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Spatial Generalized linear mixed models (Spatial GLIMMS) ....ccvuviuiiniiiiiiiiiiiiiniiiniiiineenenee,

e Likelihood: 7(y|x), exponential family. y = (y1, ..., ys).
e Prior for latent spatial variable: w(x|n). € = (z,...,zn)

e Prior for model parameters: w(n).

GOALS:

e Present model with (closed) skew Normal w(x|n).
e Perform approximate Bayesian inference: w(x|y,n), 71(n|y), 7(x;|y).

(Closed) skew Normal generalization of Rue and Martino (2007), Eidsvik
et al. (2009), Rue et al. (2009), who use Normal 7 (x|n).
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Figure 1: (&) Precipitation data. (b) Trout data.

y: Counts/Proportions
x: Latent variables/Logit field
n: Cov/Mean /Skewness

GOALS:: 7(z;|y), 7(n|y)



Examples

me

Figure 2: North Sea well log and synthetic seismic data (Karimi, Omre and Mohammadzadeh, 2009)

y: Seismic data, Gaussian/linear
x: Latent variables/elastic properties

n: Cov/Mean/Skewness
GOALS:: 7(zly), 7(nly)
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Skew Normal and Closed SKew INOTINAL ....iiiiiiiiiiiiiiiiiiiiiiitttteeeeeeeeessseeessssessssssssssssssssnes

e Azzalini (1985) introduced the skew normal (SN) distribution.

e SN i) is larger class than Normal. ii) SN includes Normal with an extra
skewness parameter

e Dominguez-Molina et al. (2003) introduced the closed skew normal

(CSN) distribution.

e CSN i) is larger class than SN. ii) CSN includes SN with extra skewness
parameters. iii) CSN is conjugate with Normal likelihood.



SKEW INOTINIAL .oiiiiiiiiiiiitiiiiiiiitttteeteeerresseesesecsssssssssssssssssssssnnnes

ox ~ SN(p, > A\

F@A, 11, 2) = 26n(: p, D)OAS 2z — p).

- X € R" is a skewness parameter.

o [f A = 0 = SN reduces to Normal: & ~ Ny, (u, ).



SKEW INOTINIAL .oiiiiiiiiiiiitiiiiiiiitttteeteeerresseesesecsssssssssssssssssssssnnnes
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Figure 3: Contour plots of SN distribution.



Closed SKewW INOTINAl oouuiiiiiiiiiiiiiitttiiiiietereseeseeeseeseessssssssssessssssssssssssss

oL ~ CSNn)q(IJ:, Z, l)7 V’ A)

frg(@|p, T, D,v, A) = &7 (0; v, A+ DED)

Cbn(wS 22 Z) (DQ<D<33 o ,LL), v, A)

oelfr=0,A=1andq=1, CSN reduces to SN:
CSN,1(1,%,D,0,1) = SN(p, %, X), D = X272

o I[f D = 0, CSN reduces to Normal, & ~ N(p, >).
e Expectation of CSN is E(X) = pu + XD",

Oy (r, v, A+ DXD')
,(0, 1, + DYD)

=190, D, v,A) = =0, @y(r;v, Q) = [VOy(r;v, Q)



Skew and Closed Skew Normal Distributions .oceeeeeeeiiiiiiiiiirriiiieereennneeeeenns
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Figure 4: Contour plots of CSN distribution.




Closed Skew NOrmal ..ooeveviriiiiiiiiiiiiiiiieireennenneeeeens

e The CSN distribution is closed under:
- Linear transformations: Let & be CSN, then Ax + b is

CSNy (A +b, ASA', DSA(ASAY L v, A+ DYD' — DY A (AN A LAY D)),
q

- Marginalization: Let @ = (&}, ®})’, @1 size k, x5 size n — k, then
L1 ~ CSNk,q(/'l’thlaD*)V)A*))

- Conditioning: @o|aq
CSNy g q(12 + Z2121_11(331 — W), Y901, Do, v — D™ (1 — py), A).

where
D* = Dy + DX X1, A = A+ DoYiop 1 D, Yogq = Yag — Y0131 810,

4y 211 Em)
- Y Z — 9 D — D 9 D
H ( 125 ) ( Yig1 299 ( ! 2>
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Closed Skew NOrmal ..ooeveviriiiiiiiiiiiiiiiieireennenneeeeens

A Normal / conditioning formulation of CSN:

BENGIENS)

Then, (x|xg > 0) ~ CSNy 4(p, 2, D, v, A).
Sample CSN by rejection sampling.
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Spatial GLIMM with SIN Prior ..occeiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieitiiinienestesiatensonssnssnns

Spatial GLMM defined at three levels:

o m(y;|x;) = expiy;x; — blx;) +cly;)}, i =1,..., k. Conditionally inde-
pendent.

o = (wabs : :Bpred), xS = Ax at k observation sites, P at (n — k)
prediction sites. m(x|n) = SN(HB,Y¥g, X), A = Ml

2 | o
o) = e (5@~ HBYZ) - HB) )
1

BN, (x — HB))

o 4(i,5) = > exp(—=2), 6 = (0,0).
e Model parameters n = (3, 8, \g). Proper prior density 7(n).
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Spatial GLMM with SN Prior ....cccccvviiiiiiiiiiiiiiniiiinienennnn.

e Joint:

m(y,x,n) = w(y|z)r(z|n)r(n)

k
(27)71/22‘20‘1/2 exXp <Z[?Jﬂ?z — b(x;) + c(yi)] — %(a) - Hﬁ)lze_l(w - Hﬁ))

< B(NY,  (z — HB))m(n), (3)

e Full conditional 7w (x|y,n) not generally available.
e [f Gaussian likelihood b(z;) = box%, then 7(x|y,n) is CSN.
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Approximation Bayesian Inference .......cccccocvvviiiiiiiiniinnnnn...

e Linearize full conditional for ax:

m(@ly,n) & CSNu1(Baly s Zalym Dalyn Valyp 1;
> gy = 28+ SgA' R (2(y, %) — AZB),

2i(yi, ) = [y; — V' () + 230" ()] /0" (7).
R=AYyA" + P and P;; = 1/b"(x;), 1 =1,--- , k.

> = Eg — EQA,R_lAZ(g.

1 1
=A%, > Valyy = N2 (2B = Bayp).

zly,n

> Dﬁvlym
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Approximate Bayesian Inference .......cccccovvviiiiiiiiiiiiinnnnn...

e [terative algorithm for fitting a CSN approximation:
1. Choose starting value =, set m = 0.
2. Calculate #(zly,n) = CSN,1(@; fyyy (™), Sy (@™, Dygy s Ufyn(@™), 1).

3. Calculate
"V = E(z|y, n) = ﬂx\y,n(w(m>) + Ew|y,n(w(m))D;!ymw’

b =(0, ZAjﬂf!y,n("’j(m))’ Dy ﬁxlym(w(m)’ 1)
4. Set m =m + 1.

5. Convergence is obtained after a few iterations.
ﬁ'(ﬂ)‘y, 77) - CSNn,l(w; ﬂx!y,n(w(m+1)>’ iﬂﬂ\y,ﬁ(w(m+1))a Dx]y,na ﬁx!y,ﬁ(w(m+1>>a 1>
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Approximate Parametric Inference ......cccccoeivviiiiiiiiiiiiiiiinnnnn..

m(ylz)m(x[n)r(n)|
T(x|ly,n) T=E(x|y,n)

m(n|y) o

Similar to the Laplace approximation of Tierney and Kadane (1986).
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Approximate Spatial Prediction ........ccccviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieiiiinieneenescasens

e Predict the latent variables P,

o T(x|y,n) is CSN — marginal 7t(z;|y,n) is also CSN.

w(zly) =) #zjly,me) - w(nely), j=k+1,--,n
14

e Mixture of CSN distributions.
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Approximate Spatial Prediction ........ccccviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieiiiinieneenescasens

e Improved approximation for predictive marginals.

. m(y|x)m(x|n)

o T(x_j|rj,y,m) is CSN, approximated and evaluated for fixed z;.

o T(xily) =) x|y, ne) - 7(Nely), j=k+1,--- ,n
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Example 1 : Precipitation in Middle Norway
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Figure 6: Map of observation sites
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e The data are number of rainy days and the number of days in operation
fors=1,---,92 registration sites.

e Binomial data, m(y;|z;) = Bin(t = N ,14).
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Example 1 : Precipitation in Middle Norway
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Figure 7: Posterior marginals for parameters

Solid is approximate Bayesian inference.
Dashed is independent proposal MCMC 7 (n|y) - 7(x|y,n).
Acceptance rates 70 — 80%.
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Example 1 : Precipitation in Middle NOTWaY ....ciiieiiiiiiiiiiiiiiiiiiiiiiiiieiieetineteneesntesnsecnsosnsensans
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Figure 8: Predictions at unobserved site. Top is SN, below is Normal.

Three approximations:  #(z;ly,n), #(zjly,n), 7" (z|ly,n)
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Example 2: Norwegian Lakes Acidification
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Figure 9: Map of observation sites.

e Data are high/low fish quality in 542 lakes.
e Bernoulli data, m(y;|x;) = Bm(%, 1).

e Fixplanatory variable is acid capacity index (pH).
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Example

2: Norwegian Lakes Acidification ....ccceiiiiiiiiiiiiiiiiiiiiiiiieiieneiernteseeenesscssnsssncnnss

Marginal density of standard deviation

1.5 2
o
Marginal density of range

2.5

100

150 200 250 300

o®
Marginal density of [31

Marginal density of standard deviation

2
1 = 1y .
=
o : - —
3 1 1.5 2 2.5 3
o
Marginal density of range
1 . 0.01f b
=
1 £ o.005¢} a -
400 100 150 200 250 300 350 400
P
Marginal density of |31
1
= ~
. o' 0.5 = i
=
-3 -7 -6 -5 -4 -3
By
10

Figure 10: Posterior marginals for model parameters.

Solid is approximate Bayesian inference.
Dashed is MCMC (Acceptance rates about 80 percent)
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Example 2: Norwegian Lakes Acidification .......cccociviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiirniiniieneensnnnenns
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Figure 11: Prediction at unobserved site. Left is 7(x;|y, 7). Right is 7(z;|y).
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Example 3: Seismic inversion
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Figure 12: North Sea well log and synthetic seismic data (Karimi, Omre and Mohammadzadeh, 2009)

e Data are seismic reflection amplitudes for different traveltimes and sev-
eral incidence angles.

o 7(y|x) = Normal(Ga,T).

e [n this case m(x|y,n) is CSN without approximations.
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Example 3: Seismic inversion

Figure 13: CSN priors. From Karimi, Omre and Mohammadzadeh (2009)

Fitted tri-variate CSN prior from well logs.
Same for all depth, but correlated.

26



Example 3: Seismic inversion
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Figure 14: Inversion result. From Karimi, Omre and Mohammadzadeh (2009)

CSN result (left) and Normal result (right).
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Conclusion
e Skew Normal prior for latent variables in Spatial GLMMs.

e Closed skew Normal for approximate Bayesian inference — approxi-
mations comparable with MCMC results. Direct inference (seconds),
improved inference (minutes), MCMC (hours).

e Closed skew Normal results for parameter estimates differ from Nor-
mal: Larger 'correlation’, less 'standard deviation’. Skewness is hard to
estimate from our data.

e Closed skew Normal results for prediction differ from Normal only at
some sites, where the skewness ’kicks in’. More skewness 'directions’
could change this (larger q).

e Computational / numerical challenges: ¢,(x), E(x|y,n), 7(x;|y,n).
when n or k are very large.
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