corresponding contribution to A by An, n, ny,n,. In other words:

AN1,N2,N3,N4 =

> ((0(n1))* = (0(n2))* + (0(n3))* = (0(na))*) V (ns + na)

O ny+natns +n4=0,|cosZ(n12,n14)|<Po

Uny (1)U, (na)Ong (n3)0n, (na)dt.

Arguing analogously as in the proof of Lemma 4.3.3, it follows that for the n; that

occur in the above sum, one has:

((0(n1)? = (B(n2))* + (0(n3))* — (0(na)2)V (n3 + 14) = O(|nra|lnnal (
By (4.63), it follows that |ngl, |n4| < Ni. Consequently:

|n12| = |nsa| < |ng| + |ng| S N5

One also knows that:

[n14| < |naf + [na] S NY.

Substituting the last two inequalities into the multiplier bound (4.64), and using

Parseval’s identity in time, it follows that:
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O(N{)O(N5
|AN1,N2,N3,N4| S Z / N*N*w
T1+72+73+74=0 (N)

ni1+n2+nz+nas=0,|cosZ(n12,n14)|<Bo

0N, (n1, 70) [V, (n2, 72) [0, (s, 73) || (XD) v, (4, 74) | dr

1 - e —~ o~
S > / [(Dv) N, (n1, 1) [|(DO) N, (n2, 72) || (VV) g (123, 73) [ (X0) Ny (na, 7a) |7
T1+72+73+74=0

*
L ni+ng4ng+ns=0

Let us define Fj;j = , 4 by:

FI = |(,DU)~N1|7E = |<IDU)~N2|7E = |(VU>~N3‘7E = |(XU)~N4|

Consequently, by Parseval’s identity:

|AN1,N2,N3,N4| ~

1 -
< " / / F1F2F3F4dl‘dt
Nl R JT2

L{,, Lyt, L, Holder inequality, the corresponding term is:

By using an L}

t,xo

S N*”F1||L4 1Eo e N E | o [ Fall s

By using (4.8), (4.12), (4.11), and the fact that taking absolute values in the spacetime

Fourier transforms doesn’t change the X*® norm, it follows that this term is:

S Nt | Dun, ||X0+,%+ Do, ||X0+,%+ [N ||X1+,%+ | (xv) v, ||X0+,%—

By using frequency localization and Lemma 4.2.1), this expression is:

1
wde S e

< 1

S o 1DVl g g 011
1

—EY(®).

In the last inequality, we used Proposition 4.3.1. By using the previous inequality,

and by recalling (4.60), it follows that:
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1
|AN1,N2,N3,N4| /S (Nf)li Ez(q)) (465)

Using (4.65), summing in the N;, and using (4.62) to deduce that:

E*(®). (4.66)

Estimate of B (Sextilinear Terms)

Let us consider just the first term in B coming from the summand My(n193, 14, 115, 16)
in the definition of Mg. The other terms are bounded analogously. In other words,

we want to estimate:

0 — ~ ~
B .= / 3 My(n3s, s, n5, 16) (000 (ny-£n5-+15)5 (n4)3 (ns)B(ng )t
0 ni+no+ns+nstns+ne=0
We now dyadically localize 193, 14, 15, 16, i.€., we find N;;7 =1,...,4 such that:

\n123| ~ Ny, |n4| ~ Ny, |n5\ ~ N3, |n6| ~ Njy.

Let us define:

)
1
Bz(vl),Nz,Ns,M = /0 Z

ni+ne+nz+ng+ns+ng=0

—

May(nagz, na, s, ne) (V0V) y, (na + 2 + n3) 0N, (n4) 0, (15) 0, (ng)dt.

We now order the N; to obtain: Ny > Nj > Ni > Nj. As before, we know the

following localization bound:

Ny ~ Ny = N. (4.67)
In order to obtain a bound on the wanted term, we have to consider two cases.
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Case 1: Ny = N{ or Ny = N3.
Case 2: N; = N5 or Ny = Nj

Case 1:

It suffices to consider the case when Ny = Ny, Ny = N5, N3 = N5, Ny = N;. The

other cases are analogous. We use (4.59) and Parseval’s identity to obtain that:

|BN1,N2,N3,N4| S

Az O (NDO(N) | (vov) 3 (1 + ng + 13, 71+ 7 + 73|

—+ /T] -7 N
ni +n6_—0 6= =0 (N )

Since |(vov) | < |(vov)], and since O(Ny) ~ 0(ny+na+n3) < 0(ny)+6(ng) +60(n3),

by symmetry, it follows that we just have to bound:

KN17N27N3,N4 =

/+ o O(J\jf\i) 0(n1)[0(n1, )| [0(n2, )| [0(ng, 73)]

ni+--+ne=0

0(Na)[On, (na, 72) || (x0) N (125, 75) ||, (R4, 7a) | dry S

|(DU)A(”17 71)||5(”27 7o)|[0(n3, 73)]

/7'1+ +T6= 0

ni+---+ng=0

|(DO) ny (s ) || (X0) s (15, 75) U, (124, 74) | .

Let us define the functions Fj;5 =1,...,6 by:

Fy = (Do), Ey = Fy = [0, Fy == |(Do)s |, Fs = |(x0) W, F1 = [, |
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For M > 1, we use an L? , LM M Lf:,;, Lf’;, L% Holder inequality to deduce

tx) “tax Hta

that:

N

KNy No N3, Vs S WIIEII%I\F2||Lg;||F3HLyZ||F4||L;{;||F5||Lg;||F6||Lgyfz-

By using (4.13), (4.12), (4.11), and the fact that taking absolute values in the
spacetime Fourier transform leaves the X*® norm invariant, it follows that the previ-

ous expression is:

S WHDUon,oHvHxL%HUHXL%HDUNQHX%%HXUNSHXM,%HvN4HX1,%+
1

We use frequency localization and Lemma 4.2.1 to deduce that this is:

S WHDUHXOﬂHU\|§(1,%+(N§)+HDUHX0,%+)HstHX0+,%+HUHX1,%+-
N N
S; (Nl*)g_ HIDUHiO,%JrHUH;l(l,%Jr S (Nik)g_ El(q)) (468>

In the last inequality, we used Proposition 4.3.1.

Case 2: N; = Nj or N; = Nj.

Let us assume that:

N3 2 Na 2 N1 2 Na.
The other cases are dealt with similarly.
Arguing similarly as in Case 1, it follows that:

1
1B N o] S

N - ~ .
> [ el ) e, )
Ti4etre=0 (V1

ni+---+ne=0
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|(DU) v, (na, 7) || (XD ) iy (n5, 75) ][O, (m6, 7o) |

We now use an LY, LM LM Lyt Ly, L7, Holder inequality and argue as earlier to

see that this term is:

N
RE 1% 1PVNe | or 3 NOCPVIN o g - o, [l xoo
1

S

N 2 4 N 1
S (N2 Dol o g0l 3e S WE (®) (4.69)
From (4.68), (4.69), and (4.60), it follows that:
< N 2
|BN1,N2,N37N4| ~ WE ((I)) (470)

We now use (4.70), sum in the N;, and recall (4.67) to deduce that:

1
B S

E*(®) (4.71)

The Lemma now follows from (4.66) and (4.71).

4.3.4 Further remarks on the equation

Remark 4.3.6. The quantity Sy was chosen as in (4.58) in order to get the same
decay factor in the quantities A and B. We note that the quantity By only occurred
in the bound for B, whereas in the bound for A, we only used the fact that the terms
corresponding to the largest two frequencies in the multiplier (6(n1))? — (0(n9))* +
(0(n3))? — (0(n4))?* appear with an opposite sign. As we will see, in the non-periodic
setting, the quantity By will occur both in the bound for A and in the bound for B.
For details, see (4.104) and (4.112).

Remark 4.3.7. Let us observe that, when s is an integer, or when ® is smooth,
essentially the same bound as in Theorem 4.1.1 can be proved by using the techniques

of [118]. The approach is more complicated due to the presence of the convolution
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potential, but the proof for the cubic NLS can be shown to work for the Hartree
equation too. The reason why one uses the fact that s is an integer is because one
wants to use exact formulae for the (Fractional) Leibniz Rule for D*. By using an
exact Leibniz Rule, one sees that certain terms which are difficult to estimate are in

fact equal to zero. We omit the details here.

Remark 4.3.8. The equation (4.1) on T? has non-trivial solutions which have all
Sobolev norms uniformly bounded in time. Similarly as on S, given o € C and
n € Z2, the function:

u(z,t) = ae~V Olelteilne)—Inf*t)

is a solution to (4.1) on T? with initial data ® = ae’™ . A similar construction was

used in [21] to prove instability properties in Sobolev spaces of negative index.

4.4 The Hartree equation on R?

4.4.1 Definition of the D-operator

Let us now consider (4.1) on R?. The proof of Theorem 4.1.2 will be based on
the adaptation of the previous techniques to the non-periodic setting. We start by

defining an appropriate upside-down I-operator.

Let N > 1 be given. Similarly as in the periodic setting, we define 6 : R — R to
be given by:

()" if ¢ > 2N

0(€) = (4.72)
1, if ¢ < N

We then extend 6 to all of R? so that it is radial and smooth. Arguing similarly as
in the 1D setting in Chapter 3, it follows that, for all £ € R?\ {0}, one has:
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IGIE % (473)
1266 | < % (474)

Then, if f: R? — C, we define Df by:

DJ(€) = 0()f (). (4.75)

We also observe that:

IDfllee Ss 1 f s s N[IDF| 2 (4.76)

4.4.2 Local-in-time bounds

Let u denote the global solution of (4.1) on R?. As in the periodic setting, our goal

is to estimate || Du(t)]| 2.

We start by noting:

Proposition 4.4.1. (Local-in-time bounds for the Hartree equation on R?) There
exist § = (s, E(®), M(®)),C = C(s, E(®), M(®)) > 0, which are continuous in
energy and mass, such that for all ty € R, there exists a globally defined function
v:R? x R — C such that:

Ulftosto+6) = lfto,to+)- (4.77)
[0 1.3+ < Cls, E(®), M(®)) (4.78)
Dol 0.4+ < C(s, E(®), M(®))[[Duto)l| 2 (4.79)
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Furthermore, we have:

Lemma 4.4.2. If u satisfies:

iug + Au = (V * [ul?)u,

(4.80)
u(z,0) = ¢(z).
and if the sequence (u'™) satisfies:
™+ Au™ = (V% |u™2)u™, (481)

u™(x,0) = ®,(z).

where ®,, € C*°(R?) and ®, s &, then, one has for all t:

The proofs of Propositions 4.4.1 and 4.4.2 are analogous to the proofs of Propo-
sitions 4.3.1 and 4.3.2. The main point is that all the auxiliary estimates still hold
in the non-periodic setting. As before, we can assume WLOG that ® € S(R?). We

omit the details.

4.4.3 A higher modified energy and an iteration bound

As in the periodic setting, we will apply the method of higher modified energies. We
will see that we can obtain better estimates in the non-periodic setting due to the
fact that we can apply the improved Strichartz estimate (Proposition 4.2.4), and the
angular improved Strichartz estimate (Proposition 4.2.7).

We start by defining;:

E*(u(t)) = [ Du(t)|72.
As before, we obtain that for some ¢ € R, one has:
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d _, — e 2 2 2 2
HF (ult) = /gl+§2+§3+§4:0((9(§1)> (0(£2))* + (0(&))* — (0(84))%)

V(& + &)A(&) (&) T(E) (&) g (4.82)

As in the previous works, we consider the higher modified energy:

E?(u) := E*(u) + Mg (My; u) (4.83)

The quantity M, will be determined soon.

For a fixed multiplier M,, we obtain:

d
—M(My:u) =
dt 1(Ma; )

—iM(My(|&1]* = &) + &% — |€4]); )

—i Z [ My (&123, €4, s, EV(E+&)

E1+82+E3+8a+E5+E86=0

—M4y(&1, &34, &5, 56)‘7(52 + &) + Ma(&1, &0, Eaas, €6)‘7(€3 +&4)
—Ma(&1, &, €3, Eas6) V (€4 + &)] (€ TU(E)T(ES)T(E0)T(E )ulEs) (4.84)

As in the periodic setting, we can compute that for (&1, &2, &3,&4) € Iy, one has:

117 = &) + 1€5]7 — [€a]® = 2612 - E14 (4.85)

As before, we decompose:

ry =0, UQ,.
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Here, the set €2, of non-resonant frequencies is defined by:

Qe = {(&1,82, &5, 61) € T'u5 612,614 # 0, |c0sZL(&12,614)| > Po} (4.86)

and the set €2, of resonant frequencies €2, is defined to be its complement in I'y.

We now define the multiplier My by:

((9(51))2*(9(52))2+(9(53))2*(9(54))2)‘Af : 0
c I_ 12,12 212,12 (53 54) 71f (51752753754) € Yy
7‘[4(51, 527 53’ §4) . |§1‘ |52| +|§3| ‘f4|

0, if (&1,&2,83,8&4) €
(4.87)

Let us now define the multiplier Mg on I'g by:

Me (&1, 62,63, 64,65, &) = Ma(&r23, 4, Es, §6)‘7(f1 + &) — My(&r, €34, &5, 56)‘7(52 + &)+
(4.88)

+My(&1, &2, E3as, 56)‘7(53 + &) — My(&, &, &3, 5456)‘7(54 + &)

We now use (4.82) and (4.84), and the construction of My to deduce that %:

d 2

/ ((6(&))*—(0(&))*+(0(&))*—(0(£4))) ‘7(534'54)@(51)5(52)6(53)6(54)d5j+
&1 +E€a+E3+E4=0,|cos/(£12,614)|<Bo

+ / Mo(€1, 2, €5, 4, €, )T )T(E2)(E) (€ (E V(&)
&14+E2+E3+E4+E5+E6=0

= T+ 11 (4.89)

As before, we need to prove pointwise bounds on the multiplier M. Given
(&1,82,8&3,&4) € Ty, we dyadically localize the frequencies, i.e, we find dyadic inte-
gers Nj s.t. €| ~ N;. We then order the N;’s to obtain: Ny > N3 > Nj > N;. We

2As in the periodic setting, we recall that (6(£1))? — (8(£2))% + (0(€3))? — (0(£4))? = 0, whenever
&2 = 0 or &34 = 0, hence the corresponding terms again don’t contribute to the quadrilinear term.
Therefore, we don’t have to worry about defining the quantity cos(0, -).
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again abuse notation by writing 6(N;) for 0(N7,0). One then has:

Lemma 4.4.3. With notation as above, the following bound holds:

1 1
Mi =005 iy

O(NT)O(N3)). (4.90)

The proof of Lemma 4.4.3 is analogous to the proof of Lemma 4.3.3 and it will be
omitted.
In the non-periodic setting, we will see that we can choose a larger 5y from which

we can get a better bound. Let us choose:

Bo ~ % (4.91)

Here, we take a € (0,1). We determine « precisely later (see (4.116)). For now, we

notice:

Bo > % (4.92)

We observe that Lemma 4.4.3 and (4.92) imply:

M, = 0((N—]\1£)29(Nf)9(1\f;)). (4.93)

The bound from (4.93) allows us to deduce the equivalence of E' and E?. We have

the following bound:

Proposition 4.4.4. One has that:
E'(u) ~ E*(u). (4.94)

Here, the constant is independent of N as long as N is sufficiently large.

The proof of Proposition 4.4.4 is analogous to the proof of Proposition 4.3.4. We
omit the details.

Let 0 > 0,v be as in Proposition 4.4.1. For ¢ty € R, we are interested in estimating;:
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to+0 to+0
Bulto +8) —~ Plulta) = [ GE@)i= [ SO0

The iteration bound that we will show is:

Lemma 4.4.5. For all ty € R, one has:

|E?(u(to 4 6)) — E*(u(to))] < N

Arguing as in the case of (4.1) on T?, Theorem 4.1.2 will follow from Lemma 4.4.5.

We now prove Lemma 4.4.5

Proof. Tt suffices to consider the case when t; = 0. As on T?, we compute that

E?(u(d)) — E*(u(0)) equals:

6 ~
(] (06— (€)™ (0(6)*~ (0(60)°) T (5 +£)5()
0 §1+€2+E€3+864=0,]cosZ(§12,€14)|<Bo

0(&)0(&)v(Ea)dE +

+ / Mg (&1, &2, 63,64, 65, 56)6(&)6(52>6<§3)6<§4)@(f5>%<§6)dfj) dt =
E1+8&+E3+E4+E5+E6=0

8 0
:/ Idt+/ [Idt = A+ B (4.95)
0 0

We now have to estimate A and B separately.

Estimate of A (Quadrilinear Terms)

By symmetry, we can consider WLOG the contribution when:

1&1] > [&2], €3], [€a], and |o] > [€4].

Hence, we are considering the contribution in which one has:
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&1 > N, |cosZ(&12,&14)| < Po.

We dyadically localize the frequencies: |§;| ~ Nj;j = 1,...,4. We order the N; to
obtain NJ’.k > Ny > Ni > Nj. As in the periodic setting, we have:
Ny~ Ny~ Nf 2N (4.96)

We denote the corresponding contribution to A by An, n, ny,n,. In other words:

AN17N2,N3,N4 =

6 —~
/ / ((6(£1))% = (0(&2))* + (0(&))* — (0(&4))*) V(&3 + &)
0 J& +Ea+E3+£4=0,|cos/(€12,614)|<Bo
6N1 (51 )5N2 (52)61\73 (53)51\/4 (54)d£] dt

As in the periodic setting, we have:

*

((066))° = (0162))* + (0(E)* = (0€0)) T (& + £0) = O(FEONDONS))  (497)

Using Parseval’s identity in time, it follows that:

N* * *
A vavonal / So(NT)O(NS)

*
T1+712+73+74=0 /51 +&2+E€3+£4=0,|cosZ(€12,614)|<Bo Nl

|Ocv) (6, ) [Un, (&2, 72)l [0, (€3, 73| O, (€, 7)|dE

We now consider two subcases:
Subcase 1: Ny ~ N;
We observe that:
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1 ~ o~
vl S 3 | / (D)3 (60 (XD, (6,7
1 J71+7mo+73+724=0 J &1 +€2+£3+E€4=0

(Vo) Ny (&3, ) |[Un, (&4, 74) |dEsdr;

Let us define Fj;5 =1,...,4 by:

Fy = (Do)l B = [P0Vl B o= |(Vof il Fo o= o, (4.98)

Consequently, by Parseval’s identity:

1 .
| ANy Ny Na Vs | S N*// P\ FyFsFydadt
1 R JR2

We use an LY LA~ LA

4 .. . . .
ta> Ltz Lt 2y Ly, Holder inequality, and argue as earlier to deduce

that, in this subcase:

1
|AN17N2,N3,N4| S N* H (DU)N1 ||X0+,%+ ||<XDU)N2 HXO,%f H (VU)N?, ”XO,%Jr ||UN4 ||X0,%+
1
1 1
S e Py ol (o)
< 1 2 2 < 1 1
S o Pl ol S e B9 (4.99)

In the last step, we used Proposition 4.4.1.
Subcase 2: N; > N,

In this subcase, we need to consider two sub-subcases. Let v € (0, 1) be fixed. We

will determine v later. (in equation (4.114))
Sub-subcase 1: N3 < N/

Let the functions Fj;j = 1,...,4 be defined as in (4.98). We use an L?

t,xo

2
Lt,m

Holder inequality, and we argue as before to deduce that:
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1
| ANy o Ns Na | S FTHF1F3||L§,,CHF2F4HL§,$

We use Proposition 4.2.4 and Proposition 5.2.5 to deduce that this expression is:

1 1
1 ,N2 N?
S (2 1Du o IV0M o) (Do oy Do 1)
]\f1 Nli x93 x93 Nzi_ x93 x03
S NEIDO ol 0l S e EN@) (4100)
~ (N2~ 1 x0 s+ 1 x g+ T8 5.5+ ~ (Nl*)2—%— '

Sub-subcase 2: N3 > N/

In this sub-subcase, we have to work a little bit harder. The crucial estimate
will be Proposition 4.2.7. We suppose that (£, &, &3,&,) is a frequency configuration
occurring in the integral defining An, n, nyn,- We argue as in [38]. We note the
elementary trigonometry fact that in this frequency regime, one has: Z(&,&14) =
O(%),Z(fz)ﬂf&;) = O(%) Furthermore, one can use Lipschitz properties of the

cosine function to deduce that:

|cosZ(&1,83)| S Bo + % (4.101)

We now define:

. it(T1+T i(x,£1+E€ T ™
F(ﬂ?,t) = /R/R/R2 /RQ e (T1+72)+i{z, 1+ 2>X‘C084(§1,§2)|§Bo+%F1(€1’TI)F3(€2’T2)d€1d€2dT1dT2

We now use an Lgx, Lf,z Holder inequality, and recall (4.98) to deduce that one

now has:
< 1
| ANy o Ns sl S WHFHL@CHEFALHL?@
which by using Proposition 4.2.7 and Proposition 5.2.5 is:
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1
N4 1 ]V§
(Bo + E) : HF1HX0,;+||F3HX0,;+(N—§_||DUN2|!Xo,5+HUN4HXo,;+)
2

1
NY

S

1

b
(N§)=~

S IDon, | o4+ 1PON | o4 0w | o g llomall 3.4+

+ Do, HXO,%Jr Do, ||X0,%+ v, ||X1,%+ v, ||X1,%+

-

—_

B

S (<N1*>g o )E'(®) (4.102)

Njw

+3-

We combine (4.99), (4.100), and (4.102) to deduce that:

—

—_

Bs 1

ooF TR PP e

|Any N Nava ] S

We then sum in the Nj;, use (4.96), and Proposition 4.4.4 to deduce that:

1
55 1 1

|A‘ S ( g_ + 347 22
N2 N2tz N2

—)E*(®) (4.104)

Estimate of B (Sextilinear Terms)

Let us consider just the first term in B coming from the summand My(&123, &4, &5, &6)
in the definition of Mg. The other terms are bounded analogously. In other words,

we want to estimate:

J — R Y
B ._ / / My(&123, €4, &5, &6) (v00) (E14+E2+E3)0(Ea) V(€5 ) v (6 ) dEjdt
0 J&+&+E3+E64+E5+86=0

The bounds that we will prove for B will also hold for B, with different constants.

We now dyadically localize 123, &4, &5, &6, 1-e., we find Nj;57 =1,...,4 such that:

§123] ~ N1, [€a| ~ N, |&5] ~ N, |€6| ~ Ny
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Let us define:

0
1
B o= | [ My(Erzs, 60,65, )
0 JE&+Ea+E3+Ea+Es+E6=0

—

(v00) y, (€1 4 Eo + &3)0n, (£4) O, (65) O, (E6)dEdt

We now order the N; to obtain: Ny > Nj > Ni > Nj. As before, we know the

following localization bound:

Ni ~N; >N (4.105)
In order to obtain a bound on the wanted term, we have to consider two cases.
Case 1: Ny = N{ or Ny = N3.
Case 2: Ny = N5 or N; = Nj

Case 1: As in the periodic case, we consider the case when:
Ny = Ny, Ny = N;, N3 = N;, Ny = Nj.

The other cases are analogous.

We use Parseval’s identity together with the Fractional Leibniz Rule for D, and

argue as in the periodic case to deduce that it suffices to bound the quantity:

KN17N27N37N4 =

J— 1 "~ =~ ~
/+-~+ —o/£+~-»+£ =0 50(Nf)2|(pv) (&, m)[[0(E2, 72)[[0(E5, 73)]

(Do) n, (Ea, Ta) || (X0 3 (€55 75) [0 (€4, 7a) | dE
We must consider several subcases:
Subcase 1: N; > Nj
Let us define the functions Fj;5 =1,...,6 by:
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Fi = (Do), By = Fy =[], Fy = [(Dv) |, Fs o= |(x0) W |, Fo o= [ow,| - (4.106)

We first use an L2 LM [M 2

tx) “tax Tt Tt

Lf; Holder inequality to deduce that:

1

BNy No, N3 s S WIIHF&;HL@||Fz||ng||F3||ng||F1||Lg@|!F6||Lg;

By Proposition 5.2.5, (4.13), (4.20), (4.12) adapted to the non-periodic setting, by
the fact that taking absolute values in the spacetime Fourier transform, and since

N1 ~ N, it follows that this expression is:

1
1 N?
< g 1;_||Dv||Xo,;+||vN3||XO,;+>||v||X1,%+||v||X1,%+||Dv||XO,;+||vN4||X0+,%+

We use localization in frequency to deduce that this is:

1
< 2 4
~ 50(]\[1*)%—“DU||X0’%+HU||X1’%+
which by Proposition 4.4.1 is:
1
< ————EY®). (4.107)
Bo(N7)2~

Subcase 2: N3 ~ N;
We use an L{,, LM LM L{ . L, L Holder inequality, and we argue as in the

periodic case to deduce that:

KNy o Ny Ve S WI|DUIIXO,%+||v||X1,%+||v||X1,%+IIDUIIXO,%IIX%IIXO,;|IUN4||XO+,%+
1

1
< ———||Dv?
< G2l

9 1

!!v\lxl,%+(El\vllxl,%+)l\vllxl,%+

X07%+
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EY(®). (4.108)

Case 2: N; = Nj or N; = Nj.

We assume as in the periodic case that N; = N3. Let’s also suppose that N3 =
Ny, Ny = Nj. The other contributions are bounded analogously. Arguing as in the

periodic case, we have to bound:

1
L, Ny Ny Ny = / /
T1++76=0 J &1+ +&6=0 /Bo(j\fik)2

[0(&x, )02, m2)1[9(83, 7)1 (XDO) e (845 Ta) (D) v (855 75) [0, (86, 76) €l
We consider two subcases:

Subcase 1: N > Ny

We know that: Ny > Ny

Let us estimate Ly, n,.n;,n,- We define F}, 5 =1,...,4 by:

F = [0, Fy = |(XDoVhl, s = (Do) |, Fa = [, -
We use an LY, LM LM L71 L7 Holder inequality, (4.13) adapted to the non-

periodic setting, Proposition 5.2.5, and (4.22) to deduce that:

1
LNy NoyNg Ny S WHHHi%HBHHLgI||F3||L;{;

1 3

<
< gl

N;
yLE+ (F“Dw% ||Xo,%+ HUN4 HXO’%'*') ||DUN3 ||X0+,%+

2

1
< —||Dv 2 (Y
S s IP s

1 1
e — Y[ v|* < -
~ ﬁO(Nl*)gin ||X0,%+|| ||X1’%+ ~ BO(Nf)gi

For the last inequality, we used Proposition 4.4.1.

||i(1,%+ HUN4 ||X%%+

EY(®) (4.109)

Subcase 2: Ny ~ Ny
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We argue similarly as in Subcase 2 of Case 1 to deduce that:

1 1
LN17N27N37N4 S ﬁO(Nl*>3E ((I))

We use (4.107), (4.108), (4.109), and (4.110) to deduce that:

1
1BY vy voa] S ———— EY(®) (4.111)
AR (V)

We sum in N;. Using (4.105) and (4.111), it follows that:

1

IBY| < :
BoNz~

E'(®)

By Proposition 4.4.4, and by construction of B, we deduce that:

1
5_

1Bl S
BONZ

4.4.4 Choice of the optimal parameters

By (4.95), (4.104), and (4.112), it follows that:

2 . 2 50% 1 1 1 2
|E2(u(6)) — E*(u(0))] < (N%* t vt et 50N37)E (®)  (4.113)

One then has that:

7
% =7 (4.115)

Let us now choose fy. We recall that by (4.91), one has: [y ~ ﬁ, a € (0,1).

1
2
In order to have B+ < —
N2~ N4~

, we should take: a > 3.
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In order to have —+— < —1— we should take: a < 3
BoNZ~ ™~ NI~ 4
Consequently, we take:
13
- = 4.116
From the preceding, we may conclude that:
1
|E*(u(0)) — E*(u(0))] S —7—E*(u(0)) (4.117)
Lemma 4.4.5 now follows.
O

4.4.5 Remarks on the scattering result of Dodson

Let us briefly explain why the L%-scattering result of Dodson [44] for the defocusing
cubic NLS on (R?) (4.4) can be used to deduce scattering in H* of the same equation,
assuming that the initial data ® lies in H®. In other words, we want to justify the
persistence of reqularity phenomenon for scattering. We note that a similar argument
is given in [37].

Let u be a global solution to (4.4). In [44], it is shown that whenever ® € L?, u

satisfies the spacetime bound:

||U||L§,I(R2xu§) < 0. (4.118)

It can be seen that (4.118) implies scattering in L?. Given s > 1, and assuming that

$ € H®, we are interested in obtaining:
I1D%ull s, w2 xm) < 00 (4.119)

In order to prove (4.119), we start with 7' € R and we observe that for all ¢ € R, one

has:
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u(t) = S(t — T)u(T) — i / St — 7)(|ul?u)(r)dr. (4.120)

T

Taking D?® on both sides, it follows that:

Déu(t) = S(t —T)D*u(T) — Z/T S(t — 7)D*(Jul*u)(T)dr.

We suppose that I is an closed interval in R whose left endpoint is 7" and whose right

endpoint can be +oo. By Strichartz estimates, we deduce:

s s s 2
| D UHL;{,U(IMI@) S Du(T) 222y + 1D°([ul U)HLt% (IxR2)

, T

By using the Fractional Leibniz Rule and Holder’s inequality, this implies:
HDSUHL;{x(IxR?) N HDSU(T)HLg(R?) + |’DSUHL§3€(IxR2)HUH%;*@(MR?)' (4.121)

Given € > 0, by (4.118), we can make the interval I small enough so that:
lullzs (1xm2) < € (4.122)

Choosing € small enough, (4.121), and (4.122) imply:

HDSuHLf’x(IXRz) S HDSU(T)HL%(RQ) = HU(T)' H;(]RQ) (4123)

We now cover R by such intervals I, with a small modification when we take the left

endpoint of the interval to be —co. The bound (4.119) now follows.

Let us now observe why (4.119) implies scattering in H®°. Namely, given 6 > 0
small, we can find 7'(§) > 0 such that:

||DSUHng([T((S),ﬁo)xRZ) <9 (4.124)

We use (4.120), Strichartz estimates and we argue as before to obtain that for all

t > T(d), one has:
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| D*u(t)=S(E=T(8)) D*u(T(5))| Lo 2 (17(6) +00) xB2Z) S ||DSU||L§Z([T(5),+OO)><R2)HUH%Q‘J([T(J),Jroo)XR?)'
Using (4.118) and (4.124), it follows that, for all ¢ > T'(9):
1D%u(t) — S(t — T(O) Du(T(O) i r2rissmesy S5 (4125)

We now let §; := 2% — 0, and we choose T'(d;) as above such that T'(d;) — +o00.
Using (4.125) and the unitarity of S(¢) on L?, it follows that (S(—T(0)u(T(d%))) is
Cauchy in H*. By completeness, there exists u; € H® such that S(—1'(9x))u(T(dx)) RLEN

uy. By using (4.125) again, we note that:
S(=t)u(t) 2 uy, ast — +oo.
By unitarity, it follows that, for the obtained u, € H?®, one has:

[u(t) = S(t)u.|

H;(R2) — 07 ast — —+00. (4126)

An analogous argument shows that there exists u_ € H*® such that:

[u(t) = S(t)u-|

Hs(R2?) — O7 ast — —oo. (4127)

Hence, the H® scattering result for the cubic NLS (4.4) follows, thus implying uniform
bounds on ||u(t)|

s whenever ® € H?.

4.4.6 Further remarks on the equation

Remark 4.4.6. Let us observe that Theorem 4.1.2 would follow tmmediately if we
knew that the equation (4.1) on R? scattered in H®. To the best of our knowledge, this
result wsn’t available, and it can’t be deduced from currently known techniques used

to prove scattering. Some scattering results for the Hartree equation were previously
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studied in [55, 54, 56]. In [55, 54], the asymptotic completeness step was proved by
using techniques from [87], which work in dimensions n > 3. In [56], the one and
two-dimensional equations are studied. In this case, scattering results are deduced for

a subset of solutions with initial data which belongs to a Gevrey class.

Further scattering results for the Hartree equation are noted in [49, 63]. In these
papers, one assumes that the initial data lies in an appropriate weighted Sobolev space.
The implied bounds depend on the corresponding weighted Sobolev norms of the initial
data. Hence, uniform bounds on appropriate Sobolev norms of solutions whose initial
data doesn’t lie in the weighted Sobolev spaces can’t be deduced by density. Also, the

techniques used to prove [85] and similar results are restricted to dimensions n > 5.

Let us finally note that the techniques used to prove scattering for the defocusing
cubic NLS on R? in [{4] rely on the construction of a Morawetz functional. It is not
clear if this construction can be modified to (4.1). This would be an interesting problem
to examine. We expect scattering for (4.1) to be harder than for the defocusing NLS

since the nonlinearity is non-local.

4.5 Appendix: Proof of Proposition 4.3.1

Proof. The proof is based on a fixed-point argument. Let us WLOG look at ¢, = 0.

With notation as in Chapter 2, we consider:

Lw = y5(t)S()® — is(t) /0 t St — ) (V % [ws|2)ws (¢')dt’ (4.128)

1—-2b

Let ¢ > 0 be the constant® such that ||xs55(t)®||xs» < cd 2 ||®| gs. Such a constant

exists by using arguments from [71]. We then define:

1—-2b 1-2b

B = A{w; [|Jw||x1s < 2¢d 2 ||| g, [|w]xsp < 2¢5 2 || D]

e}

Arguing as in Chapter 2, B is complete w.r.t || - || x1.. For w € B, we obtain:

3This time localization estimate, and all the other similar estimates that we had to use in previous
chapters carry over to the torus.
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1—2b 1-2b
| Lwl||xsp <62 ||®|lms +c10 2 |[[(V * |ws|?)ws]| xen-1 (4.129)

Similarly, we obtain:

IDLw|x00 < 5 2 |DO||rz + c16 2 |D(V * |ws|2)ws) || xo.-1 (4.130)

We now estimate ||(V * |ws|?)ws]| xs+-1 by duality. Namely, suppose that we are given

¢ = ¢(n, 7) such that:

zn:/d7'|c(n,7)|2 =1

We want to estimate:

’C(n4’7'4)‘ __
= / (1 + |nal)* @5 (n0, 7|
n1—n2-%;—n40 T1—T2+73—74=0 (1 + ’7—4 + |n4|2’)1ib

(@5 (112, ) || @5 (113, 7) |V (g + n2)|dr

Since V € L*(Z?2), this expression is:

le(ng, 74)| _
N 1+ |ng|)®|ws(ng, T
Z /7'1—724—7'3—740 (1 + ’7—4 + |n4|2|)1_b( | 4|) | 6( ' 1)|

ni1—ng+nz—ng=0

|ws(na, T2)|[ws(n3, 73)|d7;

Let us write:

7* = | Di; D = {n € Z%|n| ~ 2"}
k=0
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Let Iy, k,,k; denote the contribution to I with n; € Dy, for j = 1,2, 3. Let us consider
WLOG the case when:

kv > ko > ks. (4.131)
The contributions from other cases are bounded analogously.

Following [15], we write:

Dk:1 g U Qa
0%
Here, Q, are balls of radius 2*2. We can choose this cover so that each element of

Dy, lies in a fixed finite number of ). This number is independent of k; and k.

If ny € Qq, then since ny = ny — ny + n3, |nal, |ns| < 272, it follows that ny lies in

@a, a dilate of ),. Thus, the term that we want to estimate is:

. okis
Jk17k27k3 =2 E E /
T1—To+713—74=0

@ n1€Qa,n2€Dyy n3E Dy na€Qu n1 —na+nz—na=0

|c(na, 74)]
T |7+ P

de

I%(m, 71)||@AUE(”2» 72)||@A05(n3» T3)| (

We now define:

,7)] i(ma)r)
6 T T 4.132
Z/ 1+\r+|n| I (4.132)

TLGQQ

Gaolz,t) == Z /dT]wg n,7)|elme T (4.133)

n€Qa

Hyw,t) = 3 /dr\wg n, 7)[eillna) 70 (4.134)

nEDk
By Parseval’s identity and Holder’s inequality, we deduce:
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Terkoks S 290 ) / / F,G o HyHydwdt
o JRJT2

< ohs Z 1Falles N1Gallza | Holls [1Hsllzs -
«

Now, from Lemma 4.2.3, with s;,b; as in the assumptions of Lemma 4.2.3, we

have:

1llze, S 25 ( D dr(L+ |7 + [nf2)* [ws(n, 7))

TlEDkz

< 2827 (ws) ks [ xous

Here (ws)ps is defined by: ((ws)a)” = wsxp,,, and we note that localization in
t and in n commute. This is a slight abuse of notation, but we interpret ws as
a localization in time if § > 0 is small, and we interpret wy as a localization in

frequency if N is a dyadic integer.

By interpolation, it follows that:

1(ws)ora [l xosr S Nl (ws)ara |00l (ws)ara [l 500

Here:

b
f:=1— - (4.135)
b
By construction of 15, we obtain:
[[(ws)ors [l x00 = [ (ws)gra 22, = Nl (ws)ara sl 22,

We now use Holder’s inequality and (4.15) to see that this expression is:
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1 1
S Hws)zea iz [¥sllzs S 07 [[(ws)awa [l yo. g4 < 1[I (ws)aa || x00-

Consequently:

[
1 Hol s, S 2525167 (ws) gz | xoo

1-2b
2 [lware [ xo0

5 2k2$1 5%-&-

In the last inequality, we used appropriate time-localization in X%°.

Analogously:

1-2p
2 [Jwars [ x0u

|Halps < 285t

(4.136)

(4.137)

Given an index «a, we define (ws),, and w, to be the restriction to n € @, of ws

and w respectively. We note that this is a different localization than the ones we used

before. Since each @, has radius 2¥2, Lemma 4.2.3 implies that:

— 1
1Gallze, S 2= ( dr(L+ |r + |nf*])*" |ws(n, 7)[%)2

TLEQQ

< 25251 (ws) || o
Arguing as in (4.136),(4.137), we obtain:

1-2b
2 [wallxo.

IGallps, < 25ma%

(4.138)

Furthermore, each Q. is of radius ~ 2*¥2. Let c, be the restriction of ¢ to n € @a.

Let us also choose b; such that:

by <1-—0b.
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From Lemma 4.2.3, and the previous definitions, we obtain:

[Fallzs, S 22| Fallxon < 25| Fyllx0a-s

< 2% Jeall Lz, - (4.140)

From (4.136), (4.137), (4.138), (4.140), it follows that:

30 31 2b)
Tir oo s S 25 T 918k 98 4 | o [ [ x00 [[wallxo0|[callz2,

We apply the Cauchy-Schwarz inequality in « to deduce that the previous expres-

sion is *:

< T ghasghasigkast ||y 1o [[wges | o | waks |0 ]| ot Iz,

We write 8%251 = (8k2s1)0= (8kzs1)1t gkssi — (9kss1)0=(9kss1)1+ " and we sum a geo-

metric series in ko, k3 to deduce that:

E Jk17k2,k3 5

k; satisfying (4.131)

3(1 2b)
N Z 6+ [[waer |

xeellea llzz, w0l xsasellwll xoree

Using the Cauchy-Schwarz inequality in k;, this expression is:

30 | 3(1—2b)

<ot

[wllxsollellzz, Wl xsovollw]l xsn+0

4Strictly speaking, we are making the annulus |n| ~ 2% a little bit larger, but we write the
localization in the same way as before.
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3(1 2b)

<ot [[w]] =0

|w || %3616 (4.141)

Let us take s; = +—. Then, the assumptions of Lemma 4.2.3 will be satisfied if we

3
(Ao
take by = - (23 = %—i—. Since b = l—h (4.139) is then satisfied. By our construction
1
n (4.135), one has: § =1 — EI L. Hence, po := 2 +3(1 — 2b) > 0.

Thus, by (4.129), and by definition of B it follows that for w € B:

| Lawxer < 87 [ @] s + 026 % 202 ]| e |3

<z ||<I>| 1263 T30-20) @13

Hs+035 2 ||CI)|

Similarly, for v,w € B, one has:

|Lv = Lwllxre < e85 202 ([l oo + o]l xr0)? 0 = w0

< 0% 03l — wl|x1

We now argue as in Chapter 2 to obtain a fixed point v € B. We then take D’s of

both sides and use (4.130). Now, we have to estimate:

”D<<V * ‘UJIQ)U(S)HXO,I)—L

Arguing as before, it follows that this expression is:

< 07| Dol xos|Jv[5s

Namely, in the analogue of Ji, k, x5, We can replace the 25% by 6, , which is

equal to 2:,1: if 2@ > N, and 1 otherwise. One then argues as in Chapter 2, and

(4.40), (4.41) immediately follow.
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We now check uniqueness, i.e. (4.39). Namely, we suppose that:

(

iug + Au= (V x [u])u,z € T2, t € R

ivg + Av = (V x |[v]*)v,z € T2t €R (4.142)

Uli—o = v|i—o € H*(T?),s > 1.
\

We are assuming that u is a well-posed solution to (4.1) on T2, and hence ||u(t)| gs

satisfies exponential bounds, as was noted in the Introduction. Furthermore, since
veX s’%ﬁ by Sobolev embedding in time, it follows that v € L{°H;. Consequently,
there exist A, B > 0 such that, for all ¢ € R, one has:

(). [fo(®) 2= < AP (4.143)

Hs,

We observe:

u(t) — v(t) = —z’/o S(t— Y((V  Jul?)u — (V * [o2)o) (t)dt’

We take L? norms in x and use Minkowski’s inequality to deduce:

[u(t) = v(®)]lz < /0 IOV fu)u = (Vo o)l 2 dt! (4.144)

In order to bound the integral, we need the two following bounds, which follow

from Holder’s inequality, Young’s inequality, and Sobolev embedding 5.
[V (urun) Jusll e < |V (uaug)l[cee lusllz < IV llzollullzee luall e [lus|l 2

< [l

s |lual| ms ||us| 2 (4.145)

Also:

®Note that we are considering s > 1.
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(V' * (urug))usl[z2 < |V * (urug) || g2 |us| e < ||V ||oy |urus| 22 || us] e

< AV llealluallcalluell oo lJusll e < Nunll 2 luzll g llus| g (4.146)

Substituting (4.145) and (4.146) into (4.144), and using (4.143, it follows that:

t

t
|IU(t)—v(t)||Lg§/(HUHHs+||v||Hs)2Hu—vHLgdt'§/ e Jlu — vl 2 dt’
0 0

By Gronwall’s inequality, it follows that on [0,#], one has |lu — v|[z2 = 0, hence

u = v. The same argument works for negative times. (4.39) now follows.

Arguing as in Chapter 2, we note that all the implied constants depend on s,

energy, and mass, and that they are continuous in energy and mass.

This proves Proposition 4.3.1. O]

230



Chapter 5

Bounds on R?; the Gross-Pitaevskii
Equation for dipolar quantum

gases

5.1 Introduction

In this chapter, we shall consider the initial value problem of the Gross-Pitaevskii

equation for dipolar quantum gases:

iug + Au = pyJulPu+ po(K x [ul)u, r e R3, t € R 51)

U’t:() = (I) € HS(RB)
Here, we take: K := 1_3‘;&?2‘757 where ¢ = ¢(x) is the angle between x € R? and the

fixed dipole axis 77 = (0,0, 1). One can check that then:

We are assuming that:

47
f1 > 5 2 >0 (5.3)



This corresponds to the stable regime for (5.1). This condition is discussed in detail

in [1, 26]. Furthermore, we are assuming that s > 3 is a real number.

The Cauchy Problem (5.1) was used in [115, 116] to model the time evolution of a
dipolar quantum gas (with appropriate scaling constants). A rigorous mathematical
treatment regarding global well-posedness was given in [26]. This line of study was
continued in [1] in which the authors prove the existence of solitons in certain unstable

regimes.

The equation has the following conserved quantities:

M(u) = / uf2dz (Mass)

and

1 1 1
B() = / Vulde + n / ultde + p / (K  |u)lufdz (Energy)

A key feature of the convolution potential K is the fact that we can compute K
explicitly and we find that this is a bounded function. More precisely, in [26], it is

shown that:

R = 4%(3(3082 6—1) (5.4)

Here, ¢ = ¢(&) is the angle between £ € R? and the dipole axis 7 = (0,0,1). In

particular, we obtain:

K € L®(R?). (5.5)
and

~ 4

K(§) 2 ——- (5.6)

As in [26], we let p := |u|?, and we observe that then:

1 1
IVullte = 2B~ Sl 5o [ (Kxlul®fufds = 28—

1617r3/(“1+“2[A((€))|ﬁ(§)|2d5

232



1 4 ~
<28 - o [ (- )PP < 26 (5.7)

Here, we used 5.3 and 5.6). It is proved in [26] that (5.1) has a global solution u, with
[u(®) || < C(P).

5.1.1 Statement of the main result

Let u denote the solution to (5.1). As in previous chapters, it makes sense to study

the growth of ||u(t)|

gs. The result that we prove is:

Theorem 5.1.1. Let u and s be as above. There exists C = C(®) > 0 such that, for
allt € R:
e < C(1L+ 1)@

[u(®)] e (5.8)

Remark 5.1.2. We note that the growth of high Sobolev norms of solutions to (5.1)
has not been studied so far. The scattering results for the defocusing cubic NLS on
R3 proved in [35] rely on the existence of a Morawetz action functional. It is not

immediately clear how one could modify this construction to the equation (5.1).

Remark 5.1.3. From the proof, we note that the same bounds hold for solutions of

the defocusing cubic NLS on R3:

iug + Au = |ul*u, z e R3 t € R
(5.9)

U’t:() =o€ HS(R?))

However, from the scattering result in [35], one can obtain uniform bounds on ||u(t)|| .

5.1.2 Main ideas of the proof

The main idea of the proof of Theorem 5.1.1 is to modify the methods in the previous
chapters to three dimensions. We again use the upside-down I-method. Namely, in
(5.33), we construct an operator D such that ||Du(t)||z2 is equivalent to ||u(t)]|q;.
We then show that the quantity ||Du(t)||%3 is slowly varying. The main reason why

we can use this approach is the fact that K is even, and K e L>(R3). Let us remark
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that before, we assumed that the convolution potential V' was in L'. This was just

needed in order to ensure that V' € L.

5.2 Facts from harmonic analysis

A key tool will be the following variant of Strichartz Estimates, [69, 101, 106]:

Proposition 5.2.1. Suppose that 2 < q,r < 00, and % + % =

||u||L§L;(RxR3) N HUHXO’%WRxR?»)

In particular, we can take ¢ =r = % and deduce that:

) N Hu‘|X0,%+(RxR3)

el 29 g
t,x

From Sobolev Embedding, we know:

||u||Lt°?z(RXR3) f§ ||u||X%+’%+(RXR3)

We note that, if £ = %, then:

Hence, we can interpolate and deduce that:

||u||L%?$(RXR3) S ||u||X1+,%+(RXR3)

and

HU/HL%,DI_(RXR?’) 5 HuHXl’%+(R><R3)

Similarly, interpolation between (5.11) and (5.12) allows us to deduce that:

o] S el

10 - 1 P
L3 T(RxR3 X0t 3T (RxR3)

234

2. Then, one has:

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)



Furthermore, we can interpolate between (5.11) and the fact that |lullz2 myrs) ~

||| x0.0(Rxr3) to deduce that:

] (5.16)

2 sy S [0

We can also interpolate between the following consequence of Sobolev embedding in

time (i.e. Proposition 5.2.1 with ¢ = oo, = 2):
lull e r2 mxre) S \|UHX0,%+(RX1R3)
and the fact that |[u||L7 (R x R?) ~ [Ju| xo0mxrs) to deduce that:
lull gz sy S Mlull o3+ g sy (5.17)
The following estimate will be useful:

Lemma 5.2.2. Let ¢ < d be real numbers, and let us denote by x = x(t) = X[e,q(t)-
One then has, for all s € R, and for all b < %

Ixullxso@xre) S l[wll oot @xrs) (5.18)

The proof of Lemma 5.2.2 is the same as the proof of Lemma 2.2.1 in Chapter 2
(see also [24, 36]). From the proof, we note that the implied constant is independent

of ¢ and d. We omit the details.

5.2.1 An improved Strichartz estimate

We recall the following result, which was first proved by Bourgain in [14]:

Proposition 5.2.3. (Improved Strichartz Estimate) Suppose that Ny, Ny are dyadic
integers such that Ny > Ny, and suppose that u,v € XO’%JF(]R2 x R) satisfy, for all t:
suppu(t) C {|¢| ~ N1}, and suppv(t) C {|¢| ~ Ny}. Then, one has:
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N. 1
luollzz, S =% lull oy ol oy S =z llellogo 0l g (5.19)
t,x X X X X
Ny Ny

An alternative proof (in the 1D case) is given in [31].

We want to obtain a similar estimate in L;"L2. Let us observe that: 1 = £042-2
1.3,.5.0—_1
andg'i—l-g‘()—z.
We now interpolate between (5.11), (5.12), and the estimate: [Jul[rger2 < [[ull o3+
to deduce that:
lull s S Nl e (5.20)

Proposition 5.2.4. Suppose that u,v are as in the assumption of 5.2.3. One then

has:
Ny 1
luvll g2 S —llull oz llvll o+ S —=llull oz lloll rae (5.21)

Proof. We use Holder’s Inequality and (5.20) to deduce that:

lwvll g2+ pz < llull o pallvll oo S Tlull v glloll g e e
it
SNl N2||u||Xo,%+||U||Xo,%+ (5'22)

The Proposition now follows by interpolating between (5.22) and (5.19). O

Finally, we are interested in a version of the improved Strichartz Estimate with a
rough cut-off in time. As before, given ¢ € C§°(R), such that: 0 < ¢ <1, [, ¢(t)dt =
1, and A\ > 0, we recall that the rescaling ¢, of ¢ is defined by:

Having defined the rescaling, we write, for the scale N > 1:

X(t) = a(t) + b(t), for a = x * dpy-1. (5.23)
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We recall Lemma 8.2. of [31], the authors note the following estimate, which holds

in all space dimensions:

1)l coye S NIl o e (5.24)
(The implied constant here is independent of N.)

On the other hand, for any M € (1,+00), one obtains:

bl < C(M, @).

If one defines,
bi(t) = / b(r) | dr. (5.25)
R

then, one also has:

[01][Lpr < C(M, D). (5.26)
Hence, we can prove:
Proposition 5.2.5. (Improved Strichartz Estimate with rough cut-off in time) Let

u,v € Xo’%J“(R?’ x R) satisfy the assumptions of Proposition 5.2.3. Suppose that
Ny 2 N. Let uy, vy be given by:

up = [(xu) ], 01 = [v].
Then one has:
<M
hurorllzz, S —=lull cog 0] oys (5.27)
N?
The same bound holds if
uy = [, 01 = [(xv)].

Proof. Let’s consider the case when u; = |(xu)|,v1 = |v|. With notation as earlier,

let I, F5 be given by:
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Fy o= [(au) T, By = | (bu) -

Then, by the triangle inequality, one has:
i < Fy+ B,
Since uy,v; > 0, Plancherel’s Theorem and duality imply that:

|urvi|lpz ~  sup / / u1 (&1, 71)v1 (&2, T2)|e(€3, T3) |dE;dT;
’ T14+12+73=0 J £1+E2+E3=0

Cllp2 —
Py

< sup / / ﬁ(gla7-1)171(5277-2)|C(€3>T3>|d€jd7_j+
T1+712+73=0 J&§1+82+£3=0

cllp2 _
I HLT’&,1

e / / E<€17Tl)i}vl(fé’T2)|C(€37T3)|d§jd7'j
T1H+72+73=0 J G +E2+E3=0

Cllr2 _—
I ||LT,§71

Since fﬁ;, /F;, v1 > 0, it follows that the latter expression is ~ ||F1v1||L%I + ||F2111||L§z.

Hence, it follows that:

Jurvil[zz, S [[Frodllzz, + [[F2vlrz,

By Proposition 5.2.3, by the frequency assumptions on Fj and vy, and by the fact
that taking absolute values in the spacetime Fourier transform doesn’t change the

X*% norms, we know that:

Ny
[Fyollzz, S o lawll yog+ 1101l o5+
1

We now use (5.24) to deduce that this expression is:

Ny
S (N lull oy )Vl oz

Since N 2 N, this expression is:
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Ny
S N%_|’“HXO,%+||U||X0,%+ (5.28)

1

On the other hand, let us consider ¢ € LE,E' With notation as before, one has:

o e e g,

= ’/+ N —0/§+§ e _0!(bu)N(&,71)\171(52,Tg)c(53,¢3)d5jd7j’

</ [ e mlln (o, )y o= 1
T0+71+72+73=0 J §14+E2+£3=0

We then define the functions G;,j =1,...,3 by:

Gy = |al, Gy = |01, Gy := ||

Recalling (5.25), and using Parseval’s identity, it follows that:

1 S / bl(t)Gl(lL‘7t)G2(ZE,t)Gg(.l’,t)dIdt
RxR3
We choose M € (1,00), and 2+ such that: 574 5- = 1. By an L}, L7TL2, L7, Holder
inequality, we deduce that:
LS bl 1GhGoll g2+ 2 | Gall 2,

We use (5.26), Proposition 5.2.4, and Plancherel’s theorem to deduce that:

Ny
18—l ol o el

1

By duality and by Plancherel’s theorem, it follows that:

Ny
[Favnlzz, N [l o+ 101l o3+ (5.29)

1
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The case when u; := |u], v; := |(xv)7| is treated analogously. The Proposition now

follows from (5.28) and (5.29).

5.2.2 A frequency localized Strichartz estimate

We will need to use the following Strichartz estimate, which assumes that the function
which we are estimating satisfies appropriate localization in frequency. A similar
result was proved in two dimensions in [15], and we had to use its modification in

Chapter 4:

Lemma 5.2.6. Suppose that Q is a ball in R® of radius N, and center &. Suppose

that u satisfies suppu C Q). Then, one has:

lull 10 < N3 (5.30)

1
L, x05+

)

Proof. Suppose that u is as in the assumption of the Lemma. Suppose that b’ > %.

Then, one has, by the Hausdorff-Young Inequality in space and time:

Jull 1 <
L3

U(E, 7| 7 drdg) ™ =
([, [ vt ¥ arac)
(f s ime ey e ¥ 0 b+ k) ¥ )

We use an L%, Lz Hélder inequality in 7 to deduce that this is:

7

< (/Q (/R(H 7+ 6P fa(e, 7) Pdr) (/R(H I+ !§|2)’5b/dr)%d£>ﬁ

Since b’ > %, this expression is:

([ (fasrmeiemenian)ia)”
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e

= (| ([ a+ir+leplae.nPant) T ) ”
e |

By an L%, L? Holder inequality in &, this expression is:

ol

< /Q / (1+ |+ |22 (e, 7)Pdrde) * ( /Q 1)

< N3 [[u]| xour

since we are working in three dimensions.

We can now interpolate between the bounds (5.11) and (5.30) to deduce:

Proposition 5.2.7. Suppose that u is as in the assumption of Lemma 5.2.6. Suppose,

furthermore, that by, s; € R satisfy: % < b < %—i—, and s1 > 1 — 2by. Then, one has:

lull 1 S N*{|ullxo0 (5.31)
t,x

, T

5.3 Proof of the Main Result

5.3.1 Definition of the D operator

We start by defining an appropriate multiplier:

Suppose N > 1 is given. Let 6 : R® — R be given by:

Iy if N
0(¢) = ()it = (5.32)
Lif (] <N

Then, if f : R3 — C, we define Df by:

DF(€) = 0(€) f(9)- (5.33)
We observe that:
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IDfllzz <s 111

e S N*IDf 2. (5.34)

Our goal is to then estimate || Du(t)||z2 , from which we can estimate [|u(t)|| s by

(5.34). In order to do this, we first need to have good local-in-time bounds.

5.3.2 Local-in-time bounds

Let u denote the global solution to (5.1). One then has:

Proposition 5.3.1. (Local-in-time bounds) There exist § = (s, E(®), M(P)),C =
C(s, E(®), M(®)) > 0, which are continuous in energy and mass, such that for all
to € R, there exists a globally defined function v : R* x R — C such that:

Vlito,to+8) = Wlito,to+4]- (5.35)
[vll 13+ < C(s, E(®), M(P)) (5.36)
Dol o3+ < C(s, E(®), M(P))[|Dulto)]|r2- (5.37)

We prove Proposition 5.3.1 in the Appendix of this chapter.

3
Remark 5.3.2. We note that mass and energy are continuous on H£+. To note that

3
enerqy s continuous on H§+, we use the fact that:
[[(K s (wiwa) )wswal|py < [[(K * (wiwa))|| 2 [wswal|rz S lwiwa| 2 [wswa| 22

< llwnllzgllwallee llwsllz lwallge < il gellwall gollewsll g llwall g

Hence, we can use smooth functions as initial data (and hence work with smooth

solutions), and use density to deduce the general solution as in the previous chapters.
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5.3.3 Estimate on the growth of \|Du(t)||%2

We use the equation to deduce that:

(DurY () (DuY(E2)de; + / (Du) (&) (D (E) e,

&1+&2=0

d
GIPuolE ~ [

§1+&2=0
= (I)+ (II)

We observe that then:
(1) =/ (DiAu — iD(|uf*u) — iD((K * [uf*)u))(&)(Du) (&) dE;
§1+62=0

— / (6(6)(—€)a()i(&)de, — i / (P (6 (0(62)) i) de,
£1+£2=0 £

1+&2=0

i /£ (S P @) Ol e i

= / (6(61))(—€2)A(€1 )i (€2) e —i / (60 (€)A(E) (BTN dE,
£1+£2=0 £

1+&2+E€3+£4=0

i / R (& + &)(6) (&) T(E) (0(6) (€0 dE;
§1+82+E3+84=0

i [ P [ ((0(6)+(0(60)?)0(6: (6 )(E i)
§14+£2=0 §1+82+83+864=0

%' / K (& + &)(0(6))%a(E0) () a(E) A€ dE;
&1+&2+E3+64=0
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_%' / K (& + €)(0(€2)*0(€0) () (& )Ti(&a)dE;
&1+82+E3+84=0

i [ P [ ((0(6)*+(0(60)?)2(61 (&) (E )
§1+82=0 §1+82+E3+84=0

—% / K (& +&)((0(&))* + (0(&)2)a(6)al&)a(&)alE)ds;  (5.38)
&1+€2+83+E€4=0

Here, we used the appropriate symmetrization & <+ & and the fact that K is even,

and hence K is also even, so we have: IA((fl +&) = [?(53 +&4).

Analogously:

(11 =i / (0(62) <20 (60 )7 (62)de + / ((B(60))* +(0(E2))?) A6 (2GR (En) e,
€14+62=0 2 Jeiveotestea=o

+ % / K (& + &) ((0(6)) + (8(&)))a(&)a(&)a(s)a(E)ds; — (5.39)
&1+E2+E€3+£4=0

From (5.38), (5.39), we deduce that, for some fixed ¢ € R, one has:

%HDU(t)Hig = Ci/ ((9(51))2—(9(52))2"'(9(53))2—(9(54))2)ﬁ(fl)a(&)a(&)a(&)d&

E1+E2+E€3+84=0

+ei /5 errteid }?(§3+§4)((‘9(51))2—(9(52))2+(0(§3))2—(0(64))2)ﬂ(gl)ﬁ(gg)a(&)ﬁ(&)d&

= cida((0(61))" — (0(82))" + (0(8))” — (0(&4))%; )
+eida(((0(61)) = (0(6)) + (0(6))” — (0(6))) K (& + €); w)

= Aa(My;u) (5.40)
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Here, M, : 'y — C is given by:

Mi(&1, 6, €, €) i= ic((0(60))” = (0(62))” + (0(6))” — (0(€))") K (& + &) (5.41)

Let 6 > 0 be as in Proposition 5.3.1. Let ty € R be given. The quantity we want to

estimate is:

IDulto + 0)|172 — | Dulto) Iz (5.42)
The bound that we prove is:

Lemma 5.3.3. The following bound holds for all ty € R:

[[Dulto + )1z — IDulto)lIZ;

1
S W\\Du(to)\’%g

The implied constant is independent of to.

As in previous chapters, we see that Lemma 5.3.3 implies Theorem 5.1.1.

We now prove Lemma 5.3.3

Proof. Let us consider WLOG the case when ty; = 0. The proof in the general case
is the same. Let v be the function obtained by Proposition 5.3.1 when we let t, = 0.

By (5.40), we then have to estimate:

/5 (M u(t))dt = /6 (M v(8))dt

We now use a dyadic localization. We suppose that |{;| ~ N;, where N, are
dyadic integers. Let us WLOG suppose that N; > Ny > N3 > N,. The other cases
are bounded in an analogous way. By construction, we know that M, = 0 unless one

has:

We henceforth consider only such cases.
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Furthermore, by construction of 6, and by (5.5), we note that !:

My = O(6(N1)0(N2)) (5.44)

Let x := X[o,(t). By the triangle inequality and by (5.44), we have to estimate
the following quantity:

INl,Ng,Ng,N4 = (545)
/ / OO (N (x0T 30 (€1, 70|, (s 72) [y (63 70) v, (64, 70)
T1+72+73+74=0 J {1 +&2+E3+84=0
We consider two cases:
Case 1: N3 ~ N;

Let us define the functions Fj, 7 =1,...,4 by:

Fr= () | Fr o= (O], By = [n], Fa = [,

By Parseval’s Identity, one then has:

[Nl,NQ,NS,N4 N/ 39(N1)6(N2)F1F2F3Ed$dt
R JR

0 10, 10
We can now use an L, ,Lt?;, Ly, L%g,_ Holder Inequality to deduce that:

v vl < OO - Eol g 3] 1Pl

which by (5.16), (5.15), (5.11), and (5.14) is:

S ONDON P o3 1 F2l or 3+ 1 F3 o3+ [ Full 3+

Since taking absolute values in the spacetime Fourier Transform doesn’t change the

'Here, we are slightly abusing notation by writing (N;) instead of (N;,0). We recall that 6 is
a radial function, so this doesn’t matter.
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X*% norm, it follows that the preceding quantity equals:

S ONDON) N ) ll o3 lowell oy llomsll o lowall o1

1
~ 6Py (V31D oy ) (57 1wl o) el

which by using Proposition 5.2.2, localization in frequency, (5.45), and the assumption

of Case 1 is:

2

1
< )
X1’§+

~ 1—
Nl

1DVl 05 10
By using Proposition 5.3.1, and the uniform bounds on ||u(t)|| g1, this expression is:

1

1—
1

S = 1D2lZ (5.46)

Case 2: Ny > N;
In this case, we let:

Gr = |(xv)w. T, Ga = [, |, Gs 1= [t ], G = [0,

By Parseval’s Identity, it follows that:

IN13N27N37N4 N// 9(N1)9(N2)G1G_2G3G_4dl'dt
R JR3

We use the Cauchy-Schwarz Inequality to deduce that the previous expression is:

< O(N1)O(N2)[|G1Gs|[ 2 [|G2Gll 2,

By the frequency assumptions, we know that:

Ny > N3, Ny > Ny, Ny ~ Ny 2 N.
Hence, we can use Proposition 5.2.5 and Proposition 5.2.3 to deduce that the above
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expression is:

N Ny
Gl o3 1G5 ] 0.34) (—N;_ G2l o4+ 1Gall go.3+)
1 2

S O(N)O(N,) (

which by frequency localization is:

<

Do, ”Xo,%Jr [on, HXL%+ [ Dun, HXO,%+ v, Hxl»%*'

~ Nll_
S < I1Dul ol
~ Nll_ X0, 5+ L+
By Proposition 5.3.1, this expression is:
1
5 1— ”IDCI)HQL2 (5-47)

1
We combine (5.46) and (5.47), and we sum in the N; keeping in mind the condition
(5.43) to obtain the Lemma.

5.4 Appendix: Proof of Proposition 5.3.1

Proof. The proof is based on a fixed-point argument, and is a modification of the
proof of the similar result in two dimensions which is given in Chapter 4. The latter
proof is a slight modification of a proof from [15]. Let us WLOG look at tg = 0. The
general proof is analogous. As before, we take: x, ¢,9 € C§(R), with 0 < x, ¢, ¢ < 1,
such that:

x =1on [—1,1] ,x = 0 outside [-2,2]. (5.48)
¢p=1on[-2,2] ,¢0=0on [—4,4]. (5.49)
¥ =1on[—4,4] ,4 =0 on [-8,8]. (5.50)
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We let:

X5 = X(g), G5 = ¢(3)7¢6 1= w(g)- (5.51)
Then:
Xs = 1 on [—0,0] , xs = 0 outside [—26, 26]. (5.52)
¢s = 1 on [—26,20] , ps = 0 outside [—49, 49]. (5.53)
s = 1 on [—46,40] , 15 = 0 outside [—80, 8]. (5.54)

Similarly as in Chapter 2, we denote by ws the function ¢sw, and we consider the

operator L defined by:

Lw := Xa(t)S(t)‘D—iXa(t)/o S(t —1") (] ws]*ws(t) + po (K * Jws|*Jws (¢'))dt" (5.55)

1-2b

Let ¢ > 0 be the constant? such that ||xsS(t)®||xss < cd 2 ||®| gs. Such a constant

exists by using arguments from [71]. Let us take b := 24. We then define:

1-2b 1-2b
B = {w; |wllxie < 2c677 |]| g, [Jw][xer < 26672 [| @] 10}

Arguing as in Chapter 2, B is complete w.r.t || - |[x1.,. For w € B, we obtain:
1—2b 1-2b 1—2b
| Lw|| xor < e 2 ||®||gs + 102 |||ws|*ws|| xen-1 + 162 ||(K * |ws|?)ws || xsp-1
(5.56)
Similarly, we obtain:
1-2b 1-2b 1-2b
|IDLw|| xor < cd 2 || D®||p24c16 2 ||D(|ws|*ws) || xoo-1+c16 2 [|D((K*|ws|*)ws) || xor-1
(5.57)

2All previous localization estimates in time carry over to R3.
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Xs,b—1 is

We now estimate ||(K * |ws|?)ws|| xs»-1 by duality. The term |||ws|?ws]

estimated in the same way. We suppose that we are given ¢ = ¢(§, 7) such that:

/RZ /R [e(&7)PdrdS = 1.

We want to estimate:

- [ (1,70
&1—Ea+E3—64=0 J 11 —To+73—74=0 (1 + |T4 + |€4|2D

1-b (1 + ‘€4|)S‘{Uv6(51, 7'1)|

@52, 72)|[Ws (€3, 73) || KK (61 + &2)|dr;dE;

Since K € L>(R3), by (5.5), this expression is:

s Z / ol (14 eyl )

—EatEq— —To+13—14=0 ]‘+|7-4+|€| |)1 -0

|w5(&2, 72)[[ws (€3, 75) |dT; dE;

Let us write:

= |J Di; D = {€ e R [¢] ~ 2%}
k=0

Let Iy, gy ks denote the contribution to I with §; € Dy, for j = 1,2,3. Let us consider
WLOG the case when:

kv > ko > ks. (5.58)
The contributions from other cases are bounded analogously.

250



Following [15], we write:

Dkl g UQa

Here, @, are balls of radius 2¥2. We can choose this cover so that each element of

Dy, lies in a fixed finite number of ). This number is independent of k; and k.

If & € Qa, then since & = & — & + &, &, [&3] < 22, it follows that & lies in

@a, a dilate of ),. Thus, the term that we want to estimate is:

. okis
Jk17k2,k3 =2" / ~ /
a Y61€Qa,82€Dky,E3€Dyg,84€ Q0,81 —§2+E3—84=0 J 1 —T2+73—74=0

_ . — |c(as 7))
w ,T1)||w , To)||w , T dr;dé;
| 5(51 1>H 5(52 2)” 5(53 3)|(1+|7_4_'_|€4|2|)1_b J 5]
We now define:
(z,1) / / -/ PO g7 e (5.59
o Laeh e )
Gz, t) - / / 1T (€, )| @O+ gr e (5.60)
£€Qa
Hi(x,t) = Y [wp(&, 7)|e’ ) drdg (5.61)
EEij
for j =2, 3.
By Parseval’s identity and Holder’s inequality, we deduce:
Tir ks S 281 Z / /R 3 F,GoH,Hsdxdt
<22 SO IFall Gl s el s Halls (5.62)

251



Given a dyadic integer M, let us define (ws)y by: ((ws)m)” = Wsxp,,, and we
note that localization in ¢t and in & commute. This is a slight abuse of notation, but
we interpret ws as a localization in time if 6 > 0 is small, and we interpret wy as
a localization in frequency if N is a dyadic integer. We similarly abuse notation by

writing (ws), for the inverse Fourier transform of wsxq., -

We first note by Proposition 5.2.7, with sy, b; as in the assumptions of the Propo-

sition:

IGall s < 2% | (ws)all x00n

t,x

By interpolation, it follows that:

1(ws)allxoo: < Nl(ws)allkoo | (ws)all o

Here:

fp:=1—— (5.63)

By construction of 15, we obtain:

[(ws)allxo0 ~ [[(ws)allzz, = [ (ws)atsllLz,

We now use Holder’s inequality and (5.17) to see that this expression is:

1 1
S Mws)allzsrz ¥sllzs < 07l (ws)all o3+ < 07[[(ws)allxor-

Consequently:

0
IGall 3 S 2585 (ws)all o0

t,x

1-2b

2 ||wa||X0,b (564)

0
kasy s+
< o5

In the last inequality, we used appropriate time-localization in X%°.
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Analogously:

[#l], i < 28004 g o (5.65)

10
3
t,x

s

In order to estimate ||Hsl[,10 , we recall by (5.13) that:

1] o, S N Hsl ivge ~ (25) (1 Hs | xou

~ (28) | (ws) grs | xoo

1-2b

2 ||U}2k3 HXO,b (566)

< (2415

Finally, we want to estimate || Fy, ||L 1. Inorder to do this, let ¢, denote the localization
t,x

of c=¢(&,7) to Q.. We use Proposition 5.2.7 with s;, b; as in the assumption of this

Proposition to deduce that:

Ca(€77) )H
1+ |7+ g/ X"

Here, F~! denotes the inverse Spacetime Fourier transform. Consequently, if the

IFall g S 20|
t,x

)

condition:

by <1—b (5.67)

one has:

1E s S 2 el (5.68)

t,x

We now combine (5.62),(5.64),(5.65),(5.66), and (5.68) to deduce that, assuming
the condition (5.67), one has:

0 |, 3(1—2b)
[k basl S Y0217 285825 (25) g | o [wges | o [wges [ x0 [l 2,

«
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< 3 T (k0 (2RO

wll sl oo eall 2
which by using the Cauchy-Schwarz inequality in « is:

g 3(1 2b)

S0t (27) 278 |

xebllwllxsseollwllxellea llzz

Here cyr, denotes the localization to the region obtained by the union of the @a. The
notation is justified by the fact that on this region, one has || ~ 2%
We now sum a geometric series in ko and k3, and we use the Cauchy-Schwarz

inequality in k; to deduce that:

0, 3(1 2b)
> N eosl S22 Wl e [ w]] er o] xre (5.69)
k1,k2,k3
We now choose s; := %— such that:
3s;+=1 (5.70)

1
By Proposition 5.2.7, we can take b, := = S+ = —+ € (5, 5+). We must check
now that 6y as defined in (5.63) belongs to (0, 1), and that the condition (5.67) holds.
We note indeed:

bo=1-7 =1-

1\3|>—‘|le

+ 1+
V

|

hence 6, € (0, 1) and:
1 1
J— [ > — fr—y
1-0 5 = 3—|- by

By the preceding arguments, it follows that:

3(1 2b)

0
(K # Jaws*yws | oo S 62 lwll s w3

An analogous bound holds for |[|ws|*ws]|xse-1. Consequently, by (5.56), it follows

that for w € B, one has:

| Lw b+ 207 (5.71)

Xs:b < C(S 2 ||¢|
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We note that % + 3(1 —2b) > 0, if b = 1+ is sufficiently close to 1.

The argument works for s = 1, and we obtain:

[
|Lwllxis < 87 @l + 2035 B30 ]| (5.72)

Furthermore, the same arguments that we used to obtain (5.71) and (5.72) imply

that, for v,w € B, one has:

|Lv = Zuwlxe < es8 #4202 (|fol|xun + o]l x10) ][0 — w]x0

< B2 o — w1 (5.73)

1

21812, < c, and ;6 7302 B2, <

1. (5.71), (5.72), and (5.73) will then imply that L is a contraction on (B, d), where

We now choose > 0 sufficiently small so that: co0 P

d(v,w) := ||v — wl||x1.5. We recall that in Chapter 2, we proved that (B,d) is a Ba-
nach space in the 1D periodic setting (cf. Proposition 2.3.2 in Chapter 2). The proof
was based on the use of Theorem 1.2.5. from [28]. The same proof works in the 3D
non-periodic setting. Hence, we can apply the Banach fixed point Theorem to deduce
that there exists a fixed point v € B of L.

For this fixed point v € B, we have:

v = xs(t)S(t)P — ixg(t)/o S(t— t/)<’1)5|21)5<t/) + (K |U5|2)U5(t/)>dt/

We take D’s of both sides, and argue as before to deduce that:

IDv)lxos < el D2 + 50302 [0, | Do xos

We choose § > 0 possibly even smaller than the one we found earlier such that:

055 ? +301-20) ”(I)HHl

N)I»—l

Let us note that this doesn’t affect any of the previous estimates. Since ||Dv||xo» <
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xs.b < 00, it follows that:

0]

|Dv]|x00 < 265 2 | DB| 2

We now have to check uniqueness. Let us note that we are considering the solution
u of (5.1) which satisfies exponential in time bounds, i.e., for s > 1, there exists

C=0C(s), K=K(s)>0s.t. for all £ € R, one has:

H.s S CeKltI

[u(®)]

. Let us now suppose that:

,

Z.ut + Au = M1|U|2U + MQ(K * |U|2)’U,, S R37 te [07 5]

vy + Av = g |v]*v + po( K * |v]?)v, x € R3, ¢ € [0, 4] (5.74)

u‘t:() = U|t:0 =& ¢ H5<R3>

We want to argue that u = v on [0, d]. To do this, we note that, for all ¢ € [0, d], one
has:

u(t) —o(t) = /0 S(t =) (pa(ul’u — o) (t') + (K = [ul*)u — (K [o*)u(t)) dt!

and hence, by Minkowski’s inequality and unitarity:

[u(t) —v(t)]| 2 5/0 (I ulPu = JolPo) ()22 + (K * [u)u = (K * [v*)o(t)| 2 )
(5.75)

We note that:

[wrwaws|zz < [lwsloge l|wa e [Jwsl| 22
S ||w1||H§+||w2||H§+”w3||L% (5.76)
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(K * (wiwg))wsl[zz < || K * (wiwa) || Lo [[ws]| 22
SIE * (wiwa)|| g llwsllzz S llorws] g
xT xT
S ||w1||H§+Hw2\|H§+||w3HL§ (5.77)

Here, we used the boundedness of K and the fact that H %JF(R?’) is an algebra.

(K * (wiws)ws||pz < || K * (wiws)|] 2 [|ws]| e
S Hw1w2HL§Hw3HLg° < leHLgszHLgOHUJ:SHLgO
< lwnllzzllwall g s (578)

We use (5.76), (5.77), and (5.78) and recall (5.75) to deduce that, for all ¢ € [0, d],

one has:

[u(t) = v(®)]| 2 5/0 lu(®) = o)z (Nl g0 + 10 g0)%dt

x
Hence, from previous arguments, there exists a non-negative continuous function

f:10,0] = [0,4+00) such that for all ¢ € [0, d], one has:

o) = o0z < [ ult) = o)z ()¢

By Gronwall’s inequality, it follows that on [0, §], one has |u(t) —v(t)|| ;2 = 0. Hence,
u = v on [0,d]. Uniqueness on [0,0] now follows. Uniqueness for [to,to + 0], give

to € R is proved analogously.

We note that all the implied constants that we obtained depend continuously on

|u(t)||, and hence depend continuously on energy and mass.

The Proposition now follows.
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5.5 Comments and further results

5.5.1 The unstable regime

It makes sense to consider (5.1) in the unstable regime. We consider the case when:
4
p1 < %M% and pi2 2 0.

It is shown in [26] that in this regime, there exist global solutions in H'(R?) if one
assumes that [|[V®|| 2 is sufficiently small, depending on ||®|| 2, p1, pro. The key is to
observe that the energy and mass again control ||u(t)||z1. The bounds as in Theorem

5.1.1 then also hold with the same proof.

5.5.2 Adding a potential

One can also add a potential real-valued potential V' = V(z) to consider:

i+ Au = Vu+ pufu+ po (K * [ul*)u, 2 € R?, t € R (5.79)
5.

U|t:() = e HS<R3)

The energy then becomes:

1 1 1 1
E(u) = §/|Vu|2dx—|— 5/V(x)|u(m)|2dx+ Zu1/|u|4dx+ Zug/(K* lu|?)|u|?dx

A formal modification of the arguments Chapter 2 can give us that the result of
Theorem 5.1.1 still holds if we take V' € S(R?) and V' > 0. This sort of potential
is not of the same sort as the one used in [26]. Namely, the potential used in [26] is
assumed to be quadratic:

2 2 2
V = w27 + wexj + wazs

for some w1, we, w3 > 0, which are not all equal to zero. Physically, the term obtained

by adding the V' corresponds to adding a trapping potential. The presence of the
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potential V' forces us to work in weighted Sobolev spaces, i.e. we have to assume that
x® € L*(R?) in order to be able to define the energy and to obtain a global solution.
Our methods don’t seem to apply in this setting, and a different approach would be

needed here.

5.5.3 Higher modified energies

With notation as in Section 2, let us suppose that M, is a function on I'y. We want

to compute %)\4(1\44; u). One can compute that:

S X(Mis) = ~Da (MG ~ 6P + 1658~ 1642)s) — o (M)

- / Ma(E1, &, €5, €0)[(Vu) (&) (E)(E) () (5.80)
&1+&2+E3+8£4=0

where:

Mg(£y, . .., &) = My(E1s, &0, &5, E6) (14 K (614 &2)) — Mu(€1, Easa, &5, €6) (14 K (E2+E3))

+My(&1, €a, €345, 86) (1 + f((fs + &4))Ma(&1, 62, &35 Ease) (1 + IA((& +&))

As in the two-dimensional setting, we can compute that for (&1,&s,&3,&) € Ty,

one has:

612 = 1&2f” + &1 — 1€a]® = 2612 - €1a (5.81)

As before, we decompose:

ry=Q,UQ,.

Here, the set €2, of non-resonant frequencies is defined by:

Qe = {(&1,62, &3, 64) € T'u5 612,614 # 0, |c0sZL(&12,614)| > Bo} (5.82)

and the set €2, of resonant frequencies €2, is defined to be its complement in I'y.
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We now define the multiplier M, by:

((0(£1))*—(9(£2))>+(0(€3))° —(8(€4))*) 77 :
c 2 Ig,2 2 1Ea 2 V(£3 + 54) ,if (51752753754) € Qpy
M4(£1, 527 53’ 54) - |§1‘ |52| +|§3| ‘f4|

0, if (&1,&2,63,8&4) €

(5.83)

Let us now define the multiplier Mg on I'g by:

M6<§l7€27§37€47£57§6) = (584)

My(&123, €4, 65, &6) + Ma(&r, €3, &5, &6) + Ma(&r, &a, Esas, &6) + Ma(&r, &2, €3, Euse)

Furthermore, let us define:
E?(u) := ||Dul|32 + Aa(My; ).
We now use (5.40), (5.80), and the construction of M, to deduce that 3:

d
—E2 -
()

((0(61))*=(0(£2))*+(0(6))° = (0(€0))*) V (€s+Ea)A(E )T &) A Es)U(E4)dE; +

/61 +62+E€3+84=0,|cos£(§12,614)|<Bo

+ / Ms (517 527 537 647 557 gﬁ)a(fl )5(52)a(53)a(le)a(&,)ﬁ(&;)
&1+E&2+E34+84+E5+E6=0

=T+ 1] (5.85)

If we now argue as in the two dimensional setting, we see that, in order to bound I,

we have to essentially bound *:

[N17N27N3,N4 =

3We recall that (6(£1))% — (0(£2))2 + (0(&3))? — (0(€4))? = 0, whenever 15 = 0 or &4 = 0, hence
the corresponding terms again don’t contribute to the quadrilinear term. Therefore, we don’t have
to worry about defining the quantity cos(0, -).

4gnoring the fact that the integral is over a finite time interval and the fact that all of the
estimates in Proposition 5.3.1 are local in time.
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N. _ . N _
/ / AR CRA D CEST AT ORALS
T1+72+734+74=0 J &1+E&2+E€3+Ea=

1
L L, L1 Holder

txr it Mt

where N; > Ny > N3 > Ny. One would want to use an L

inequality to deduce that:

FES A S N, ~ 1Dum [z [[Dun, || 22 IVun, |22 llung e

1Dull g 1l

X0 3+ xbLat

Nl—

[Dulf}

Nl— XO +

1
NT="

Hence, in this way, we don’t seem to be getting a better decay factor than

Similarly, if we group other Strichartz norms, we can’t get a better decay factor.

5.5.4 Lower dimensional results
Two dimensional results

Let s > 1 be a real number, and let us consider:

iug + Au = |ul®u+ (Ky * [u*)u, z e R?, t € R
(5.86)

Uiy = ® € H*(R?)

Here, we are assuming that Ky = Ky(z1,x2) is real-valued, and }/(\2 € L*(R?). The
conserved mass and energy for (5.86) are then the same as before. Let us note that

in 2D, one has:

(B2 ul*)ul*llzy < 152 ul*llzs [[lul®]22
S Ml llezlllul®llze < el < llullzz [VullZ;

Hence, if ||®|| 2 is sufficiently small, it follows that conservation of mass and energy

gives us uniform bounds on ||u(t)||g:. By using the same construction as in the
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previous subsection and the arguments as in Chapter 4, we obtain:

Proposition 5.5.1. Suppose that ||®|.2 is sufficiently small that (5.86) has a global
solution. Let u denote the global solution of (5.86). Then, there exists C' = C(s, ®) >
0 such that for allt € R, one has:

lu(®) s < CA+ )72 e (5.87)

The equation (5.86) occurs in [26] when one wants to find specific solutions to
(5.1) by dimension reduction. The specific convolution potential K, is given by:
Ky(w1,29) := [ K (1,22, x3)¢(23)dxs, where K is the convolution potential used in
(5.1), and where ¢ € S(R) is an appropriate real-valued Schwartz function. One
can then check that K, satisfies the wanted conditions. Strictly speaking, from the
solution of (5.86), we can construct a function which is close in L2 on a finite time
interval to an exact solution to (5.1) with the same initial data (for details, see Section
6 in [26]). Hence, by this method, we can’t deduce that a nontrivial solution of (5.1)
satisfies (5.87).

One dimensional results

The method of higher modified energies works for:

iug + Au = |ulu + (Kp * [ul*)u, z e R, t € R
(5.88)
ey = @ € H¥(R)

Here, we are assuming that s > 1 is real, and that K; = Kj(x;) is real, and
K, € L>*(R). One can obtain global existence for sufficiently small initial data
in H'. This sort of model also arises in a particular dimension reduction in [26] by
taking: Ki(x1) == [, K (21, 22, x3)10(22, x3)dxodxs, where ) € S(R?) is a real-valued
Schwartz function. We can again use solutions to (5.88) to obtain approximate solu-
tions of (5.1), which are only close to the exact solution in the L? sense.

By a modification of the arguments of previous chapters, we use the higher mod-
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ified energies to deduce:

Proposition 5.5.2. Suppose that ||®|| g1 is sufficiently small that (5.88) has a global
solution. Let u be the global solution to (5.88). There exists C = C(s,P) > 0 such
that, for allt € R, one has:

)it

[u(®)]

o < C(1+ |t

||

. (5.89)
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