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The lower bound theory for estimating sparse nonpara-

metric covariance matrices

We discuss the lower bound theory for estimating sparse nonparametric covariance matrices

under the operator norm. A key difference of our arguments to those in Cai et al. (2010) and

Cai and Zhou (2012) is that we deal with the situation where the entries of the covariance

matrix vary with covariates.

Again, we assume that Yi ∼ N(m(Ui),Σ(Ui)), for i = 1, · · · , n, and set m(Ui) ≡ 0

without loss of generality. All the notations, if not defined, are the same as those in the

main paper. We establish the lower bound for estimating these matrices in the family of

covariance matrices U(0, c0,M2; Ω) as follows.

Let

g(t) = 3 exp(− t2

1− t2
)I(|t| ≤ 1),

and let rn,p :=
√

log p
nα
→ 0 as n → ∞, where α > 0. Define Σ0(u) as a diagonal covariance

matrix, where the diagonal elements equal M2/2 for a constant M2 > 0, and define Σl(u)

as a diagonal covariance matrix whose diagonal elements are M2/2 except the l-th diagonal

element which is M2/2 + rn,pg(u−u0
hn

), for l = 1, · · · , p. Here u0 ∈ Ω, hn = τn−β and β > 0.
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Define U0 as the collection of the p+ 1 covariance matrices

Σ0 := {Σ0(u), u ∈ Ω},Σ1 := {Σ1(u), u ∈ Ω}, · · · ,Σp := {Σp(u), u ∈ Ω}.

From Theorem 1 in the paper, we have for some constant 0 < L1 <∞,

sup
u∈Ω
|σ(2)
ij (u)| < L1

√
log p, for i = 1, · · · , p; j = 1, · · · , p.

It is seen then that the bias term does not affect the result in Lemma 7, if M
′
h2
√

log p >

3L1h
2
√

log p for M
′

sufficiently large. Therefore, if we can assume 2β − α ≤ 0, then U0 ⊂

U(0, c0,M2; Ω) with L1 = 1
τ2

supt |g(2)(t)| <∞.

For any k and l with 0 ≤ k < l ≤ p, we have

sup
u
||Σk(u)− Σl(u)|| = sup

t
g(t)rn,p ≥ 2rn,p. (1)

Thus, for any estimator Σ̂(u), it holds that

PΣl(sup
u
||Σ̂(u)− Σl(u)|| ≥ rn,p) ≥ PΣl(Υ

∗ 6= l), l = 0, 1, · · · , p,

where Υ∗ = arg min0≤l≤p supu ||Σ̂(u)− Σl(u)||. We thus obtain

inf
Σ̂

sup
Σ∈U(0,c0,M2;Ω)

EΣ(r−1
n,p sup

u
||Σ̂(u)− Σ(u)||) ≥ inf

Σ̂
sup

Σ∈U(0,c0,M2;Ω)

PΣ(r−1
n,p sup

u
||Σ̂(u)− Σ(u)|| ≥ 1)

= inf
Σ̂

sup
Σ∈U(0,c0,M2;Ω)

PΣ(sup
u
||Σ̂(u)− Σ(u)|| ≥ rn,p)

≥ inf
Σ̂

max
Σ∈U0

PΣ(sup
u
||Σ̂(u)− Σ(u)|| ≥ rn,p)

≥ inf
Υ

max
0≤l≤p

PΣl(Υ 6= l), (2)

where infΥ denotes the infimum over all tests.

Let Pl and P0 be two probability measures having density functions pl and p0, respectively,
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where

pl =
n∏
i=1

pli =
n∏
i=1

1

(2π)p/2(M2/2 + rn,pK(Ui−u0
hn

))1/2(M2/2)(p−1)/2
exp{−1

2
Y T
i Σl(Ui)

−1Yi}

=
n∏
i=1

[
{
∏
j 6=l

1

(2π)1/2(M2/2)1/2
exp{−

y2
ij

M2

}}

× 1

(2π)1/2(M2/2 + rn,pg(Ui−u0
hn

))1/2
exp{− y2

il

M2 + 2rn,pg(Ui−u0
hn

)
}
]

and

p0 =
n∏
i=1

p0i =
n∏
i=1

1

(πM2)p/2
exp{− 1

M2

p∑
j=1

y2
ij} =

n∏
i=1

p∏
j=1

1

(2π)1/2(M2/2)1/2
exp{−

y2
ij

M2

}.

The Kullback-Leibler divergence of Pl and P0 given (U1, · · · , Un), i.e., K(Pl, P0), defined as∫
pl log(pl/p0)dY (Kullback and Leibler, 1951), satisfies that, when n is large enough,

K(Pl, P0) =
n∑
i=1

∫
pli log

pli
p0i

dYi ≤ L1

n∑
i=1

r2
n,pg

2(
Ui − u0

hn
),

for some constant L1 > 0. Since K(P1, P0) = · · · = K(Pp, P0), by the definition of g, there

exists some constant L2 > 0 such that

1

p

p∑
l=1

K(Pl, P0) ≤ nhn
1

nhn

n∑
i=1

L1r
2
n,pg

2(
Ui − u0

hn
) ≤ L2nhnr

2
n,p = τL2n(log p)n−2α−β.

Setting τ = 1/(9L2), if 2α + β ≥ 1, we have

1

p

p∑
l=1

K(Pl, P0) ≤ γ log p, (3)

where 0 < γ < 1/8.

Lemma 1. (Tsybakov, 2009) If probability measures P0, P1, · · · , Pp satisfy

1

p

p∑
l=1

K(Pl, P0) ≤ α∗
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with 0 < α∗ <∞, then

inf
Υ

max
0≤l≤p

Pl(Υ 6= l) ≥ sup
0<φ<1

{ φp

1 + φp
(1 +

α∗ +
√
α∗/2

log φ
)
}
.

By (1), (2) and (3), and the definition of Pl and P0, applying Lemma 1, we obtain

inf
Σ̂

sup
Σ∈U(0,c0,M2;Ω)

EΣ(sup
u
||Σ̂(u)− Σ(u)||) ≥ crn,p,

where c = 1
2
(1−2γ−

√
2γ

log 2
) > 0. Note that the positive constants α and β satisfy 2β−α ≤ 0

and 2α + β ≥ 1. The minimum value of α satisfying these two conditions is 2/5. Thus, the

lower bound for estimating nonparametric covariance matrices in U(0, c0,M2; Ω) is

inf
Σ̂

sup
Σ∈U(0,c0,M2;Ω)

EΣ(sup
u
||Σ̂(u)− Σ(u)||) ≥ c

√
log p

n2/5
. (4)

That is, for estimating the nonparametric covariance matrices in U(0, c0,M2; Ω), our

proposed estimators are optimal.
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