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Construction of Bayes tests

Given an hypothesis Hy : 6 € ©¢ on the parameter 6 € © of a
statistical model, a test is a statistical procedure that takes its
values in {0, 1}.




Construction of Bayes tests

Definition (Test)

Given an hypothesis Hy : 6 € ©( on the parameter § € O of a
statistical model, a test is a statistical procedure that takes its
values in {0, 1}.

Theorem (Bayes test)
The Bayes estimator associated with m and with the O — 1 loss is

0 otherwise,

57 (@) = {1 if 7(6 € Golz) > m(60 & Oolx),




Bayes factor

Definition (Bayes factors)
For testing hypotheses Hy : 6 € ©g vs. H, : 6 & Og, under prior
m(O0)mo(6) + m(65)m1(6)

central quantity

[ (]0)mo(6)d6

m(Golz) /7(S0) S0
5 —
o1 / ™(65) f(|6)m1(0)d6
95




On some computational methods for Bayesian model choice
L introduction
L Bayes factor

Outside decision-theoretic environment:

o eliminates impact of 7(©g) but depends on the choice of
(0, 1)

o Bayesian/marginal equivalent to the likelihood ratio

o Jeffreys' scale of evidence:

if log,o(BT,) between 0 and 0.5, evidence against Hy weak,
if logqo(B7y) 0.5 and 1, evidence substantial,

if logyo(B7,) 1 and 2, evidence strong and

if log,(B7,) above 2, evidence decisive

© © 0 o

o Requires the computation of the marginal/evidence under
both hypotheses/models



Model choice and model comparison

Several models available for the same observation

M, .'L‘Nfz(Iwz), 1€J

where J can be finite or infinite




Model choice and model comparison

Choice between models
Several models available for the same observation

M, :I:Nfz(:v|02), 1€TJ

where J can be finite or infinite

Replace hypotheses with models but keep marginal likelihoods and
Bayes factors



Bayesian model choice
Probabilise the entire model/parameter space



Bayesian model choice
Probabilise the entire model/parameter space
o allocate probabilities p; to all models 901;
o define priors m;(0;) for each parameter space ©;



Bayesian model choice
Probabilise the entire model/parameter space
o allocate probabilities p; to all models 901;
o define priors m;(0;) for each parameter space ©;
o compute

pi | fi(x]0;)m;(6;)db;

(M) = O
;pﬁ /ej fi(|0;)m;(6;)do;




Bayesian model choice
Probabilise the entire model/parameter space
o allocate probabilities p; to all models 901;
o define priors m;(0;) for each parameter space ©;
o compute

pi | fi(x]0;)m;(6;)db;

(M) = O
;pﬁ /ej fi(|0;)m;(6;)do;

o take largest 7(9;|z) to determine “best” model,
or use averaged predictive

> w(my|e) /e. £3(@'16;)m;(0;]2)do;

J



Evidence

All these problems end up with a similar quantity, the evidence
3k = / Tk (0x) Li(Ok) A0,
O

aka the marginal likelihood.



Bayes factor approximation

When approximating the Bayes factor

f0(1'|t90)71'0(90)d90
By = =0
01 —

fl (CE|91)7‘(‘1 (91)d91
[SH1

use of importance functions wg and w; and

By = ng | Xiy fo(x|06)mo(66) /w0 (6))
ny ' iy fi(@lf)m(0]) /w1 (07)




Bridge sampling

Special case:

If
7T1(91’.’E) X 77('1(91’.’17)
7T2(92|1‘) X 7?2(02|x)

live on the same space (O = O3), then

n

1 77'1(9¢|:E)
” ni T2 (0;] ) i~ ma(flz)




Bridge sampling variance

The bridge sampling estimator does poorly if

var(Bia) 1 l(mw) - wz(a)ﬂ

B%z n m2(0)

is large,



Bridge sampling variance

The bridge sampling estimator does poorly if

var(Bip) 1o l(mw) - wz(a)ﬂ

B%z n m2(0)

is large, i.e. if m; and 7o have little overlap...



(Further) bridge sampling

In addition

/ #o(0])a(60)m (6])d6

By =
/ #1(0)2)a(0)ms(0]2)d0

Vo)

—ZF2911|$ (6014)
—ZW1921|$ (02:)

Q

Oji ~ m;(0]z)



An infamous example

When 1
af) = ————=
N0
harmonic mean approximation to Bis
ni
— Y " 1/71(61i])
Bor =~ = 05i ~ mj(0]x)
— Y " 1/75(6ail)



An infamous example

When
1

T1(0)72(0)
harmonic mean approximation to Bis

a(f) =

1 &
— Y " 1/71(61i])
™3

B21 = eji ~ 7T](9|:E)

1 &
— Y " 1/75(6ail)
233

Infamous: Most often leads to an infinite variance!ll



“The Worst Monte Carlo Method Ever”

“The good news is that the Law of Large Numbers guarantees that
this estimator is consistent ie, it will very likely be very close to the
correct answer if you use a sufficiently large number of points from

the posterior distribution.



“The Worst Monte Carlo Method Ever”

“The good news is that the Law of Large Numbers guarantees that
this estimator is consistent ie, it will very likely be very close to the
correct answer if you use a sufficiently large number of points from
the posterior distribution.

The bad news is that the number of points required for this
estimator to get close to the right answer will often be greater
than the number of atoms in the observable universe. The even
worse news is that itws easy for people to not realize this, and to
naively accept estimates that are nowhere close to the correct
value of the marginal likelihood.”



Optimal bridge sampling

The optimal choice of auxiliary function is

x ni + no
nimy(0]z) + nome(0|x)

leading to

72 (61i]x)

1
N ny ; n1m1(01i]x) + name(01;]x)
312 ~ 1

7o (
)
_Z 71 (02 |z)
ny £ nim (02:]) 4+ nama (O )

» Back later!



Optimal bridge sampling (2)

Reason:
Var(Bia) 1 { S m1(0)ma(0)[nami (0) + nama(6)]a(0)?d6 1}
B, ning (J 71(8)m2(6)a(6) d6)”

(by the § method)



Optimal bridge sampling (2)

Reason:
Var(Bia) 1 { S m1(0)ma(0)[nami (0) + nama(6)]a(0)?d6 1}
B, ning (J 71(8)m2(6)a(6) d6)”

(by the 6 method)
Drag: Dependence on the unknown normalising constants solved
iteratively



Ratio importance sampling

Another identity:

5., — Ee[m1(0)/¢(0)]
Eq [72(0)/¢(0))

for any density ¢ with sufficiently large support



Ratio importance sampling

Another identity:

5., — Ee[m1(0)/¢(0)]
Eq [72(0)/¢(0))

for any density ¢ with sufficiently large support

Use of a single sample 61,...,6, from ¢

By = 2 i=1 T1(0:)/(0:)
> im1 T2(0:)/p(6:)




Ratio importance sampling (2)

Approximate variance:




Ratio importance sampling (2)

Approximate variance:

(=)

_m®) —m) |
f | m1(n) —m2(n) | dn

Optimal choice:

©*(0)



Improving upon bridge sampler

Theorem 5.5.3: The asymptotic variance of the optimal ratio
importance sampling estimator is smaller than the asymptotic
variance of the optimal bridge sampling estimator



Improving upon bridge sampler

Theorem 5.5.3: The asymptotic variance of the optimal ratio
importance sampling estimator is smaller than the asymptotic
variance of the optimal bridge sampling estimator

Does not require the normalising constant

[ 1w = oo | dn
but a simulation from

@*(0) oc| m1(0) — m2(0) | -



Generalisation to point null situations

When
/ #1(01)d6s
Bp=*t—
/ #2(02)d0s
S}
and ©2 = 01 x ¥, we get 0 = (61,7) and
ﬁ1(91)W(¢|91)]
Bio=FEq | —F—~
12 ? |: 7T2(01a w)

holds for any conditional density w(v|61).



X-dimen'al bridge sampling

Generalisation of the previous identity:

For any «,
N A CAORD)
T By w [72(01, 0) (61, )]

and, for any density ¢,

By, — Eelf1(00w(010)/0(61, ¥)
E,, [72(01,9) /001, ¥)]




X-dimen'al bridge sampling

Generalisation of the previous identity:

For any «,
N A CAORD)
2T By [R2(01,9)a (01, 9)]

and, for any density ¢,

By, — Eelf1(00w(010)/0(61, ¥)
E,, [72(01, %) /(01 9)]

Optimal choice: w(y|01) = ma(1)]0;)



Approximating 3, from a posterior sample

Use of the [harmonic mean] identity

™ [ ©(0r) x] :/ ©0r)  m(0k)Li(6k) 4o = L
7k (Ok) L1 (Or) 7k (k) L1 (Or) 3k T3

no matter what the proposal ¢(-) is.




Approximating 3, from a posterior sample

Use of the [harmonic mean] identity

m | eOk) 2| = oOr)  mr(O)Le(bk) ., 1
. [Wk(ek)Lk(Hk) ]_/Wk(ek)Lk(‘%) 3k 6% 3k

no matter what the proposal ¢(-) is.

Direct exploitation of the MCMC output



Comparison with regular importance sampling

Harmonic mean: Constraint opposed to usual importance sampling
constraints: ((#) must have lighter (rather than fatter) tails than
7 (0x) L (0x) for the approximation

9(15)

— 1 o)
3=1/~ k
T ; (0 L (0

to have a finite variance.



Comparison with regular importance sampling

Harmonic mean: Constraint opposed to usual importance sampling
constraints: ((#) must have lighter (rather than fatter) tails than
7 (0x) L (0x) for the approximation

e(t)

— 1 < ©(0,")
3u=1/=> b
T = m(6)))Li(0)))

to have a finite variance.
E.g., use finite support kernels (like Epanechnikov’s kernel) for ¢



Comparison with regular importance sampling (cont'd)

Compare 51; with a standard importance sampling approximation

1 iwk )L (6
= e

where the 0,(:)'5 are generated from the density (-) (with fatter
tails like t's)



Approximating 3 using a mixture representation

Design a specific mixture for simulation [importance sampling]
purposes, with density

Gr(0k) o< wim(0k) Li(0k) + ¢(0k)

where ¢(+) is arbitrary (but normalised)



Approximating 3 using a mixture representation

Design a specific mixture for simulation [importance sampling]
purposes, with density

Pr(0r) o< wimk(Or) Li(Or) + ©(0k) ,

where ¢(+) is arbitrary (but normalised)
Note: wj is not a probability weight



Approximating 3 using a mixture representation (cont'd)

Corresponding MCMC (=Gibbs) sampler
At iteration ¢
@ Take §®) =1 with probability

wimk (0 ) Li(6) ") / (1m0l ™) R0f ) + 061 7Y)

and §®) = 2 otherwise:




! Harmonic means

Approximating 3 using a mixture representation (cont'd)

Corresponding MCMC (=Gibbs) sampler
At iteration ¢

@ Take 6) = 1 with probability
wim (0 L0 ) / (crm(8f ™ Lu (0 ™) + 064 7)

and §®) = 2 otherwise:

@ If 6® =1, generate 0,(:) ~ MCMC(G,(:_l),Ok) where
MCMC(0y, 0;,) denotes an arbitrary MCMC kernel associated
with the posterior 7 (0x|x) o< m(0x) L (60k);




On some computational methods for Bayesian model choice
I—Importance sampling solutions

L Harmonic means

Corresponding MCMC (=Gibbs) sampler
At iteration ¢
® Take 6®) =1 with probability

im0 ) L0 ) / (crme@ )8l ") + (6

and §®) = 2 otherwise:

@ 1f 6) =1, generate 6\ ~ MCMC(6{"" ", 6;) where
MCMC(0y, 0;,) denotes an arbitrary MCMC kernel associated
with the posterior Wk(ek‘.%') X wk(ﬁk)Lk(é?k),

@ If 6) = 2, generate 9,(f) ~ ¢(0) independently




Evidence approximation by mixtures

Rao-Blackwellised estimate
1 T
2 t t
- = S om0 Li(6)) / wrme (0 LR (6 + (617
t=1

converges to w13k/{w13k + 1}
Deduce 33k from w133k/{w133k + 1} f



Evidence approximation by mixtures

Rao-Blackwellised estimate
1 T
2 t t
- = S om0 Li(6)) / wrme (0 LR (6 + (617
t=1

converges to w13k/{w13k + 1}
Deduce 33, from w35y, /{wi3sn + 1} = € ie

L@ LE) farnE)a6) + o6

ST o) / om0 L (00) + o(00)

33k =



Chib's representation

Direct application of Bayes' theorem: given x ~ fi(x|0) and
O ~ 1 (Ok),
Jis(%10k) 7r (Or)

7 (Ok|x)

3 = my(x) =



Chib's representation

Direct application of Bayes' theorem: given x ~ fi(x|0) and

O ~ 7 (0k),
o fr(x|0k) x(6k)

ACHEY
Use of an approximation to the posterior

LT

3 = my(x) =



Case of latent variables

For missing variable z as in mixture models, natural Rao-Blackwell
estimate

k(05 |x) = Zwk 05|, z(t)

where the zg)'s are Gibbs sampled latent variables



Label switching

A mixture model [special case of missing variable model] is
invariant under permutations of the indices of the components.
E.g., mixtures

0.3N(0,1) + 0.7M(2.3,1)

and
0.7V (2.3,1) + 0.3N(0,1)

are exactly the same!



Label switching

A mixture model [special case of missing variable model] is
invariant under permutations of the indices of the components.
E.g., mixtures

0.3N(0,1) +0.7NV(2.3,1)

and
0.7V (2.3,1) + 0.3N(0,1)

are exactly the same!
(© The component parameters 0; are not identifiable
marginally since they are exchangeable



Connected difficulties

@ Number of modes of the likelihood of order O(k!):
(© Maximization and even [MCMC] exploration of the
posterior surface harder



Connected difficulties

@ Number of modes of the likelihood of order O(k!):
(© Maximization and even [MCMC] exploration of the
posterior surface harder

@ Under exchangeable priors on (0, p) [prior invariant under
permutation of the indices], all posterior marginals are
identical:

(©) Posterior expectation of 01 equal to posterior expectation
of 92



License

Since Gibbs output does not produce exchangeability, the Gibbs
sampler has not explored the whole parameter space: it lacks
energy to switch simultaneously enough component allocations at
once_

- e ¥
{ I—
e antie S




Label switching paradox

We should observe the exchangeability of the components [label
switching] to conclude about convergence of the Gibbs sampler.



Label switching paradox

We should observe the exchangeability of the components [label
switching] to conclude about convergence of the Gibbs sampler.

If we observe it, then we do not know how to estimate the
parameters.



Label switching paradox

We should observe the exchangeability of the components [label
switching] to conclude about convergence of the Gibbs sampler.
If we observe it, then we do not know how to estimate the
parameters.

If we do not, then we are uncertain about the convergence!!!



Compensation for label switching
(t)

For mixture models, z,” usually fails to visit all configurations in a
balanced way, despite the symmetry predicted by the theory

e (Oklx) = m(o (0r)%) = 7 Z (0 (0k)[%)
ceS
for all o's in &, set of all permutations of {1,...,k}.

Consequences on numerical approximation, biased by an order k!



Compensation for label switching
(t)

For mixture models, z,” usually fails to visit all configurations in a
balanced way, despite the symmetry predicted by the theory

m(Ok[x) =m0 (Or)1x) = Z (0 (0 ) [x)
ceS
for all o's in &, set of all permutations of {1,...,k}.

Consequences on numerical approximation, biased by an order k!
Recover the theoretical symmetry by using

R = o S S (o).

O'GGk t=1



Galaxy dataset

n = 82 galaxies as a mixture of k£ normal distributions with both

mean and variance unknown.

Relsiv Frequency
04 o5




Galaxy dataset (k)

Using only the original estimate, with 6} as the MAP estimator,
log(my(x)) = —105.1396

for k = 3 (based on 103 simulations), while introducing the
permutations leads to

log (g (x)) = —103.3479



Galaxy dataset (k)

Using only the original estimate, with 6} as the MAP estimator,
log(my(x)) = —105.1396

for k = 3 (based on 103 simulations), while introducing the
permutations leads to

log (g (x)) = —103.3479

Note that
—105.1396 + log(3!) = —103.3479



On some computational methods for Bayesian model choice
I—Importance sampling solutions
L Chib'’s solution

Using only the original estimate, with ¢; as the MAP estimator,
log(my(x)) = —105.1396

for k = 3 (based on 103 simulations), while introducing the
permutations leads to

log (i, (x)) = —103.3479

Note that
—105.1396 + log(3!) = —103.3479

k | 2 3 4 5 6 7 8

mi(x) | -115.68 -103.35 -102.66 -101.93 -102.88 -105.48 -108.44

Estimations of the marginal likelihoods by the symmetrised Chib’s
approximation (based on 10° Gibbs iterations and, for k& > 5, 100
permutations selected at random in &y).



Bayesian variable selection

Example of a regression setting: one dependent random variable y
and a set {x1,...,z} of k explanatory variables.



Bayesian variable selection

Example of a regression setting: one dependent random variable y
and a set {x1,...,z} of k explanatory variables.

Question: Are all z;'s involved in the regression?



Bayesian variable selection

Example of a regression setting: one dependent random variable y
and a set {x1,...,z} of k explanatory variables.

Question: Are all z;'s involved in the regression?

Assumption: every subset {i1,...,i,} of ¢ (0 < ¢ <k)
explanatory variables, {1, z;,,...,;,}, is a proper set of
explanatory variables for the regression of y [intercept included in
every corresponding model]



On some computational methods for Bayesian model choice
I—Cross-model solutions

L Variable selection

Example of a regression setting: one dependent random variable y
and a set {x1,...,xx} of k explanatory variables.

Question: Are all z;'s involved in the regression?

Assumption: every subset {i,...,i4} of ¢ (0 < g <k)
explanatory variables, {1,,2;,,...,;,}, is a proper set of
explanatory variables for the regression of y [intercept included in
every corresponding model]

Computational issue

2% models in competition...




Reversible jump

Idea: Set up a proper measure—theoretic framework for designing
moves between models My,



Reversible jump

Idea: Set up a proper measure—theoretic framework for designing
moves between models Dy,

Create a reversible kernel 8 on § = J,{k} x ©, such that

A[Bﬁ(m’dy)w(w)dxz/B/Aﬁ(yadw)ﬂ(y)dy

for the invariant density 7 [z is of the form (k, ()]



Local moves

For a move between two models, 911 and My, the Markov chain
being in state #; € 9y, denote by K1_.2(01,d) and Ka_1(62,db)
the corresponding kernels, under the detailed balance condition

7(d01) R1—o (01, dB) = 1(dBs) Ko (02, d) |

and take, wlog, dim(9z) > dim(M;).
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I—Cross-model solutions

L Reversible jump

For a move between two models, 9t; and 99y, the Markov chain
being in state 6, € My, denote by K1_,2(61,dl) and Ka_.1 (62, dH)
the corresponding kernels, under the detailed balance condition

m(d0y) R1—2(01,d0) = (dba) Ra—1 (02, d0)

and take, wlog, dim(9t3) > dim ().
Proposal expressed as

Oy = U1_5(01,v1-2)

where v1_,9 is a random variable of dimension
dim(9My) — dim (91 ), generated as

V1—2 ~ @1%2(”1—»2) .



Local moves (2)
In this case, q12(01,df2) has density

OV1_2(01,v1-2)
(01, v1-2)

P12 (vl—>2)

9

by the Jacobian rule.

< Reverse importance link



Local moves (2)
In this case, q1-2(01, df2) has density

OV1_2(01,v1-2)

P12 (Ul—>2)

)

by the Jacobian rule.
If probability w;_,o of choosing move to s while in M1y,
acceptance probability reduces to

7(My, O2) wa—1 ’ OV _2(01,v1-2)
(M1, 01) wi—2 p1-2(v1-2) 0(6h,v1-2)

O1,v1-2) = 1A
a(f1,v1-2) -
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L Reversible jump

In this case, q1-2(01, df2) has density

OV1_2(01,v1-2)
S01—>2(U1—>2) 8(91 vy 2)

Y

by the Jacobian rule.

If probability w;_,o of choosing move to s while in M1y,
acceptance probability reduces to

7(Ma, O2) wa—1 ’ OU1_2(01,v1-2)
T(M1,01) w12 p12(vi_2) (61, v1-2)

If several models are considered simultaneously, with probability
w12 of choosing move to My while in My, as in

01(91, U1H2) = 1A

8@ 8)= Y [ nlew)an(e,dy) + @)l (@)



Generic reversible jump acceptance probability

Acceptance probability of 0y = WU_,9(01,v12) is

m(My, 02) wan OV _,9(01,v12)
(M, 01) w12 p12(v12) (01, v1-2)

01,v10) =1 A
a(lvl 2) -



Generic reversible jump acceptance probability

Acceptance probability of 0y = WU_,9(01,v12) is

a(017 7.71_,2) =1A - W(MQ, 02) W21 ‘ aq]l—ﬂ (01) vl—>2)

(M, 61) w12 P12(v1-2) 0(01,v1—2)

while acceptance probability of 61 with (61, v12) = \I/1__1,2(02) is

a(br,v12) = 1A

T(M1, 61) w12 P1-2(v1-2) ‘8\111_,2(91,1;1_,2) -
W(Dﬁ% 92) W21 6(01, 1)1_)2)




Generic reversible jump acceptance probability

Acceptance probability of 0y = WU_,9(01,v12) is

a(017 7.71_,2) =1A - W(MQ, 02) W21 ‘ aq]l—ﬂ (01) vl—>2)

(M, 61) w12 P12(v1-2) 0(01,v1—2)

while acceptance probability of 61 with (61, v12) = \I/1__1,2(02) is

a(br,v12) = 1A

T(M1, 61) w12 P1-2(v1-2) ‘8\111_,2(91,1;1_,2) -
W(Dﬁ% 92) W21 6(01, 1)1_)2)

(©Difficult calibration



Green's sampler

Algorithm
Iteration t (t > 1): if () = (m, (™),
@ Select model M, with probability 7,

@ Generate Upp ~ ©mn(u) and set
(o(n)’ 'Unm) = \I/m—m(e(m)a umn)

@ Take (1) = (n, ™) with probability

mafim 77(”7 e(n)) TnmPnm ('Unm) OV¥rr—n, (e(m), umn)

)

and take z(ttD) = 2(!) otherwise.




Interpretation

The representation puts us back in a fixed dimension setting:

o My x YVi_9o and My in one-to-one relation.



Interpretation

The representation puts us back in a fixed dimension setting:

o My x YVi_9o and My in one-to-one relation.

o reversibility imposes that 6, is derived as
(61, v12) = U115 (62)

o appears like a regular Metropolis—Hastings move from the
couple (01,v1_2) to 3 when stationary distributions are
m(My,01) X p12(vi—2) and m(My, O2), and when proposal
distribution is deterministic



Alternative
Saturation of the parameter space $) = (J,{k} x O} by creating
o 0=(6,....0p)
o a model index M
o pseudo-priors m;(0;|M = k) for j # k



Alternative

Saturation of the parameter space $) = (J,{k} x O} by creating
o 0=(01,...,0p)
o a model index M
o pseudo-priors m;(0;|M = k) for j # k

Validation by
P(M = k|z) /P(M — Ko, 0)r(0]2)d0 = 3

where the (marginal) posterior is [not 7 !]

!

m(0lz) = > P(0,M = k|x)
k=1

I
NE

P 3k Tk (Okl2) [ 75051 = k).
1 Ak

=~
Il



MCMC implementation

Run a Markov chain (M(t),Hgt), . ,Gg)) with stationary
distribution (0, M|z) by



MCMC implementation
Run a Markov chain (M(t),Hgt), . ,Gg)) with stationary
distribution (0, M|z) by
@ Pick M® = k with probability 7(0¢~1) k|x)
@ Generate 9,(;_1) from the posterior 7 (0x|z) [or MCMC step]
@ Generate Hj(-t_l) (j # k) from the pseudo-prior m;(6;|M = k)



MCMC implementation
Run a Markov chain (M(t),Hgt), . ,Hg)) with stationary
distribution (0, M|z) by
@ Pick M® = k with probability 7(0¢~1) k|x)
@ Generate 9,(;_1) from the posterior 7 (0x|z) [or MCMC step]
@ Generate Hj(-t_l) (j # k) from the pseudo-prior m;(6;|M = k)
Approximate P(M = k|z) = 3 by

T
(@) ocpr > fulxlo) mu0) T ;6% |1M = k)

t=1 j#k

/Zpefz (]08") me (037) [T s (63" 1M1 = 0)

J#L



Scott's (2002) proposal

Suggest estimating P(M = k|x) by

3k ‘kaz {fk :C|t9( /ij f] 33|9 t) }

based on D simultaneous and independent MCMC chains
@), 1<k<D,

with stationary distributions 7y (0x|x)



Scott's (2002) proposal

Suggest estimating P(M = k|x) by

3k OCPkZ{fk :C|t9( /ijfj mwt) }

based on D simultaneous and independent MCMC chains
@), 1<k<D,

with stationary distributions 7 (6x|x) [instead of above joint!!]



Congdon’s (2006) extension

Selecting flat [prohibited!] pseudo-priors, uses instead

31 0<ka {fk (2|0)m,(07) /ij fil x|0( e, (6 t))} ,

t=1

where again the 9,(:)'5 are MCMC chains with stationary

distributions 7y (6x|x)



Examples

Example (Model choice)

Model Mt : x|6 ~ U(0,0) with prior 6 ~ Exp(1) is versus model
My : x|0 ~ Exp(h) with prior 6 ~ Exp(1). Equal prior weights on
both models: p1 = g2 = 0.5.




On some computational methods for Bayesian model choice
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leplementation error

Example (Model choice)

Model 9t; : x|60 ~ U(0,0) with prior 6 ~ Exp(1) is versus model
My @ z|0 ~ Exp(f) with prior O ~ Exp(1). Equal prior weights on
both models: 01 = 02 = 0.5.

Approximations of P(M = 1|z): N _ ——
Scott’s (2002) (blue), and ° \
Congdon's (2006) (red) 7

[N = 10 simulations]. £ \
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I—Implementation error

Example (Model choice (2))

Normal model 9ty :  ~ N(6,1) with § ~ N (0,1) vs. normal
model My : = ~ N (6,1) with § ~ N (5,1)

Comparison of both y
approximations with
P(M = 1|z): Scott's (2002)
(green and mixed dashes) and s
Congdon's (2006) (brown and
long dashes) [N = 10*

simulations]. ey




On some computational methods for Bayesian model choice
I—Cross-model solutions

I—Implementation error

Example (Model choice (3))

Model My : = ~ N (0,1/w) with w ~ Exp(a) vs.
My : exp(z) ~ Exp(N\) with A ~ Exp(b).

Comparison of Congdon's (2006) ] \

(brown and dashed lines) with ] ‘\\

P(M = 1|z) when (a,b) is equal | N ]
to (.24,8.9), (.56,.7), (4.1,.46) SRR
and (.98,.081), resp. [N = 10* S

simulations].




Nested sampling: Goal

Skilling's (2007) technique using the one-dimensional
representation:

3= E"[L(0)] = /0 () de

with
¢~ (1) = PT(L(0) > 1).

Note; ¢(-) is intractable in most cases.



Nested sampling: First approximation

Approximate 3 by a Riemann sum:

Z 1_-771 z)

where the x;'s are either:
o deterministic:  x; = e~ /N

o or random:
o = 0, Ti+1 = ti:L'i, ti ~ Be(N, 1)

so that E[log z;] = —i/N.



Extraneous white noise

3= /e“’ do = / % e~ (1=6)0 =66 _ Es [% 6—(1-5)9]

N
1
L Z == (0 ), 0~ E(5) (0 < 0;_1)



Extraneous white noise

3= /e“’ do = / % e~ (1=6)0 =66 _ Es [% 6—(1-5)9]

N
5 1
3= ~ Z e =00 1 — ), 0~ E(S)I(0; < 0i1)



Extraneous white noise

Take

3= /e“’ do = / % e~ (1=6)0 =66 _ Es [% e—(l-(s)e]

N

A 1 )

3 = N E 5_1 6_(1_6)9’($i_1 - l‘i), tgz ~ 5(5) ]1(01 S 01'—1)
i=1

N | deterministic random

50 4.64 10.5
4.65 10.5

100 2.47 4.9 Comparison of variances and MSEs
2.48 5.02

500 .549 1.01
.550 1.14




Nested sampling: Second approximation

Replace (intractable) ¢(z;) by ¢;, obtained by

Start with IV values 01, ...,0n sampled from 7
At iteration 1,
D Take ¢; = L(0), where 6y, is the point with smallest
likelihood in the pool of 6;'s

2 Replace 05 with a sample from the prior
: the current N points are sampled from




Nested sampling: Second approximation

Replace (intractable) ¢(z;) by ¢;, obtained by

Nested sampling
Start with IV values 01, ...,0n sampled from 7
At iteration ¢,
@ Take p; = L(0), where 0y, is the point with smallest
likelihood in the pool of 6;'s




On some computational methods for Bayesian model choice
L Nested sampling

leplementation

Replace (intractable) ¢(z;) by ¢;, obtained by

Nested sampling
Start with N values 61,...,0y sampled from 7
At iteration 1,
@ Take ; = L(6k), where 0y, is the point with smallest
likelihood in the pool of 6;'s
@ Replace 65 with a sample from the prior constrained to
L(0) > ¢;: the current N points are sampled from prior
constrained to L(6) > ;.




Nested sampling: Third approximation

Iterate the above steps until a given stopping iteration j is
reached: e.g.,

o observe very small changes in the approximation 5;

o reach the maximal value of L(6) when the likelihood is
bounded and its maximum is known;

o truncate the integral 3 at level ¢, i.e. replace

/01 o(x)dz with /61 o(x)dx



Approximation error

)

-3
sz [ e@de=- [(o@a

Error =

I
'M“"

@
Il
R

J 1

+ Z(ﬂci—l — xi)p(x;) —/ o(z) dx] (Quadrature Error)
=1 €

+ i(wi—l —zi){pi — SO(CEi)}] (Stochastic Error)
=1




A CLT for the Stochastic Error

The (dominating) stochastic error is Op(N~1/2):

N2 {Stochastic Error} 2 N (0,V)

with
V=- / s (s)t¢' (t) log(s V t) dsdt.
s,tele1]



A CLT for the Stochastic Error

The (dominating) stochastic error is Op(N~1/2):

N2 {Stochastic Error} 2 N (0,V)

with
V=- / s (s)t¢' (t) log(s V t) dsdt.
s,tele1]

The number of simulated points equals the number of iterations 7,
and is a multiple of N: if one stops at first iteration j such that
e /N < ¢, then: j = N[—loge].



Curse of dimension

For a simple Gaussian-Gaussian model of dimension dim(6) = d,
the following 3 quantities are O(d):

@ asymptotic variance of the NS estimator;
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Curse of dimension

For a simple Gaussian-Gaussian model of dimension dim(6) = d,
the following 3 quantities are O(d):

@ asymptotic variance of the NS estimator;

@ number of iterations (necessary to reach a given truncation
error);

@ cost of one simulated sample.
Therefore, CPU time necessary for achieving error level e is

O(d?/e?)



Sampling from constr'd priors

Exact simulation from the constrained prior is intractable in most
cases!



Sampling from constr’d priors

Exact simulation from the constrained prior is intractable in most
cases!

Skilling (2007) proposes to use MCMC, but:
o this introduces a bias (stopping rule).

o if MCMC stationary distribution is unconst'd prior, more and
more difficult to sample points such that L(#) >l as |
increases.



Sampling from constr’d priors

Exact simulation from the constrained prior is intractable in most
cases!

Skilling (2007) proposes to use MCMC, but:
o this introduces a bias (stopping rule).

o if MCMC stationary distribution is unconst'd prior, more and
more difficult to sample points such that L(#) >l as |
increases.

If implementable, then slice sampler can be devised at the same
cost!



[llustration of MCMC bias

N N=100, M=1 N=100, M=3 N=100, M=5
o a a
+ T
T Eveg 5 . i : Brr T,
ﬁ faenals ag AGEERE ﬁQEﬁﬁ
30 Q > =T 2
-a0
a R
505636 30 46 50 60 70 80 96100 7620 30 40 50 60 70 80 90100 7620 30 40 50 60 70 80 90100
N N=500, M=1 N=100, M=5
_ 70000]
uuuuu
T '+ 1 - . |s0000
== E| & $I ! 40000
=T = 30000
T 20000
T 10000 .
105536 30 46 50 60 70 80 90160 36 40 60 80 100

Log-relative error against d (left), avg. number of iterations (right)
vs dimension d, for a Gaussian-Gaussian model with d parameters,
when using T = 10 iterations of the Gibbs sampler.



A IS variant of nested sampling

Consider instrumental prior 7 and likelihood L, weight function

and weighted NS estimator

J
3= (wio1 —zi)piw(t:).
i=1



A IS variant of nested sampling

Consider instrumental prior 7 and likelihood L, weight function

and weighted NS estimator
R J
3= (w1 —zi)piw(B).
i=1

Then choose (T, L) so that sampling from 7 constrained to
L(0) >l is easy; e.g. N(c, ;) constrained to |[c — 0] < .



Benchmark: Target distribution

Posterior distribution on (u, o) associated with the mixture
pN(Oa 1) + (1 - p)N(u’ J) ;

when p is known



Experiment

o n observations with
pw=2and o=23/2,

o Use of a uniform prior
both on (—2,6) for p
and on (.001, 16) for
log 2.

12 3 4
12 3 4

12 3 4
12 3 4

o occurrences of posterior
bursts for u = x;

o computation of the
various estimates of 3

12 3 4
12 3 4




Experiment (cont'd)

grid.sig

grid.mu

MCMC sample for n = 16 Nested sampling sequence
observations from the mixture.  with M = 1000 starting points.



On some computational methods for Bayesian model choice
I—Nes!:ed sampling

|—A mixture comparison

Experiment (cont'd)

MCMC sample for n = 50 Nested sampling sequence
observations from the mixture.  with A/ = 1000 starting points.



On some computational methods for Bayesian model choice
L Nested sampling

|—A mixture comparison

Monte Carlo and MCMC (=Gibbs) outputs based on 7' = 10%
simulations and numerical integration based on a 850 x 950 grid in
the (u, o) parameter space.

Nested sampling approximation based on a starting sample of

M = 1000 points followed by at least 103 further simulations from
the constr'd prior and a stopping rule at 95% of the observed
maximum likelihood.

Constr'd prior simulation based on 50 values simulated by random
walk accepting only steps leading to a lik'hood higher than the
bound



Comparison (cont'd)
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Graph based on a sample of 10 observations for = 2 and
o = 3/2 (150 replicas).



Comparison (cont'd)
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Graph based on a sample of 50 observations for = 2 and
o = 3/2 (150 replicas).



Comparison (cont'd)
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Graph based on a sample of 100 observations for u = 2 and
o = 3/2 (150 replicas).



Comparison (cont'd)

Nested sampling gets less reliable as sample size increases

Most reliable approach is mixture 33 although harmonic solution
31 close to Chib’s solution [taken as golden standard]

Monte Carlo method 32 also producing poor approximations to 3
(Kernel ¢ used in 32 is a t non-parametric kernel estimate with
standard bandwidth estimation.)



Approximate Bayesian Computation

Bayesian setting: target is 7(0) f(z|0)
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Bayesian setting: target is 7(0) f(z|0)
When likelihood f(x|6) not in closed form, likelihood-free rejection
technique:



Approximate Bayesian Computation

Bayesian setting: target is 7(0) f(z|0)
When likelihood f(x|6) not in closed form, likelihood-free rejection
technique:

ABC algorithm

For an observation y ~ f(y|#), under the prior m(0), keep jointly

simulating
o ~n(6),o ~ f(l0),

until the auxiliary variable x is equal to the observed value, x = y.




Population genetics example

Tree of ancestors in a sample of genes
% Coalescence
mutation
I [ p—
LA T escence

(LM B T comescence
[T B T comtescence



A as approximative

When y is a continuous random variable, equality x = y is replaced
with a tolerance condition,

o(x,y) <e

where o is a distance between summary statistics



A as approximative

When y is a continuous random variable, equality x = y is replaced
with a tolerance condition,

o(x,y) <e

where o is a distance between summary statistics
Output distributed from

m(0) Po{o(z,y) < €} oc m(0|o(z,y) <€)



ABC improvements

Simulating from the prior is often poor in efficiency
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Simulating from the prior is often poor in efficiency
Either modify the proposal distribution on 6 to increase the density
of x's within the vicinity of y...



ABC improvements

Simulating from the prior is often poor in efficiency
Either modify the proposal distribution on 6 to increase the density
of x's within the vicinity of y...

...or by viewing the problem as a conditional density estimation
and by developing techniques to allow for larger €



ABC-MCMC

Markov chain (6(Y)) created via the transition function

0 ~ K(0'10®) if x ~ f(x|0) is such that = =y

1 (0K (OWD]0
glt+1) — andqu(O,l)SW;

o) otherwise,



ABC-MCMC

Markov chain (6(Y)) created via the transition function

0 ~ K(0'10®) if x ~ f(x|0) is such that = =y
t+1 (0K (M9’
lt+1) — and u ~ U(0,1) < —W(g(t;)lgw,lg(t;) ,

) otherwise,

has the posterior 7(6|y) as stationary distribution



ABC-PRC

Another sequential version producing a sequence of Markov
transition kernels K; and of samples (OY), e ,Gg\t,)) (1<t<T)



On some computational methods for Bayesian model choice
I—ABC model choice
L ABC method

Another sequential version producing a sequence of Markov
transition kernels K; and of samples (th), e ,Hg\t,)) (1<t<T)

ABC-PRC Algorithm
(t—1),

@ Pick a 0% is selected at random among the previous 6,

with probabilities wgt_l) (1<i<N).
@ Generate

S

09 ~ K,(016") ,z ~ F(zl6?),

@ Check that o(z,y) < €, otherwise start again.




ABC-PRC weight

Probability w")

computed as
Wi oc w0 Loy (67160 {m(6%) K (61 16%)} 1

where L;_1 is an arbitrary transition kernel.



ABC-PRC weight

Probability wi(t) computed as

Wi oc w0 Loy (67160 {m(6%) K (61 16%)} 1

i

where L;_1 is an arbitrary transition kernel.
In case
Li1(0']0) = K(6]0")

all weights are equal under a uniform prior.



ABC-PRC weight

®)

Probability w;”’ computed as

Wi oc w0 Loy (67160 {m(6%) K (61 16%)} 1
where L;_1 is an arbitrary transition kernel.

In case
Li—1(0'10) = K.(0)0") ,

all weights are equal under a uniform prior.
Inspired from Del Moral et al. (2006), who use backward kernels
L;_1 in SMC to achieve unbiasedness



ABC-PRC bias

Lack of unbiasedness of the method




ABC-PRC bias

Lack of unbiasedness of the method
Joint density of the accepted pair (O(t_l), Q(t)) proportional to

w6 Dly) K616 1) (416

For an arbitrary function h(6), E[w:h(§®)] proportional to

(t) (t=1)9(t)
(1), m(0")Ly_1(0 [6%) (t—1) () 1 5(t—1) (£)yqp(t—1) 4o (£)
JIre) = s s ety @V 0100 siot)aot~Da

(t) (t=1)9(t)
(ty, m(O)Ly_1 (0 0% (t—1) (t—1)
[ 1) TG i gty O Tl

% Kt(g(t) Ig(t—l))f(ylg(t))de(t—l)dg(t)

x [ n@@)r @) { [ L2 @160 (w1000 | ap®).




A mixture example
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Comparison of 7 =0.15 and 7 = 1/0.15 in K,



A PMC version

Use of the same kernel idea as ABC-PRC but with IS correction
Generate a sample at iteration ¢ by

j=1

modulo acceptance of the associated x;, and use an importance
weight associated with an accepted simulation 92@

w® o 2 (00) /7, (0.

© Still likelihood free



The ABC-PMC algorithm
Given a decreasing sequence of approximation levels ¢; > ... > er,
1. At iteration t =1,
Fori=1,...N
Simulate 8" ~ 7(6) and = ~ f(z|6\") until o(z,y) < &1
Set wgl) =1/N
Take 72 as twice the empirical variance of the Hgl)'s
2. At iteration 2 <t < T,
Fori=1,...,N, repeat
Pick 07 from the 0\"~")’s with probabilities w| ™"
generate 0707 ~ N(0;,02) and z ~ f(z[0{")
until o(z,y) < €&
t t N (-1 —1 [t t—1
set w o n(0)/ i WiV (o7 {01 — 6 })

Take 77, as twice the weighted empirical variance of the Ol(t)'s



A mixture example (0)

Toy model of Sisson et al. (2007): if
0 ~U(-10,10), |6 ~0.5N(0,1) + 0.5 (,1/100),

then the posterior distribution associated with y = 0 is the normal
mixture

fly =0~ 0.5N(0,1) + 0.5A(0,1/100)

restricted to [—10, 10].
Furthermore, true target available as

w(0]|z| < €) x P(e—0)—P(—e—0)+P(10(e—6)) —P(—10(e+0)).



A mixture example (2)

Recovery of the target, whether using a fixed standard deviation of
7 =0.15 or 7 = 1/0.15, or a sequence of adaptive 7;'s.

= - . = - . = - . = -
. . -
e e 3 e e
S T T S T T S T T S T T
-3 -1 1.2 3 -3 —1 1.2 3 -3 —1 1.2 3 -3 —1 1.2 3
° ° ° °
S 4 = - . S - . S -
~ ~ ~ ~
- -~
- - .
w | - w | . w | . w |
g g .. ) ﬂﬂ g
< T T < T T T < T < T T T
-3 -1 1.2 3 -3 -1 1.2 3 -3 -1 1.2 3 -3 -1 1.2 3



Gibbs random fields

Gibbs distribution
Thervy = (y1,...,yn) is a Gibbs random field associated with
the graph & if

f(y) =—eXp{ > Velye }

ceC

where 3 is the normalising constant, C is the set of cliques of &
and V. is any function also called potential

U(y) = X cec Ve(ye) is the energy function




Gibbs random fields

Gibbs distribution
Thervy = (y1,...,yn) is a Gibbs random field associated with
the graph & if

f(y) =—eXp{ > Velye }

ceC

where 3 is the normalising constant, C is the set of cliques of &
and V. is any function also called potential

U(y) = X cec Ve(ye) is the energy function

(© 3 is usually unavailable in closed form



Potts model

Ve(y) is of the form

Vo(y) =60S(y) =6 Zayl_y,

l~i

where [~i denotes a neighbourhood structure




Potts model

Potts model
Ve(y) is of the form

V( )_95 _ezéyl =Yi

l~i

where [~i denotes a neighbourhood structure

In most realistic settings, summation
_ T
= exp{0TS(x)}
xeX

involves too many terms to be manageable and numerical
approximations cannot always be trusted



Bayesian Model Choice

Comparing a model with potential Sy taking values in RP° versus a
model with potential S taking values in RP1 can be done through
the Bayes factor corresponding to the priors g and 71 on each
parameter space

_ Jexp{0] So(x)}/Zgy.0m0(dbho)
[ exp{0]51(x)}/Zg, 171(d61)

%mo/m1 (%)



Bayesian Model Choice

Comparing a model with potential Sy taking values in RP° versus a
model with potential S; taking values in RP! can be done through
the Bayes factor corresponding to the priors g and 71 on each
parameter space

_ Jexp{0] So(x)}/Zgy.0m0(dbho)
[ exp{0]51(x)}/Zg, 171(d61)

Use of Jeffreys' scale to select most appropriate model

%mo/m1 (%)



Neighbourhood relations

Choice to be made between M neighbourhood relations
i~id (0<m<M—1)

with

Sm(x) = ZH{%:W}

i

driven by the posterior probabilities of the models.



Model index

Formalisation via a model index M that appears as a new
parameter with prior distribution 7(M = m) and
m(O|M =m) = 7,(01)



Model index

Formalisation via a model index M that appears as a new
parameter with prior distribution 7(M = m) and

m(O|M =m) = 7,(01)

Computational target:

P(M = mlx) /@ Fon (K10 ) (61 s (M = ) |



Sufficient statistics

By definition, if S(x) sufficient statistic for the joint parameters
(M7 607 cee 76M—1)1

P(M = m|x) = P(M = m|S(x)).



Sufficient statistics

By definition, if S(x) sufficient statistic for the joint parameters
(M7 607 cee 76M_1),

P(M = m|x) = P(M = m|S(x)).

For each model m, own sufficient statistic S, (-) and
S(:) = (So(*),...,Sam—1(-)) also sufficient.



Sufficient statistics

By definition, if S(x) sufficient statistic for the joint parameters
(M7 907 cee 76M_1),

P(M = m|x) = P(M =m|S(x)) .

For each model m, own sufficient statistic Sy, (-) and
S(-) = (So(+),-..,Sm—1(+)) also sufficient.
For Gibbs random fields,
2| M =m ~ fr(x[0m) Fn(x1S (%)) f7,(S (%) 6m)
1
= ——— [ (S(x)[0m
G A S610)

where
n(S(x)) =f{x e X : S(x) =5(x)}

© S(x) is therefore also sufficient for the joint parameters



ABC model choice Algorithm

ABC-MC
o Generate m* from the prior 7(M = m).
o Generate 67 . from the prior m,«(-).
o Generate z* from the model f,«(:|65,+).
o Compute the distance p(S(x°), S(x*)).
o Accept (0%,.,m*) if p(S(x°), S(x*)) < e.

Note When € = 0 the algorithm is exact



ABC approximation to the Bayes factor

Frequency ratio:

P(M = mg|x?) L TM=m)
P(M = m4|x0)  7(M =mg)
#H{m™ = mog} " (M =my)

tH{mi* =mi} = T(M =mg)’

W’mo/ml (XO) =




ABC approximation to the Bayes factor

Frequency ratio:

P(M = mg|x°) y (M =my)
P(M = m4|x0)  7(M =mg)
#H{m™ = mog} " (M =my)

gH{m>* =mi} = 7(M=mp)’

Wmo/ml (XO) =

replaced with

N 1+tt{mi* =m0} % 7T(M =m1)
1+ i{m* =my} T T( M =myp)

BFmo/m1 (XO)

to avoid indeterminacy (also Bayes estimate).



Toy example

iid Bernoulli model versus two-state first-order Markov chain, i.e.

fo(x]6p) = exp (90 ZH{mFl}) /{1 +exp(6o)}",

i=1

VEersus

fi(x[01) = %GXP (91 Zﬂ{xizxi_1}> J{1 + exp(61)}" 7,

=2

with priors 6y ~ U(—5,5) and 6; ~ U(0,6) (inspired by “phase
transition” boundaries).



Toy example (2)

(left) Comparison of the true BF,, /,, (x”) with ﬁ‘mo/ml (x%)
(in logs) over 2,000 simulations and 4.10° proposals from the
prior. (right) Same when using tolerance e corresponding to the
1% quantile on the distances.



Protein folding

Superposition of the native structure (grey) with the ST1
structure (red.), the ST2 structure (orange), the ST3 structure
(green), and the DT structure (blue).



On some computational methods for Bayesian model choice
I—ABC model choice
L llustrations

% seq . Id. | TM-score | FROST score
1i5nA (ST1) 32 0.86 75.3
1Is1A1 (ST2) 5 0.42 8.9
1jr8A (ST3) 1 0.24 8.9
1s70A (DT) 10 0.08 7.8

Characteristics of dataset. % seq. Id.: percentage of identity with
the query sequence. TM-score.: similarity between predicted and
native structure (uncertainty between 0.17 and 0.4) FROST score:
quality of alignment of the query onto the candidate structure
(uncertainty between 7 and 9).



On some computational methods for Bayesian model choice
I—ABC model choice
L llustrations

NS/ST1 | NS/ST2 | NS/ST3 | NS/DT
BF 1.34 1.22 2.42 2.76
P(M = NS[x%) | 0.573 0.551 0.708 | 0.734

Estimates of the Bayes factors between model NS and models

ST1, ST2, ST3, and DT, and corresponding posterior

probabilities of model NS based on an ABC-MC algorithm using
1.210% simulations and a tolerance € equal to the 1% quantile of

the distances.
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