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Monte Carlo estimation

> Interestin 6 = [ f(y)x(y)dy = E™[f(y)]
» Markov Chain Monte Carlo
» Estimated through 6 = 1 5™ f(y;")
> yi.Y5, ... generated through a Markov chain with 7 as invariant
distribution
» Importance sampling

» Estimated through § = % D q (yI ), y;" iid from q(-)

» Complex situations: Simple methods not enough
» Multiple modes
» Jumps between models
» Densities with long, narrow contours



Combining importance sampling/MCMC

MCMC gives samples close to 7(y)
Importance sampling correct for deviance
Possible to combine?

Using within importance sampling:

» Generate y* through an MCMC algorithm x;', X5, ..., X1 =Y
> Importance weight 7(y*)/ay(y™) with

vV Yy vy

*

t+1

(y) = 6y (c2) = | a00) [T a0 -a)dae
X1t j=2

» Problem: gy (y) not easy to compute
» Other proposal schemes of interest

» Many “proper” weights possible through extended space
formulation



Use of auxiliary variables within MH

v

Current value y, simulate y* ~ gy (-|y)

g — y* with prob a(y;y*) = mm{l,%}
y  otherwise

v

Simulation through auxiliary variables
Xi ~aa (),
X~ (X% 1), =2, .t
y" ~Cyx (Y %)

v

What acceptance probability should now be used?
Ideal a(y;y*) usually not possible to evaluate

Many “proper” choices are available through working in extended
space.

v

v



Examples from literature

» Annealed importance sampling (Neal, 2001)

» Mode jumping (Tjelmeland and Hegstad, 2001; Jennison and
Sharp, 2007)

» Model selection and reversible jump MCMC (Al-Awadhi et al.,
2004)

» Delayed rejection sampling (Tierney and Mira, 1999; Green and
Mira, 2001)

» Pseudo-marginal algorithms (Beaumont, 2003)

» Likelihoods with intractable normalising constants (Mgller et al.,
2006)

» Directional MCMC (Eidsvik and Tjelmeland, 2006)

» Multi-try methods and particle proposals (Liu et al., 2000;
Andrieu et al., 2008)



Common framework

vV vV v vV v v Y

Different ways of motivating the algorithms

Different ways of proving their validity

Possible to put all into common framework

“Standard” use of Imp.samp/MCMC on extended spaces
Easier to understand

Easier to construct alternative acceptance probabilities.
Toolbox for constructing/proving validity of other algorithms.



Auxiliary variables and importance sampling

v

Simulate y* through x* ~ gy (-) and y* ~ qyx (-|x*).
For any conditional distribution h(x|y),

0= /f m(y)dy = //f 7(y)h(x|y)dxdy

0=y OG5 o () ey X xdy
» Importance sampling:

v

v

é—ii;w(xhyi)f(y‘)

=(y)h(x]y)

WOCY) = 0 o)ty (y %)

» Many possible weights for different choices of h!



Properties

» Define gy (y) = [, ax(x)ayx(y[x)dx. Then

()
dy(Y)

Var[w(x,y)] >Var [;y(();))}

Ew(x,y)ly] =




Combination of h's

» Combination of h's:

hs(x]ly),s=1,2,... cond. distributions
imply foras > 0,>  as =1
h(x]y) ZashS x]y) cond. distribution

» Combination of w's:

m(y)hs(x]y)

—_— = roper weight function
() (yx) P oPe e

ws(X,y) =

imply

Z asWs(X,y) also proper weight function



Proposal through MCMC-steps

v

Assume X; ~ q1(-), X* ~ q(-\xj*_l),j =2,..,t+1with

m(x)a(y|x) = =(y)a(x|y)

v

Proposal y* = x{"

- my)
Note: a0 = 1 for t large

Possible to choose h(x|y) such that w(x,y) — 1ast — co?

v

v



Proposal through MCMC (cont)

> hs(xaaly = xei1) = () [T A041%-1) TTj_s A0xi[%;2) imply,
Ws(X,y) = q()Z(\iz)fl)
» Special cases

» s=1,wi(Xx,y)= cﬁ(();ll))
> s =t Lwea(y) = gl

» Combination: W(x,y) = & >i*; q(XZI(:il)

» Note: w(x,y) — E[w(x,y)]=1ast — oo




MH and auxiliary variables

v

Ideas from importance sampling can be transferred to MCMC
Current value y, simulate X* ~ gy (-|y),y* ~ Gy (-[x*)

MH algorithm constructed in extended space (x,y).
F(X Y5 X7y %) = )
Different strategies possible

» Store previous X

» Generate x*,y* and x

v

v

v

v



Proposal through “inner” MCMC steps

> Assume X1 ~ da([-Y), X" ~q(:[x"1),] = 2,3,...,t + 1 with

m(x)a(y[x) = =(y)a(xly)

» Proposal y* = X,

w(y;X*,y*)

"y =y W(y;X*,y*)

» Special cases
> wi(X,y) = m(x1)

a1(xely)
> Wt+l(

7r(Xt+1)
A(xer11%t)

y)=

_ t+1 s
- ZJ 2 q(xsl:s 1)
(x.Y) = EW(Y)] = 1ast — oo

> W(X,Y)
» Note: w(x



Example

v

m(y) = BN(y; p1,1) + (1 = 3)
Mll—*ﬂZl——lOWhlIeM]:

Xy ~ N(O’ Ulargel)
t + 1 = 10 “inner” MH steps (discrete Langevin diffusion)
Previous x stored

M = 20 outer MCMC-steps.

wi(X,y) = ql(&ll)), Wepa(X,Y) = qzr)f:i‘ﬂlx)t), w(x,y)

Z
OQ
—‘:

vV v . v v

v
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More general schemes

> X~ O (), Y~ dy g ([x7).
» Some sequential structure in generation of x* = (X, ..., X").
» Examples
» Annealed importance sampling (Neal, 2001)
» Mode jumping (Tjelmeland and Hegstad, 2001; Jennison and
Sharp, 2007)

» Model selection and reversible jump MCMC (Al-Awadhi et al., 2004)
» Particle proposals (Andrieu et al., 2008)



RIJMCMC proposals (Al-Awadhi et al., 2004)

v

X;: Jump between models
xj*,j =2,...,t +1: Jump within model

(Al-Awadbhi et al., 2004): wy(y; x*,y*) = WM

v

v

Alternatives

v

m(n)m(xs)
am (n|m,y)an (XX 1)

(mam(min,y*) Yo et

51

Ws(y;x*,y") =

(m)au(n[m,y) Yo et

v

Converges towards 7(n)qu (m|n,y*)/x(m)gm(n|m,y)



Particle proposals

v

Generate parallel sequences {xjf1:t+1,j =1,..,N}

> Choose K € {1,...,N}, puty* =xz ;.
» Each sequence independently:x ~ gi(X X" _1)
m(Xg
Pr(K) %
i1 (XK 121X 1)
> h(x\y,x*,y*): t t+1
N“13(xi 1 — ) TTizg GO, Xici-1) Tjac [T Gi(%i%-1)
gives
Z ]t+1)
r(yx* y* X) J= 1Ch+1 J[+1|X“)

Z 7(Xj,t41) ’
1= e (X2 0X,t)



Non-sequential examples

» Pseudo-marginal algorithms (Beaumont, 2003; Andrieu and
Roberts, 2009)

» Likelihoods with intractable normalising constants (Mgller et al.,
2006)

» Delayed rejection sampling (Tierney and Mira, 1999; Green and
Mira, 2001)



Delayed rejection sampling

X{ ~ d1(-]y), accepted with prob. a;(y; x;)

If rejected, x5 ~ da(-|X{,y), accepted with prob. ax(y; X;,X5)
* = X; with prob a1, otherwise = x;.

Tierney and Mira (1999)

vV v . vvY

- , m(X3)da (X1 X3)d2(y X1, X3 ) [ — a1 (X5 X)) }
az(Y; X, %) =min< 1, " YR "
2(Yi X1, %3) { m(y)ar (X y)az(x5 X7, Y)[L — aa(y; x;)]
» Alternative: Generate X3 ~ gy (X1|y*),

m(y*)a2(y [X1,y*)[L — aa(y* :xl)]}
m(y)a2(y*X$, Y)[L — ca(y; X{)]

aalyixi xg) = min { 1

1— X
> Qo =7 = ap(YiX{,X5) =minql, 3 ‘211({”(1)}



Example

Zi =p+ni + &,
e ~N(0, 7 1),

mln-i ~N(@ES mpnte ),

i~

Interest in posterior for (1, 72).

CAR



Posterior for (71, 72)




Delayed rejection sampling

» First stage:
nt=af, af) =@+ e [FHF])j=12

» Second stage: Re-parametrisation

17 o
T+ B
r~[0,1], 7~ x(r]r)

» Compare two choices for a;.



KS-distance to posterior for (71, 72)
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Pseudo-marginal algorithms

Target given through w(y) = [, 7(x,y)dx
Simulate y* ~ qy(y*ly)

Simulate Xy, ..., X" ~ xjy (X*|y*)
hs(xuny) = 7(Xs[Y) T Tjzs Axjy (Xi1Y)
Acceptance ratio (Beaumont, 2003)

vV v. v v Yy

_W(y,x*,y*)

bV Sy

where

t

m(y*)

.—c-“_\

“y%)
w ,X*, |
. x%y7) quw X*ly*)ay (y*|y)

» Variant: Generate new x’s each time

~ A (yely)



Intractable normalising constants (Mgller et al., 2006)

m(y) =p(y|z) = C~'p(y)p(zly)
p(zly) =Z~*(y)B(zly)

v

(x,y) is the current state

q(x*,y . y) = Ay (y "X,y )axy (x*[x,y,y ") with
Oy (XX, Y, y*) = Z7Hy*)B(x* |y ™)

h(x]y) arbitrary, but state space similar to z.

v

v

PY*)P(zly*)h(x*[y*)ay (y[x*,y*)B(Xly)
P(Y)B(zly)h(x]y)ay (y=*x,y)B(x*|y*)

r(x,y;x*y*) =

» h(x]y,x*,y*) = d(x — x*) gives
Py *)B(z]y ")ayx (Y y)B(X"ly)
rx=yrx,y) = (y)p(Z\y)qy\xy(yly *)p(x*ly~)




Summary/discussion

» General framework: x* ~ dx(-|y),y* ~ dyx(-[x*)

» Many existing algorithms within this framework

» Many different weight functions/acceptance probabilities are
possible

» General framework:

» Tool for constructing new algorithm
» Tool for constructing alternative weight functions
» Common understanding of many different algorithms

» Further work: Experimental/theoretical results on properties of
different weight functions



References |

Al-Awadhi, F., M. Hurn, and C. Jennison (2004). Improving the acceptance rate of reversible jump mcmc proposals. Statistics & Probability
Letters 69, 189-198.

Andrieu, C., A. Doucet, and R. Holenstein (2008). Particle Markov chain Monte Carlo. Preprint.

Andrieu, C. and G. O. Roberts (2009). The pseudo-marginal approach for efficient Monte Carlo computations. Annals of Statistics. To be
published.

Beaumont, M. (2003). Estimation of Population Growth or Decline in Genetically Monitored Populations. Genetics 164(3), 1139-1160.
Eidsvik, J. and H. Tjelmeland (2006). On directional metropolis-hastings algorithms. Stat. Comput 16, 93—106.
Green, P. and A. Mira (2001). Delayed rejection in reversible jump Metropolis-Hastings. Biometrika 88(4), 1035-1053.

Jennison, C. and R. Sharp (2007). Mode jumping in MCMC: Adapting proposals to the local environment. Talk at Conference to honour
Allan Seheult, Durham, March 2007. Available at http://people.bath.ac.uk/mascj/.

Liu, J., F. Liang, and W. Wong (2000). The multiple-try method and local optimization in Metropolis sampling. Journal of the American
Statistical Association 95(449), 121-134.

Maller, J., A. Pettitt, R. Reeves, and K. Berthelsen (2006). An efficient Markov chain Monte Carlo method for distributions with intractable
normalising constants. Biometrika 93(2), 451-458.

Neal, R. M. (2001). Annealing importance sampling. Statistics and Computing 2, 125-139.
Tierney, L. and A. Mira (1999). Some adaptive Monte Carlo methods for Bayesian inference. Statistics in Medicine 18(1718), 2507-2515.
Tjelmeland, H. and B. Hegstad (2001). Mode jumping proposals in MCMC. Scand. J. Statist. 28(1), 205-223.



	MC-methods in complex situations
	Simulation using auxiliary variables
	Common framework
	Importance sampling
	Metropolis-Hastings

	Sequentially generated proposals
	Non-sequential algorithms
	Summary/discussion
	References

