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Abstract

Let (X¢)¢>0 be a continuous-time irreducible Markov chain on a finite statespace E,
let v: E — R\{0} and let (¢¢)i>0 be defined by ¢ = fotv(XS)ds. We consider the
cases where the process (¢¢)i>0 is oscillating and where (p;):>0 has a negative drift.
In each of the cases we condition the process (X, ¢¢):r>0 on the event that (¢¢)¢>0 hits
level y before hitting zero and prove weak convergence of the conditioned process as
y — oo. In addition, we show the relation between conditioning the process (¢¢)i>0
with a negative drift to oscillate and conditioning it to stay non-negative until large
time, and the relation between conditioning (¢;);>0 with a negative drift to drift to drift
to +00 and conditioning it to hit large levels before hitting zero.

1 Introduction

Let (Xt)t>0 be a continuous-time irreducible Markov chain on a finite statespace E,
let v be a map v: E — R\{0}, let (¢¢)i>0 be an additive functional defined by ¢; =
o+ fgv(Xs)ds and let Hy,, y € R, be the first hitting time of level y by the process
(¢t)t>0. In the previous paper Jacka, Najdanovic, Warren (2005) we discussed the
problem of conditioning the process (X¢, ¢¢)i>0 on the event that the process (¢¢)i>0
stays non-negative, that is the event {Hy = +oo}. In the oscillating case and in the
case of the negative drift of the process (¢¢):>0, when the event {Hy = 400} is of zero
probability, the process (X¢, ¢¢):>0 can instead be conditioned on some approximation
of the event {Hy = +oo}. In Jacka et al. (2005) we considered the approximation by
the events {Hy > T}, T > 0, and proved weak convergence as T — oo of the process
(Xt, ¢t)e>0 conditioned on this approximation.

In this paper we look at another approximation of the event { Hy = 400} which is
the approximation by the events {Hy > H,}, y € R. Again, we are interested in weak
convergence as y — oo of the process (X¢, ¢t)¢>0 conditioned on this approximation.
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Our motivation comes from a work by Bertoin and Doney. In Bertoin, Doney (1994)
the authors considered a real-valued random walk {S,,n > 0} that does not drift to
+o0 and conditioned it to stay non-negative. They discussed two interpretations of this
conditioning, one was conditioning S to exceed level n before hitting zero, and another
was conditioning S to stay non-negative up to time n. As it will be seen, results for our
process (X¢, ¢t)¢>0 conditioned on the event { Hy = 400} appear to be analogues of the
results for a random walk.

Furthermore, similarly to the results obtained in Bertoin, Doney (1994) for a real-
valued random walk {S,,,n > 0} that does not drift to 400, we show that in the negative
drift case

(i) taking the limit as y — oo of conditioning the process (X¢, ¢¢)¢>0 on {H, < +oo}
and then further conditioning on the event { Hy = +oo} yields the same result as
the limit as y — oo of conditioning (X%, ¢¢)s>0 on the event {Hy > Hy};

(ii) conditioning the process (X¢, ¢+)t>0 on the event that the process (p4)+>0 oscillates
and then further conditioning on {Hy = +oo} yields the same result as the limit
as T' — oo of conditioning the process (X¢, pt)i>0 on {Hog > T'}.

The organisation of the paper is as follows: in Section 2 we state the main theorems
in the oscillating and in the negative drift case; in Section 3 we calculate the Green’s
function and the two-sided exit probabilities of the process (Xt, ¢¢)¢>0 that are needed
for the proofs in subsequent sections; in Section 4 we prove the main theorem in the
oscillating case; in Section 5 we prove the main theorem in the negative drift case.
Finally, Sections 6 and 7 deal with the negative drift case of the process (¢¢)t>0 and
commuting diagrams in conditioning the process (X, ¢¢)¢>0 on {H, < Ho} and {Hy >
T}, respectively, listed in (i) and (ii) above.

All the notation in the present paper is taken from Jacka et al. (2005).

2 Main theorems

First we recall some notation from Jacka et al. (2005).

Let the process (X;, ;) be as defined in Introduction. Suppose that both ET =
v71(0,00) and E~ = v~!(—00,0) are non-empty. Let, for any y € R, E; and E,
be the halfspaces defined by Ej = (E x (y,+00)) U (E" x {y}) and E; = (E x
(—00,9)) U (B~ x{y}). Let Hy, y € R, be the first crossing time of the level y by the
process (¢¢)¢>0 defined by

o - inf{t >0: ¢ <y} if (Xy, @1)i>0 starts in B,
Yol inf{t>0: ¢ >y} if (Xt ¢t)e>0 starts in B

Let P, denote the law of the process (X¢, )10 starting at (e, ) and let E, )
denote the expectation operator associated with P ;). Let Q) denote the conservative
irreducible @-matrix of the process (X;):>0 and let V' be the diagonal matrix diag(v(e)).
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Let V~'QI' = I'G be the unique Wiener-Hopf factorisation of the matrix V~1Q (see
Lemma 3.4 in Jacka et al. (2005)). Let J, J; and J2 be the matrices

(05 =10 a=(09)

and let a matrix Iy be given by I's = JI'J. For fixed y > 0, let P([g]@

the process (X, t)i>0, starting at (e, p) € Ef, conditioned on the event {H, < Ho},

denote the law of

and let P([g]¢)] 7, t > 0, be the restriction of P([g]cp) to F;. We are interested in weak

convergence of (P([Z]@)| Fi)y>0 as Yy — +00.

Theorem 2.1 Suppose that the process (¢i)i>0 oscillate. Then, for fized (e,p) €
Ef and t > 0, the measures (P([g]@)\ Fi)y>0 converge weakly to the probability measure

P(’;r@)b:t as y — oo which is defined by

| Bl (1A (Xe o)t < Ho})
B hr(ev ()0) ’

where h, is a positive harmonic function for the process (X¢, ot)i>0 given by

hy
P (A)

t>0, AeF,

he(e,y) =¥V ' QnTar(e),  (e,y) € E xR,
and VIQr = 1.

By comparing Theorem 2.1 and Theorem 2.1 in Jacka et al. (2005) we see that the
measures (P([g}@))yzo and (P(T; ,¢))TZO converge weakly to the same limit. Therefore, in
the oscillating case conditioning (X, ¢¢)i>0 on {H, < Hp}, y > 0, and conditioning
(Xt,¢t)e=0 on {Ho > T}, T > 0, yield the same result.

Let fmnaer be the eigenvector of the matrix V1@ associated with its eigenvalue
with the maximal non-positive real part. The weak limit as y — 400 of the sequence

(P([g}(p) |7, )y>0 in the negative drift case is given in the following theorem:

Theorem 2.2 Suppose that the process (pt)i>0 drifts to —oo. Then, for fized (e, ) €
Ef and t > 0, the measures (P([z}@)\ Fi)y>0 converge weakly to the probability measure

(’;f;z)aw |7, as y — oo which is given by
thmaz y E(e,cp) <I(A)hfma:c (Xta ‘Pt)f{t < HO}) tS 0. Ac F
() (A4) = P foma (€5 90) ’ =h s

where the function hy, . is positive and harmonic for the process (X, ¢t)i>0 and is
given by 1
hfmaz (e7y) =e ¥ QJ1F2fmax(€)7 (e,y) € E xR.

CRiSM Paper No. 05-5, www.warwick.ac.uk/go/crism



Before we prove Theorems 2.1 and 2.2, we recall some more notation from Jacka et
al. (2005) that will be in use in the sequel.

The matrices G and G~ are the components of the matrix G and the matrices I
and [I™ are the components of the matrix I' determined by the Wiener-Hopf factorisation
of the matrix V~1(Q, that is

Gt 0 I 11~
G=(9 0 ) o (LT,
In other words, the matrix G* is the Q-matrix of the process (Xg,),>0, (Xo,¢0) € E* x
{0}, the matrix G~ is the Q-matrix of the process (Xz_,)y>0, (Xo,0) € E~ x {0}, and
the matrices II~ and I determine the probability distribution of the process (X¢);>0 at
the time when (¢¢)¢>0 hits zero, that is the probability distribution of X, (see Lemma

3.4 in Jacka et al. (2005)).
A matrix F(y), y € R, is defined by

. Ji eVl = VG J1, y >0
F(y) - { Ja €yG = €yG Jo, y < 0.

For any vector g on E, let ¢g© and ¢~ denote its restrictions to ET and E~ re-

Jr
spectively. We write the column vector g as g = (Z _) and the row vector u as

p=(p" pm).

A vector g is associated with an eigenvalue A of the matrix V~1Q if there exists
k € N such that (V=1Q — A\I)¥g = 0.

B is a basis in the space of all vectors on E such that there are exactly n = |E]|
vectors {f1, f2,..., fn} in B such that each vector f;, j = 1,...,n is associated with
an eigenvalue a; of V~1Q for which Re(a;) < 0, and that there are exactly m = |E~|
vectors {g1, 92, ..., gm} in B such that each vector gx, k = 1,...,m, is associated with
an eigenvalue B of V~1Q with Re(8x) > 0. The vectors {f;", fo,..., ;' } form a basis
N in the space of all vectors on ET. and the vectors {g; , 95 ,...,g,,} form a basis P~
in the space of all vectors on E~.

The matrix V~'Q cannot have strictly imaginary eigenvalues. All eigenvalues of
V—1Q with negative (respectively positive) real part coincide with the eigenvalues of
G (respectively —G~). G and G~ are irreducible Q-matrices and

Omax = lréljagxn Re(aj) <0 and — Bpin = 12}63;; Re(_ﬂk) = - 1gll<:lgnm Re(ﬁk) <0
are simple eigenvalues of G and G, respectively. fiaz and gmin are the eigenvectors
of the matrix V~1Q associated with its eigenvalues aynae and Bmin, respectively, and
therefore f,}, . and g . are the Perron-Frobenius eigenvectors of the matrices Gt and
G, respectively.

If the process (¢¢)i>0 drifts to —oo, then apee < 0 and Gpin = 0. If the process
(pt)>0 drifts to +00, then aumey = 0 and Gpin > 0. If the process (¢¢)>0 oscillates then
Omaz = Bmin = 0 and there exists a vector r such that V=1Qr = 1.
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3 The Green’s function and the hitting probabilities of the
process (X¢, pt)i>0

The Green’s function of the process (X¢,pt)i>0, denoted by G((e, ), (f,y)), for any
(e,0),(f,y) € E x R, is defined as

G(e,9): (F:9) = By (30 1(Xe = frps =),

0<s<co

noting that the process (Xt, ¢¢)¢>0 hits any fixed state at discrete times. For simplicity
of notation, let G(¢p,y) denote the matrix (G((-, ¢), (-,¥)))ExE-

Theorem 3.1 In the drift cases,

1 (-mmhH)Tt o (-t
G0,0) =Ty _<H+(I—H—H+)—1 (I —1*1i-)—t >

In the oscillating case, G(0,0) = +oo.

Proof: By the definition of G(0,0) and the matrices IT", II~ and T's,

G(0,0) = i (r?+ 11()—)” - i([— Ty)".

n=1 n=1

Suppose that the process (¢¢)i>o drifts either to +00 of —oco. Then by (3.8) and
Lemma 3.5 (iv) in Jacka et al. (2005) exactly one of the matrices [T and IT~ is strictly
substochastic. In addition, the matrix II"II" is positive and thus primitive. Therefore,
the Perron-Frobenius eigenvalue A of II"II" satisfies 0 < A < 1 which, by the Perron-
Frobenius theorem for primitive matrices (see Seneta (1981)), implies that

II-1I+)»
lim ((1_{—)\))71 = const. 7£ 0.

Therefore, (II"II)" — 0 elementwise as n — +o0, and similarly (ITTII7)" — 0
elementwise as n — +oo. Hence, (I —I'9)" — 0, n — +o0. Since

I—(I—-Ty)"+ = FQZI )",

and, by Lemma 3.5 (ii) in Jacka et al. (2005), I';! exists, by letting n — oo we obtain

e}

G(0,0) =) (I-Ty)"=T3" (3.1)

n=0
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Suppose now that the process (¢ )¢>0 oscillates. Then again by (3.8) and Lemma 3.5
(iv) in Jacka et al. (2005), the matries I and I~ are stochastic. Thus, (I —T'3)1 =1
and

G(0,0)1 =) (I-Ty)"1 =) 1=+oc. (3.2)
n=0 n=0
Since the matrix @ is irreducible, it follows that G(0,0) = +oo. O

Theorem 3.2 In the drift cases, the Green’s function G((e, ), (f,y)) of the process
(X, pt)e>0 1s given by the E x E matriz G(p,y), where

I Fly—¢) 5t
Gloa) ={ TV P o7

Proof: By Theorem 3.1, G(y,y) = G(0,0) = T';', and by Lemma 3.5 (vii) in Jacka et
al. (2005),

P(e,ga—y)(XHo = elvHO < +OO) =T F(y - Qp)(e’ 6,), 2 75 Y.

The theorem now follows from

G((€>90)7 (fvy)) = Z P(e,cp—y)(XHo = €I7HO < +OO) G((e',O), (f,O))
e'eE

O

The Green’s function Go((e,¥),(f,y)), (e,9),(f,y) € E x R, of the process

(Xt, pt)e>0 killed when the process (¢¢)i>0 crosses zero (in matrix notation Go(p,y)) is
defined by

GO((@‘P% (fa y)) = E(e,cp)( Z I(Xs = f7 Ps = y))

0<s<Hp

It follows that Go(p,y) = 0 if py < 0, that Go(¢,0) = 0 if ¢ # 0, and that
Go(0,0) = I. To calculate Go(p,y) for |p| < |y|, py > 0, y # 0, we use the following
lemma:

Lemma 3.1 Let (f,y) € Et x (0,400) be fized and let the process (X, pi)i>0 start at
(e, ) € Ex(0,y). Let (e,) — h((e, ), (f,y)) be a bounded function on E x (0,y) such
that the process (W((Xinmonm,, Cintonm,)s (f,Y)))e>0 is a uniformly integrable martingale
and that

h((e,0),(f,y)) = 0, e€kE” (3.3)
h((e,y), (f,y)) = Golle,y), (f,y))

Then
h((e,go), (f7 y)) = GO((67 QD)? (f7 y))? (67 90) € Ex (Ovy)'
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Proof: The proof of the lemma is based on the fact that a uniformly integrable martingale
in a region which is zero on the boundary of that region is zero everywhere. Therefore
we omit the proof the lemma. O

Let Ay, By,Cy and D, be components of the matrix e=¥V '@ such that, for any

y €R,
eV <‘gz gz> . (3.5)

Theorem 3.3 The Green’s function Go((e, ), (f,v)), lel < |yl, oy >0,y #0, e, f €
E, is given by the E x E matriz Go(p,y) with the components

Ay (A, —TI7C,)t Ay (A, —TT"C,) "'~
<
(@(Ay—n ¢, Cy(a,-1c,)m- ) PSS
B,(Dy, —IITB,) "I 1510(1)y—n+3y)—1
(Dg,( I B,) 't D(D —mB,) ) Y=esh
(I - H_C’yA h-t

(I —CyA, - ) Cy>0
CyA, (I—H*CyAzjl) 1 (1 C’A -1 ) »=Y
(I — ByD,'1I")~* ByD,*(I - H+B yDy ! B
<H+(I — B,D;'I*)"! (I H*ByDljl)*l =y <b,

Go(p,y) = <

In the drift cases, Go(p,y) written in matriz notation is given by

T e %% Ty Fy) Ty 1, 0<p<y or y<p<0
Golp,y) = I’F(—cp)I‘geyGI‘Q_l,1 O<y<e or p<y<O0
(1 =TP(-yrFE)rs", o=y #0.

In addition, the Green’s function Go(p,y) is positive for all ¢,y € R except fory =0
and for py < 0.

Proof: We prove the theorem for y > 0. The case y < 0 can be proved in the same way.
Let y > 0. First we calculate the Green’s function Go(y,y). Let Y, denote a matrix
on £~ x ET with entries

Yy(e,e') = P(e,y)(XHy = el,Hy < Ho).

e =(y, 7 ) (Z0 " s )

By Lemma 3.5 (vi) in Jacka et al. (2005), the matrix Y, is positive and 0 < Y, 1T <
17. Hence, II"Y), is positive and therefore irreducible and its Perron-Frobenius eigen-
value \ satisfies 0 < A < 1. Thus,

Then

1-Y,)"

o m = const. 7& 0,
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which implies that (II"Y,)" — 0 elementwise as n — 4o0. Similarly, (Y,II7)" — 0
elementwise as n — +00.

Furthermore, the essentially non-negative matrices (II"Y, — I) and (Y,II™ — I) are
invertible because their Perron-Frobenius eigenvalues are negative and, by the same
argument, the matrices (I —II7Y,)~! and (I — Y,II7)~! are positive. Since

ZZ:O(H_Yy)k = (I - H_Yy)_l (I— (H_Yy)n+1)
ZZ:O(Yyﬂi)k = (I - Yyﬂi)fl (I - (Yyﬂi)nﬂ)-

by letting n — oo we finally obtain

S I-TY)t m(I-my)t\ [/ 1 —m\!
Go(y’y)_<Yy(I—Yyﬁ_)_1 (I - Y, 1) >_<—Yy—1 I) - (36)

By Lemma 3.5 (i) and (vi) in Jacka et al. (2005), the matrices II™ and Y, are
positive. Since the matrices (I —I17Y,) ! and (I — Y,II7)~! are also positive, it follows
that Go(y,y), y > 0 is positive.

Now we calculate the Green’s function Go(¢,y) for 0 < ¢ < y. Let (f,y) € ET x
(0, +00) be fixed and let the process (X¢, ¢¢)i>0 start in E x (0,y). Let

h((e, ), (f.y)) = eV gy, (e), (3.7)

for some vector g¢, on E. Since by (3.6) in Jacka et.al (2005) Gh = 0, the process
(h((Xt, 1), (f,y)))t>0 is a local martingale, and because the function h is bounded on
every finite interval, it is a martingale. In addition, (h((X¢amoaH, > PtaHonH,)s (f1Y)))t=0
is a bounded martingale and therefore a uniformly integrable martingale.

We want the function h to satisfy the boundary conditions in Lemma 3.1. Let hy(¢)
be an E x ET matrix with entries

hy(go)(e, f) = h((ev 90)7 (fv y))

Then, from (3.7) and the boundary condition (3.3),

w= (2 o) () = (&) ozee
for some ET x ET matrix M,. From the boundary condition (3.4),
AM,=(I-TI"Y,)""  and C,M,=Y,(I-1I"Y,) ", (3.8)
which implies that M, = (A, —II"C,)~! and Y, = C,A;'. Hence,

— Aw(Ay B HiCy)il
hy(@) - (C@(Ayn—cy)—l ’ 0 < » <Y,
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and the function h((e, ), (f,y)) satisfies the boundary conditions (3.3) and (3.4) in
Lemma 3.1. Therefore, for 0 < ¢ < y, Go(p,y) = hy(¢) on E x E*, and because
Go(p,y) = hy(p)II” on E x E~,

Ap(Ay —TI"Cy) ™" Ap(4y — HC’y)1H> 0< ooy

Colery) = <C¢(Ay —I7C,)7" Cp(dy —17Cy) 7!

Finally, since Go(y,y), y > 0, is positive, by irreducibility Go(¢,y) for 0 < ¢ < y is
also positive. O

Lemma 3.2 Fory #0 and any (e, f) € ExX E

Pieg(Xn, = [ Hy < Ho) = Golg,9) (Go(y.1)) M(e. /), 0.<lol < o,
Pieyy(Xn, = f.Hy < Ho) = (I = (Goly,))~") (e, ).

Proof: By Theorem 3.3, the matrix Gy(y,y) is invertible. Therefore, the equalities

Go((e,9), (f,9) = Xeer P(e,cp)(XHy =, H, < Ho) Go(le" ), (f,y)), ¢ #y #0,
Gol(e,y), (f,9) =1(e, [) + Xeer ,)(XHy = ¢, Hy < Ho)Go((¢',9), (f.y)),y # 0,
prove the lemma. O

4 The oscillating case: Proof of Theorem 2.1

Let t > 0 be fixed and let A € F;. We start by looking at the limit of P([g]w)(A) as
y — +oo. For (e,p) € Ef and y > ¢, by Lemma 3.5 (vi) in Jacka et al. (2005),
Pie,py(Hy < Hp) > 0 for all y > 0. Hence, by the Markov property, for any (e, ¢) € Ef
and any A € Fy,

P (A) = Py (A | Hy < Ho)
1

- Eep) (T(A)(I{t<Ho A Hy}P(x, o) (Hy < H,
Plep)(Hy < Ho) (’@)(( ) 0 y 3P0 00) (Hy 0)

VI{H, <t < Hy}+I{H, < Hy < t})). (4.9)

Lemma 4.1 Let r be a vector such that V"'Qr = 1. Then,

(i) hy(e,p) = —e_“DV_IQJll“gT(e) >0, (e,p)€ Ear,

Ploo(Hy < Hp) e ¥V 'QpTor(e))

/i 1 : = ) ) ) /7 ! €E+‘
(ZZ) y—1>I-il-loo P(e’@)(Hy < H()) e_@vilQJIFQT(e) (6 SO) (6 QD) 0
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Proof: (i) For any y € R, let the matrices A, and Cy be the components of the matrix
e V'@ as given in (3.5), that is

e UVTQ <Ay By) _
CZ’/ Dy

Then, for any ¢ € R.

) _ —(pV71Q _ 144)0(7"+ — Hi’f'i)
hr( 7()0) € JIFQT (Cw(T—‘r . H_T_) .

The outline of the proof is the following: first we show that the vector A, (r*—II"r")
has a constant sign by showing that it is a Perron-Frobenius vector of some positive
matrix. Then, because Cy(rt —II7r7) = C,AZY Ay(rt —II7r™) and because by
Lemma 3.2, Theorem 3.3 and by Lemma 3.5 (vi) in Jacka et al. (2005) the matrix
CoA, !'is positive, we conclude that the vector Ci,(r™ — II"r~) has the same constant
sign and that the function h, has a constant sign. Finally, by Lemma 4.1 (ii) in Jacka
et al. (2005), we conclude that h, is always positive.

Therefore, all we have to prove is that the vector A,(rt — II"r~) has a constant
sign for any ¢ € R. Let r be fixed vector such that V~'Qr = 1. Then

+ -t +
WQ, A_yr™ +B_yr~ =r" +yl
© r=r+yl < C_yrt+D_yr~=r="+yl .

By (3.8), the matrix A, is invertible. Thus, because 1t =11"17, (A_, —II"C_,) =
(A4 —1I-Cy)~ ' and (B_y —1I"D_,) = —(A_, —II"C_,)II,

(Ap(Ay = TI7C,) 1 AZT) A = Tr7) = Ay = T),

By Theorem 3.3 the matrix A, (A, —II~C,)~! is positive for any ¢ # y. By Lemma
3.2, Theorem 3.3 and by Lemma 3.5 (vi) in Jacka et al. (2005), the matrix A_! is also
positive. Hence, the matrix A, (A4, — H_Cy)_lAgl, @ # y, is positive and it has the
Perron-Frobenius eigenvector which has a constant sign.

Suppose that A,(r™ —II"r~) = 0. Then, because A,, is invertible, (r* —II"r~) = 0.
If r* = II" 7~ then r is a linear combination of the vectors gi, k = 1,..., m in the basis
B, but that is not possible because r is also in the basis B and therefore independent from
gk, k =1,...,m. Hence, the vector A,(rt —II"r~) # 0 and by the last equation it is
the eigenvector of the matrix A,(A_, — I'I*C'_y)A;1 which corresponds to its eigenvalue
1.

We want to show that 1 is the Perron-Frobenius eigenvalue of the matrix A,(A_, —
H_C_y)AQZl. It follows from

(Aw(Ay - H—Cy)—lA;l) Ap(I =TI TIH) = Ay (I — T ITH) ¥¢* (4.10)

10
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that if o is a non-zero eigenvalue of the matrix G* with some algebraic multiplicity,
then e® is an eigenvalue of the matrix A, (A4, — H_C'y)_lA;1 with the same algebraic
multiplicity. Since all n—1 non-zero eigenvalues of G have negative real parts, all eigen-
values €Y, a; #0, j =1,...,n, of A (A, — H_C'y)_lA(;1 have real parts strictly less
than 1. Thus, 1 is the Perron-Frobenius eigenvalue of the matrix A, (A, — H’C’y)’lA;1
and the vector A,(r™ —II7r7) is its Perron-Frobenius eigenvector, and therefore has a
constant sign.
(ii) The statement follows directly from the equality

. Peen(Hy<Ho)  Gol¢,y)l(e)
lim = lim ——————=
y—+00 P(67¢)(Hy < Hy) y—+oo Go(p,y)1(e)

where Go(¢,y) is the Green’s function for the killed process defined and determined in
Section 3, and from the representation of Go(p,y) given by

Go((p,y)l = Z aj e‘“"vleJll“g eyvilej + c e‘“ﬂvleJﬂ“gr,
Jra; 70
for some constants a;j, j = 1,...,n and ¢ # 0, where vectors f;, j = 1,...,n, form a part
of the basis B in the space of all vectors on F and are associated with the eigenvalues
aj, j =1,...,n, of the matrix G*. Since Re(oj) <0 for all a; #0, j=1,...,n, it can
be shown that for every j, j = 1,...,n, such that a; # 0, eyvlefj — 0 as y — +oo,
which proves the statement. For the details of the proof see Najdanovic (2003). g

Proof of Theorem 2.1: By Lemmas 4.1 (ii) and 4.3 in Jacka et al. (2005), the
function h,(e, ) is positive and harmonic for the process (Xt, ¢¢)i>0. Therefore, the
measure P(’;"Lp) is well-defined.
For fixed (e,p) € Ej, t € [0,+00) and any y > 0, let Z, be a random variable
defined on the probability space (€2, F, P ) by
1

YT R, < ) (14t < Ho A Hy}Px, 0y (Hy < Ho)

VI{H, <t< Ho}+I{H, < Hy < t}).

By Lemma 4.1 (ii) and by Lemmas 4.1 (ii) , 4.2 (i) and 4.3 in Jacka et al. (2005)
the random variables Z, converge to %I{t<Ho} in L1(Q, F, Plep) as y — +oo.
Therefore, by (4.9), for fixed ¢t > 0 and A € F,

Pl Ay~ 1 — ph
Jm P () = lm B (14)2,) = Bz ()

which, by Lemma 4.2 (ii) in Jacka et al. (2005), implies that the measures (P([g]‘p) |7, )y>0

converge weakly to P(ZTW) |7, as y — oo. O
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5 The negative drift case: Proof of Theorem 2.2

Again, as in the oscillating case, we start with the limit of P([g]¢)(A) as y — +oo by

. . P i (Hy<Hp) . .
(ef ) \77Y
looking at limy | o Pro o (Hy <Ho) - First we prove an auxiliary lemma.

Lemma 5.1 For any vector g on E limy_, o F(y)g = 0.
In addition, for any non-negative vector g on E limy_, o e~ Y F(y)g = ¢ Ji fmaz
for some positive constant ¢ € R.

Proof: Let
g" -
a ( ‘) and g* = > a;ff,
9 =
for some coefficients a;, j = 1,...,n, where vectors fj+, j=1,...,n, form the basis in
the space of all vectors on E™ and are associated with the eigenvalues o, j =1,...,n,

of the matrix GT. Then, the first equality in the lemma follows from

evG" + eV gt = GF
F(y)gz(yo 8><§_>=(y09>:2%<6y0f1>, y >0, (5.11)

J=1

since, for Re(oj) < 0,5 =1,...,n, eyGﬂLfJTF — 0 as y — +oo.
Moreover, by Lemma 3.5 (iii) in Jacka et al. (2005), the matrix G* is an irreducible
Q-matrix with the Perron-Frobenius eigenvalue 4, and Perron-Frobenius eigenvector
- Thus, for any non-negative vector g on E*, by Lemma 3.6 (ii) in Jacka et al.
(2005),
lim e~ *me? V9 ge) = ¢ f,.(e), (5.12)
y oo

for some positive constant ¢ € R. Therefore, from (5.11) and (5.12)

e_amazy eyG+g+ +
€ EW = T 0 = \707) = Nifmee

P(c/7¢/)(Hy<H0)

Now we ﬁnd the limit hmy_>+oo W
e,

Lemma 5.2

(i) B (€,0) = €V QN frna(e) >0, (e,9) € B,

Plero)(Hy < Ho) _ eV '@ T frnaa(¢)
.. 1; P _ max ’ 7 ’ /7 / c E+.
(/LZ) y—1>I-‘11:IOO P(e#;) (Hy < HO) 6_¢v71QJ1F2fmam(e) (6 80) (e SO ) 0
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Proof: (i) The function hy, . can be rewritten as

max

oV A
hfmaz(‘7g0) =e€ oV 1QJ1F2fmaX = (Clp( H_H+)f+

[— I I £ >
oI —
where A, and C,, are given by (3.5).

First we show that the vector A, (I —II"II")ft ., is positive. By (3.8) the matrix
A, is invertible and, by (3.8) and Lemma 3.5 (ii) and (iv) in Jacka et al. (2005), the

matrix (I — II"IT") is invertible. Therefore,
Ap(A_y —TI7C_ A" = A (I — T I)eV (1 — I 1H) 1AL

By Theorem 3.3 the matrix A, (A, —II"C,)~!, ¢ # y, is positive and by Lemma 3.2,
Theorem 3.3 and by Lemma 3.5 (vi) in Jacka et al.(2005), the matrix A;l is also positive.
Hence, the matrix A, (A_, —H_C’_y)A;l, © # y is positive and is similar to e¥G" . Thus,
A (A_y—II~ C_y)A;1 and e¥G" have the same Perron-Frobenius eigenvalue and because
the Perron-Frobenius eigenvector of e¥¢" is fi . it follows that A, (I — TI-TIT) . is
the Perron-Frobenius eigenvector of A,(A_, — H_C,y)Agl and therefore positive. In
addition,

Co(I — 1) frnae = CAOA;I Ap(I - 1) f,
and by Lemma 3.2, Theorem 3.3 and by Lemma 3.5 (vi) in Jacka et al. (2005), the
matrix Cp A, is positive. Therefore, the function hy, .. is positive.

(ii) By Lemmas 3.2, 5.1 and Theorem 3.3,

Pog)(Hy <H) | eV QI F(y)1(e)

y—oo Py (Hy < Hy) y—too e~ ?VTIRI Ty F(y)1(e) -

ax’

Since the vector 1 is non-negative and because I'T'2J1 finae = J11'2 fraz, the statement
in the lemma follows from Lemma 5.1. [l

The function hy,, . has the property that the process {hy, .. (X:, o) I{t < Ho},
t > 0} is a martingale under P ;). We prove this in the following lemma.

Lemma 5.3 The function hy, . (e, ) is harmonic for the process (Xy, ¢¢)i>0 and the
process {hy,...(Xe, ) [{t < Ho},t > 0} is a martingale under Py ).

Proof: The function hy, , (e, ) is continuously differentiable in ¢ and therefore by
(3.6) in Jacka et al. (2005) it is in the domain of the infinitesimal generator G of the
process (X¢, ¢)i>0 and Ghy, . = 0. Thus, the function hy, (e, ) is harmonic for the
process (Xt, ¢t)i>0 and the process (hy,,,, (Xt, ¢t))t>0 is a local martingale under P ).
It follows that the process (hy,,..(Xtaty, Pinty) = Pfpan (Xes ) I{t < Ho})e>o is also a
local martingale under P . and, because it is bounded on every finite interval, that it
is a martingale. O

Proof of Theorem 2.2: The proof is exactly the same as the proof of Theorem 2.1 with
the function hy,, . substituting for h, (and we therefore appeal to Lemma 5.2 rather
than Lemma 4.1 for the desired properties of hy, ..). O
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6 The negative drift case: conditioning (¢;);>¢ to drift to
+00

The process (X¢, ¢+)¢>0 can also be conditioned first on the event that (¢¢):>0 hits large
levels y regardless of crossing zero (that is taking the limit as y — oo of conditioning
(Xt,¢t)e>0 on {H, < 4+00}), and then the resulting process can be conditioned on the
event that (¢¢)¢>0 stays non-negative. In this section we show that these two condi-
tionings performed in the stated order yield the same result as the limit as y — 400 of
conditioning (X, ¢¢)i>0 on {Hy < Hop}.

Let (e,¢) € Ef and y > ¢. Then, by Lemma 3.5 (vii) in Jacka et al. (2005),
the event {H, < +oo} is of positive probability and the process (X, ¢¢)i>0 can be
conditioned on {H, < 400} in the standard way.

For fixed t > 0 and any A € Fy,

By (T(A)Px, 0y (Hy < +00)I{t < Hy} + [(A)I{H, < t})

Hlenl A1y < o0 = Pleco)(Fly < +0)

(6.13)
Lemma 6.1 For any (e, ¢), (¢/,¢') € E{,

i D)y < 400) e frngy (e')
y—+00 P(e,go)(Hy < +OO) e_am”‘pfmaa;(e)

Proof: By Lemma 3.7 in Jacka et al. (2005), for 0 < ¢ < y,
P(eyﬁp)(Hy < +OO) = P(e,go—y) (H() < +OO) = FF(y — 90)1
The vector 1 is non-negative. Hence, by Lemma 5.1 and because I'J1 fraz = finaz,

P on(Hy, < + —maz' Pe=maz(U=¢") F(y — )1 (e
lim (o) (Hy o) —  lim € e (y — )1(€)

e Py < F00) oo cramar e anm A F(y — p)i(e)
e*am“@lfmaz(el)
e—amax@fmam(e) ’

Let hmaz(e, ¢) be a function on E x R defined by

hmax(ea 90) = eiammwfmax(e)-
Lemma 6.2 The function hpmaez(e, @) is harmonic for the process (Xi, ¢¢)i>0 and the

process (hmaz(Xt, ©t))t>0 is a martingale under Ple,p)-
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Proof: The function hy,qz (e, ¢) is continuously differentiable in ¢ and therefore by (3.6)
in Jacka et al. (2005) it is in the domain of the infinitesimal generator G of the process
(Xt, pt)e>0 and Ghpae = 0. It follows that the function Apeq(e, ) is harmonic for the
process (Xt, ¢1)i>0 and that the process (hmaz(X¢, ¢t))i>0 is a local martingale under
P, p)- Since the function hmaz (€, @) is bounded on every finite interval, the process
(hmaz(Xt, pt))i>0 is a martingale under P ). O

By Lemmas 6.1 and 6.2 we prove

Theorem 6.1 For fized (e, p) € E(J)r, let P(Z";j)’c be a measure defined by

Bl (1(4) hmaa(Xi: 1))

thaz A —
(e,go)( ) hmaw(e7 QO)

, t>0,A¢€F.

Then, P&%f is a probability measure and, for fizred t > 0,

yllgl{loo P(e,go) (A ’ Hy < +OO) = P(IZ';‘Z)I (A), Ac Ft.

Proof: By the definition, the function Ay, is positive. By Lemma 6.2, it is harmonic for
the process (X¢, ¢t)i>0 and the process (Amaz(Xt, ¢1))i>0 is a martingale under Ple,p)-

Hence, P(Z";)I is a probability measure.

For fixed (e, ) € Ef and t > 0 and any y > 0, let Z, be a random variable defined
on the probability space (22, F, P ) by

P(Xh%)(Hy < -I-OO)I{t < Hy} + I{Hy < t}

y—
Y P(e7<p) (Hy < —|—OO)

By Lemma 6.1 and by Lemmas 4.2 (i) and 4.3 in Jacka et al. (2005) the random

variables Z, converge to % in L'(Q, F, Ple,y)) as y — +o00. Therefore, by (6.13),

for fixed t > 0 and A € F3,

Jim Pl (A] Hy < +00) = lim B (1(4) Z,) = Pl (A).

O

We now want to condition the process (X¢, ¢¢)¢>0 under P(Z";)‘ on the event {Hy =

+o00}. By Theorem 7.1, (X¢)¢>0 is Markov under P(Zt’;;“)’” with the irreducible conservative
Q-matrix Q"mer given by

/
th(w (e’ 8,) = M(e)(@ - ozmaxV)(e, 6/), €, 6/ € E7
fmaz(e)
and, by the same theorem, the process (¢¢)e>o drifts to +o0o under P(};"Zpa)f, We find the

Wiener-Hopf factorization of the matrix V—1Q"maz

15
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Lemma 6.3 The unique Wiener-Hopf factorization of the matriz V—1Q"Me is given
by V1QNmas Thmas = [hmae Ghmas - yhere, for any (e,e') € E x E,

/ /
Ghmaz (e, ¢') = me(e) G — amazl)(e,€) and Thmaz(e ') = me(G) I'(e, €.
(o) = o )(ere) (0. = 15 Te. )
In addition, if
Ghmaz7+ 0 I Hhmaa:7_
h"VL(l(L' p— hma:c p—
G - ( 0 _Ghmaz7> and F - <Hhmaz,+ I ) )

then Ghmezt s o conservative Q-matriz and II"me=t s stochastic, and G'ma=~ is not
a conservative Q-matriz and IIMmew= js strictly substochastic.

Proof: By the definition the matrices GPmest and Gmax:~ are essentially non-negative.
In addition, for any e € Et, G'mest1(e) = 0. Hence, Ghmas:F is a conservative Q-
matrix. By Lemma 5.2 (i),

-

fmaz

= (H+€_@G+ - 64‘00_ H+)f’$ax = e_amaz(p(l - 6¢(G_+amaz1))f7;ar > 0.

Since -
lim (I - GSO(G +a'mam1)) fn_@ax
=0 ®
and (I — e#(G tomal)yf— =~ 0 it follows that (G~ + mael)fige < 0. Thus,
Ghmaz:=17 < 0 and so Gmes~ is a Q-matrix. Moreover, if (G~ + qmazl) frge = 0
then hy, .. (e,) =0 for e € E~ which is a contradiction to Lemma 5.2. Therefore, the
matrix Gmes~ is not conservative.

The matrices G'ma+ and Tmer satisfy the equality V—1QM"mas Thmaz = [hmaz Ghmas
which, by Lemma 3.4 in Jacka et al. (2005), gives the unique Wiener-Hopf factorization
of the matrix V~!Q"maz. Furthermore, by Lemma 3.5 (iv) in Jacka et al. (2005),
[I'mazt ig a stochastic and II"me=— is a strictly substochastic matrix. O

= _(Gi + amaa:I)fT;axa

Finally, we prove the main result in this section

Theorem 6.2 Let P(ng’)” be as defined in Theorem 2.2. Then, for any (e,¢) € Ef
and any t > 0,

Ph

lrac (A [Hy = 00) = P/men (), A€ R

(es)

Proof: By Theorem 7.1 the process (¢¢)¢>0 under P{;”;‘)z drifts to +o00. Since in the
positive drift case the event {Hy = 400} is of positive probability, for any ¢ > 0 and
any A € F;,

Bhmax <I(A) Plmar  (Hy=+00) I{t < Ho})

(e0) (Xt,pt)
Phmax(4 |Hy = 00) = , 6.14
(e,cp)( | 0 ) tham (HO:+OO) ( )
(esp)
16
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where E(hem;? denotes the expectation operator associated with the measure P(Z";“)I.
By Lemma 3.7 in Jacka et al. (2005) and by Lemma 6.3, for ¢ > 0,

eamazsﬂ
Py (Ho=+00) = 1—————< % Te™#(e,¢') So1(€) frmanle)
v fma:v(e) S
e'el
1 (6
— - - —OmazxzP _ I‘F _ )
hmam(eaﬁp) (6 fma:r ( Qp)fmaz (6)
hfmaz(e7<p) (615)
Rmaz (e, )’
where hy, . is as defined in Lemma 5.2. Similarly, for e € E7,
Plmas (Hy = +00) = 7Jnraoc - Hifnimx)(e) _ hfmaz (ev 0) ‘
(e0) fntam (6) hmaz (6, 0)
Therefore, the statement in the theorem follows from Theorem 6.1, (6.14) and (6.15).
O

We summarize the results from this section: in the negative drift case, making
the h-transform of the process (X¢, ¢t)t>0 by the function hpqz(e, @) = e~ *me? fr 0z (€)

yields the probability measure P(Z";“)”” such that (X;);>0 is Markov under P(]Z’;“)’” and that

(¢¢)t>0 has a positive drift under P(Z"‘;“)”. The process (X, ¢¢)i>0 under P(];"Zp“)” is also the
limiting process as y — +oc in conditioning (Xy,¢¢)i>0 under P ) on {H, < +oo}.
Further conditioning (X¢, ¢¢)i>0 under P(};”ZD“)I on {Hy = +oo} yields the same result as

the limit as y — +oo of conditioning (X, ¢¢)i>0 on {H, < Hp}. In other words, the
diagram in Figure 1 commutes.

7 The negative drift case: conditioning (y;):>¢ to oscillate

In this section we condition the process (¢¢)¢>0 with a negative drift to oscillate, and
then condition the resulting oscillating process to stay non-negative.
Let P(Z ) denote the h-transform of the measure P ) by a positive superharmonic

function h for the process (X, ¢¢)i>0. We want to find a function h such that P(}é %)
is honest; the process (X¢)i>0 is Markov under P(’; ) and the process (¢t)i>0 oscillates

under P(’"; o) These desired properties of the function h necessarily imply that it has to
be harmonic.
First we find a form of a positive and harmonic function for the process (X, v¢)i>0

such that the process (X;);>0 is Markov under P(he )"

Lemma 7.1 Suppose that a function h is positive and harmonic for the process
(Xt, ¢t)e>0 and that the process (Xi)i>0 is Markov under P(}; o) Then h is of the form

hle,p) = e *g(e),  (e,p) € E xR,
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{Hy < HO}a y—>+OO

h
(Xt pt)ez0 under P g > (Xt,¢1)1>0 under P Jme
(the negative drift case)
{Hy < +oo}, y—+00 {Hy = +o0}

(Xt, ¢t)e>0 under P(Z:Y;a)z

(the positive drift case)

Figure 1: Conditioning of the process (X, ¢;)i>0 on the events {H, < Hp}, y > 0, in
the negative drift case.

for some X\ € R and some vector g on E.
Proof: By the definition of P{é »)» for any (e,p) € ExRand t >0,

h(e,p + v(e)t)
h(e, ¢)

Since the process (X¢)¢>0 is Markov under P(’; o) the probability P(’; ) (Xs=¢,0<
s < t) does not depend on ¢. Thus, the right-hand side of the last equation does not
depend on ¢. Since P, ,)(Xs =e,0 < s <) also does not depend on ¢ because (Xt)e>0

is Markov under P, ), it follows that the ratio w does not depend on . This
implies that h satisfies

Pl y(Xs=e,0<s<t)= Pep(Xs=e,0<s<0).

h
hie,p+y) = < , e€FE, pyeR. (7.16)

Let e € E be fixed. Since the function h is positive, we define a function k.(¢) by

ke(p) = log <Z((Z’ (g))), v € (0,+00).

Then, by (7.16), the function k. is additive. In addition, it is measurable because
the function h is measurable as a harmonic function. Therefore, it is linear (see Aczel
(1966)). It follows that the function h is exponential, that is

h(e, ) = h(e,0) X2, (e,) € Ef

18
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for some function \(e) on E.
Hence, the function h is continuously differentiable in ¢ which implies by (3.6) in
Jacka et al. (2005) that the @-matrix of the process (X¢)i>0 under P(Z ») is given by

Sele, )
h(e, ¢)

_ eQXO=AE 9 4 N(e) Vee), e, e €E.

Qh(eve/) = Q+ V(e7e,)

But, because (X¢)>0 is Markov under P(}; o
that A\(e) = —\ = const.
Finally, putting g(e) = h(e,0), e € E, proves the theorem. O

) Q" does not depend on . This implies

The following theorem characterizes all positive harmonic functions for the process
(Xt, pt)e>0 with the properties stated at the beginning of the section.

Theorem 7.1 There exist exactly two positive harmonic functions h for the process
(Xt, pt)i>0 such that the measure P(he#;) is honest and that the process (Xi)¢>o is Markov

under P(];‘p). They are given by

hmam(€> W) = e_amazwfmaa:(e) and hmin(€7 SO) = 6_6mm¢gmm(e)-

Moreover,
(i) if the process (pi)i>0 drifts to +00 then hpmex = 1 and the process (¢i)i>0 under
P(Z”’;)" drifts to —oo;
(11) if the process (pt)t>0 drifts to —oo then hpyin = 1 and the process (¢i)i>0 under
P{;’%‘” drifts to +oo;
(73) if the process (¢¢)i>0 oscillates then hmaz = hmin = 1.

Proof: We give a sketch of the proof. For the details see Najdanovic (2003).

Let a function h be positive and harmonic for the process (X, ¢:)i>0 and let the
process (X¢)i>0 be Markov under P(ZM). Then by Lemma 7.1 the function A is of the
form

h(e, ) = e—)\ng(e)’ (e,p) € E xR,

for some A € R and some vector g on F.

Since the function h is harmonic for the process (Xi, ¢¢)i>0 it satisfies the equation
Gh = 0 where G is the generator of the process (X¢, ¢t)t>0 given by (3.6) in Jacka et al.
(2005). Hence, Gh = (Q + V%)h =0 and h(e,p) = e *g(e) imply that V"1Qg = \g,
that is A is an eigenvalue and ¢ its associated eigenvector of the matrix V~'Q. In
addition, by Lemma 3.6 (i) in Jacka et al. (2005) the only positive eigenvectors of
the matrix V~'Q are finar and gmin. Hence, h(e, @) = e @maz? f, . (e) or h(e,p) =
eiﬁmmq;gmin(e)-
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The equality Gh = 0 implies that the process (h(X¢, ¢t))e>0 is a local martingale.
Since the function h(e,p) = e *?g(e) is bounded on every finite interval, the process
(h(Xt, ¢t))t>0 is a martingale. It follows that the measure P(Z ) is honest.

Let Q" be the Q-matrix of the process (Xt)t>0 under P(Z,w)' It can be shown that

the eigenvalues of the matrix V-1Q"min coincide with the eigenvalues of the matrix
V~HQ — Bminl), and that the eigenvalues of the matrix V~'Q"ma= coincide with the
eigenvalues of the matrix V=1(Q — aunazl). These together with (3.8) in Jacka et al.
(2005) prove statements (i)-(iii). O

By Theorem 7.1 (ii) there does not exist a positive function h harmonic for the
process (X¢, ¢t)¢>0 such that P(’; ) is honest, that the process (X¢)i>0 is Markov under

Ph
(ex)
process ()0 drifts to —oco under P y). However, we can look for a positive space-

time harmonic function h for the process (X, ¢¢):>0 that has the desired properties.

and that the process (p¢)¢>0 oscillates under P(’; %) (we recall that initially the

Lemma 7.2 Suppose that a function h is positive and space-time harmonic for the
process (X¢, pt)i>0 and that the process (Xi)e>o0 is Markov under P}é#)). Then h is of
the form

h(e,p,t) = efatefﬂ@g(e), (e,0) € E xR,

for some a, 3 € R and some vector g on E.

Proof: By the definition of P(Z )’ for any (e,p) € E x Rand t > 0, and any s > 0 and
y €R,

hie, o+ y,t+ s)
h(e, ¢, t)

(esprt) (Xitts = €, 0145 € p+Y).
(7.17)

Ploy(Xers = €015 € p+y) =

Since the process (X¢)¢>0 is Markov under P(Z »)» We have

Pl oo Xirs = €, 0115 € 0 +y) = Pl o) (Xs = e, 05 € 9).

And similarly
P(e,(p,t) (Xt+5 =€, Prys € P+ y) = P(e,O,O) (XS =e,ps € y)

Therefore, it follows from (7.17) that the ratio % does not depend on ¢ and
t. This implies that h satisfies

h(e,¢,t) h(e,y,s)

E R.t. s> 0. 7.18
7(e.0.0) , ecE, pycR t,s> (7.18)

h(ev()o"i_y?t"i_s):

Since the function h is positive, we define a function k(e, ¢, t) by

M&%ﬂ)

e EF x[0 )
h(e,0,0) (e, 0, t) € Ef x [0,+00)

e ) = o
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Then, by (7.18),
k(e,o +y,t+s) = k(e,p,t) + k(e,y, s), ec B, p,ycR, t,s>0.
Let t =s=0. Then
k(e,o +y,0) = k(e,,0) + k(e,y,0), ecE, p,ycR.

Hence, k(e, ¢,0) is additive in ¢ and is measurable because the function h is measurable
as a harmonic function. It follows (see Aczel (1966)) that k(e, ¢, 0) is linear in ¢, that
is

k(e, ¢,0) = B(e) ¢
for some function g on E. Similarly, for ¢ =y = 0, we have

k(e,0,t +s) = k(e,0,t) + k(e, 0, s),

which implies that
k(e,0,t) = afe) t

for some function a on F. Putting the pieces together, we obtain
k(e,p,t) = afe) t + B(e) p, (e,,t) € Ef x [0, +00).
Then it follows from the definition of the function k(e, ¢, t) that
h(e,@,t) = h(e,0,0) et B¢ (e,p,t) € Ef x[0,+00)

for some functions « and § on E.
Hence, the function A is continuously differentiable in ¢ and ¢ which implies by (3.7)
in Jacka et al. (2005) that the @-matrix of the process (Xt)¢>o under P(}é ») Is given by

Ooh oh
h(e,p,t) gz (e, o,t) e, p,t)
h / IR © ! ot /
= Vv 1
G = e T heen VO e 10
h(e',0,0) (a(e)-a(e)t o(B(e)-Be)e
= 7(e,0,0) € € Q+pB(e) Viese)
+a(e) I(e,e), e, €E.
But, because (X¢)i>0 is Markov under P(}é o) Q" does not depend on ¢ and t. This
implies that a(e) = —a = const. and B(e) = —3 = const..
Finally, putting g(e) = h(e,0,0), e € E, proves the theorem. O
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Theorem 7.2 All positive space-time harmonic functions h for the process (Xt, t)t>0
continuously differentiable in ¢ and t such that P(Z ) is honest and that (Xi)i>o is

Markov under P(’é ) are of the form
heyp,t) = e~teP2g(e), (e.ip,t) € B x R x [0, +0c),

where, for fired B € R, « is the Perron-Frobenius eigenvalue and g is the right Perron-
Frobenius eigenvector of the matriz (Q — BV).
Moreover, there exists unique By € R such that
(¢1)i>0 under P!

(e.p) Arifts to +oo aff < B0
(pt)e>0 under P(}; ) oscillates iff 8=/
(pt)t>0 under P(}é’go) drifts to —oo  iff B> Bo,

and By is determined by the equation o/(By) = 0, where «a(B) is the Perron-Frobenius
eigenvalue of (Q — BV).

Proof: We again give a sketch of the proof. For the details see Najdanovic (2003).

Let a function h be positive and space-time harmonic for the process (Xt, ¢¢)i>0 and
let the process (X¢)¢>0 be Markov under P(Z’@). Then by Lemma 7.2 the function h is
of the form

he,p,t) = e e %g(e),  (e,p,1) € Ex R x [0,400),

for some o, 8 € R and some vector g on F.

Since the function A is harmonic for the process (X¢, ¢r)i>0 it satisfies the equation
Ah = 0 where A is the generator of the process (X¢, p¢)i>0 given by (3.7) in Jacka et
al. (2005). Hence, Ah = (Q + V% + 4\ = 0 and h(e, p,t) = e e Pg(e) imply
that (Q — SV)g = ag, that is a is an eigenvalue and g its associated eigenvector of
the matrix (Q — V). In addition, By Lemma 3.1 in Jacka et al. (2005) the matrix
(Q — BV) is irreducible and essentially non-negative. By the Perron-Frobenius theorem
the only positive eigenvector of an irreducible and essentially non-negative matrix is
its Perron-Frobenius eigenvector. Thus, o and g are Perron-Frobenius eigenvalue and
eigenvector, respectively, of the matrix (Q — V).

The equation Ah = 0 implies that the process h(Xy, ¢, t)i>0 is a local martingale.
Since the function h(e,@,t) = e e P%g(e) is bounded on every finite interval, the
process h(X¢, pt,t)i>0 is a martingale. It follows that the measure P(}\‘L:,eo) is honest.

Let, for fix 8 € R, h(e, @, t) = e~ *Pte=B2g(B)(e), where a(3) and g(8) are Perron-
Frobenius eigenvalue and right eigenvector, respectively, of the matrix (Q — V). Let
pp denote the invariant measure of the process (X;);>¢ under P(ZW), and let gf*(3)
denote the left eigenvector of the matrix (QQ — #V'). Then it can be shown that ugV'l =
g (B)Vg(B). Since g/t (B)(e)g(B)(e) > 0 for every e € F, Lemma 3.9 and (3.8) in
Jacka et al. (2005) imply the statement in the second part of the theorem. U
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By Theorem 7.2, there exists exactly one positive space-time harmonic function h
for the process (X¢, ¢1)i>0 with the desired properties and it is given by

hole, o, t) = e~ 0t P%g0(e),  (e,¢,t) € E x R x [0, +00).
For fixed (e, p) € E7, let a measure P(};OSD) be defined by
Bl (I(A)ho(Xi, 01,1))
ho(e; ¢, 0) ’

denote the expectation operator associated with the measure P(ZOW). Then,

P (A) =

" AEF, t>0, (7.19)

and let E0
(e,)

the process (X¢):>0 under P(heow) is Markov with the Q-matrix Q° given by

Q%e, ) = g;(;((ee/)) (Q — aol — BoV)(e, €), e,e € E. (7.20)

and, by Theorem 7.2, the process (¢¢)¢>0 under P(Zo(p) oscillates.

The aim now is to condition (X, ¢¢)i>0 under P{?@ on the event that (p;)¢>0 stays

non-negative. The following theorem determines the aw of this new conditioned process.

Theorem 7.3 For fized (e, ¢) € Ear, let a measure P(ZOC’;;Q be defined by

ho,h0 B Egleom) (I(A)hQ(Xt, o) I{t < HO})

PR () = |
h2(e, p)

(e.p)
where the function h® is given by ho(e,y) = e ¥V '@ J;T9r%e), (e,y) € E x R, and
0
V=1Q%0 = 1. Then, P}?(’ph’” s a probability measure.
In addition, fort >0 and A € F%,

AeF, t>0,

ho,h0 L L
Py (A) = lim P2 (A | Hy < Ho) = lim o (A | Ho > T),
and o .
0, _ 70
P(e,so) (4) = P(e,sa) (4),

where P(};T;) is as defined in Theorem 2.2 in Jacka et al. (2005).

Proof: By definition (7.19) of the measure PZO
P

( ),fortZOandAE}"t,

Elep) (I(A) ho(Xe, o, t) h(Xy, r) I{t < HO})
ho(e, ¢,0) hi)(e, ¢)
Ele) (I(A) hyo (Xe, 1) I{t < HO})
hyo(e, ¢, 1),

ho,h?
Plegy (A) =
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where h,o(e, ¢, t) = ho(e, ¢, t) h(e, o) = e~te=Poe Gy e~V Q" J)TYr0(e) is as defined
in Theorem 2.2 in Jacka et al. (2005). By Lemma 5.1 (i) in Jacka et al. (2005), the
function h,o(e, p,t) is positive and by Lemma 5.5 in Jacka et al. (2005), the function
hyo(e, @, t) is space-time harmonic for the process (X, ¢¢,t)¢>0. Thus, P(Z?;;g is a prob-

ability measure, and by the definition of the measure P(};"";) in Theorem 2.2 in Jacka et
al. (2005),

h07h9 _ hTO
Plegy (A) =Py

In addition, by (3.8) and Lemma 3.11 in Jacka et al. (2005), the Q-matrix Q" of
the process (X¢)¢>0 under P(ZO@) is conservative and irreducible and the process (¢¢)i>0

under P(ZOSO) oscillates. Thus, by Theorem 2.1 and by Theorem 2.1 in Jacka et al. (2005),

P(Z 0;0};9 denotes the law of (X, ¢¢)i>0 under P(ZOW) conditioned on {Hy = +oo}, and for

any t > 0 and A € F;,

(A), AeF, t>0.

By (4) = Jim, Pl (AlHy < Ho) = Jim P2, (AlHo > 1)

O

We summarize the results in this section: in the negative drift case, making the
h-transform of the process (Xi, ¢y, t)¢>0 with the function ho(e,p) = e~@0%e 0¥ gq(e)
yields the probability measure P(Z‘)(p) such that (X;)¢>0 under P(};‘)go) is Markov and that

(pt)t>0 under P(Z°¢) oscillates. Then the law of (X, ¢¢)i>0 under P(ZOCP conditioned on

f1r0 On the other hand, by Theorem 2.2

the event {Hy = 400} is equal to P(};ijlsg =P
in Jacka et al. (2005), under the condition that all non-zero eigenvalues of the matrix

V=1QO are simple, P(};Tf;) is the limiting law as T — +oo of the process (X¢, pt)i>0

under P(ZT;) conditioned on {Hy > T'}. Hence, under the condition that all non-zero

eigenvalues of the matrix V~1Q° are simple, the diagram in Figure 2 commutes.
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(the oscillating case)
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